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PREFACE 


Since boundary layers were first introduced by Prandtl at the start of the twenti- 
eth century, rapid strides have been made in the analytic and numerical investiga- 
tion of such phenomena. It has also been realized that boundary and interior lay- 
er phenomena are ubiquitous in the problems of chemical physics. Nowhere have 
developments in this area been more notable than in the Russian school of singu- 
lar perturbation theory and its application. The three chapters in this book are 
representative of the best analytic and computational work in this field in the 
second half of the century. 

This volume 1s concerned with singular perturbation problems that occur in 
many areas of chemical physics. When singular perturbations are present, vari- 
ous kinds of boundary and interior layers appear. In these layers the physical 
variables change extremely rapidly over smal! domains in space or short intervals 
of time. Such phenomena give rise to significant numerical difficulties that can 
be overcome only by using specially designed numerical methods. It is important 
to appreciate the fact that some of these computational problems cannot in prin- 
ciple be overcome by the brute force solution of throwing more computing pow- 
er at the problem (for example, by using ever-finer uniform meshes). For some 
layer phenomena it can be proved rigorously that the error in solving a family of 
singular perturbation problems cannot be reduced below a certain fixed limit un- 
less specially designed nonuniform meshes are used. The design of such meshes 
depends on a priori knowledge of the location and nature of the boundary layers 
under investigation. For these reasons the study of these phenomena is vital, if 
robust and accurate solutions of such problems are required. 

The three chapters in this volume deal with various aspects of singular per- 
turbations and their numerical solution. The first chapter is concerned with the 
analysis of some singular perturbation problems that arise in chemical kinetics. 
In it the matching method is applied to find asymptotic solutions of some dy- 
namical systems of ordinary differential equations whose solutions have multi- 
scale time dependence. The second chapter contains a comprehensive overview 
of the theory and application of asymptotic approximations for many different 
kinds of problems in chemical physics, with boundary and interior layers gov- 
erned by either ordinary or partial differential equations. In the final chapter the 
numerical difficulties arising in the solution of the problems described in the 
previous chapters are discussed. In addition, rigorous criteria are proposed for 
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determining whether or not a numerical method is satisfactory for such prob- 
lems. Some methods satisfying these criteria are constructed using specially de- 
signed meshes on which the numerical solution is defined. These methods are 
then applied to obtain numerical solutions for a range of sample problems. 


JOHN J. H. MILLER 


Dublin 


INTRODUCTION 


Few of us can any longer keep up with the flood of scientific literature, 
even in specialized subfields. Any attempt to do more and be broadly 
educated with respect to a large domain of science has the appearance of 
tilting at windmills. Yet the synthesis of ideas drawn from different 
subjects into new, powerful, general concepts is as valuable as ever, and 
the desire to remain educated persists in all scientists. This series, 
Advances in Chemical Physics, is devoted to helping the reader obtain 
general information about a wide variety of topics in chemical physics, a 
field that we interpret very broadly. Our intent is to have experts present 
comprehensive analyses of subjects of interest and to encourage the 
expression of individual points of view. We hope that this approach to the 
presentation of an overview of a subject will both stimulate new research 
and serve as a personalized learning text for beginners in a field. 
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I. INTRODUCTION 


One of the main problems of chemical kinetics is the study of the time 
evolution of chemical reactions. The quantitative approach to chemical 
kinetics leads to mathematical models in the form of dynamical systems 
similar to classical mechanics |1, 2]. The specific chemical nature of the 
system appears here often as multiscale time dependence of the solutions 
of the mathematical problems. This feature occurs whenever fairly 
complex chemical processes are considered, examples of which are the 
subject matter of this chapter. 

From a formal point of view, time multiscaling arises due to our 
attempts to simulate complex chemical processes by means of simple 
reactions. This gives rise to a strong difference in the activity of different 
components in the reaction mixture. Products appearing in the output 
either have a short lifetime or are rapidly stabilized. For example, the 
concentrations of active particles such as radicals, ions, and so on change 
noticeably during 10 ^ s, while a number of hours is required for changes 
of a stable substance. These labile products play a significant role in the 
total process in spite of either their short lifetime or fast stabilization. In 
brief, the results of the fast reactions have an effect on the slow ones [2]. 

Thus, complex chemical processes are represented as a number of 
simple reactions that are very inhomogeneous on a time scale. Generally, 
it is impossible to separate the fast processes and the slow ones from each 
other, so that a continuous time monitoring of the total kinetic process is 
needed to understand the essence of the phenomenon. Mathematical 
models provide an adequate tool for the scanning of the kinetic curves. 
Fig. 1(a) shows a typical example of curves where two time scales are 
present. These time scales differ up to an order of 10 ' from each other. 
If one considers the process on the logarithmic scale, then just three 
different time scales may be identified, see Fig. 1(b). The presence of 
both fast and slow variables is explained by the occurrence of either large 
or small factors in the dynamical equations. For example, this is the case 
for so-called stiff systems of differential equations. 

The small factors, responsible for the multiscale effects, play a dual 
role in the analysis of the mathematical problems. The first one is 
negative. Indeed, because of the large dimension of the system of 
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Figure 1. (a) Typical curves with two time scales. (b) Typical curves with three time 
scales. 


nonlinear differential equations it is hard to write out an exact solution. 
Therefore, heroic efforts were undertaken to develop effective methods 
of numerical simulation on a computer (3, 4]. The problems that arise 
here due to multiscaling are well known. A small time mesh width in the 
difference scheme is needed to capture the fast processes. But calcula- 
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tions for stiff systems with a small mesh width are unstable over a long 
time. 

There are different approaches to overcome the difficulties. The most 
efficient one is the use of a nonuniform difference scheme with a varying 
mesh width [5]. However, the structure of the time scales for the solution 
is needed to construct a good difference scheme. Thus a preliminary 
analysis of the equations is required in this approach, which is precisely 
the subject matter of this chapter. 

Note that a single computer run gives highly incomplete information. 
Therefore, a comprehensive study of this process demands a great 
number of runs, and this feature is one of the main disadvantages of 
numerical simulations. 

There is another approach, coming from the theory of dynamical 
systems, that deals with the phase portraits of all of the solutions, which 
gives the complete picture for the two-dimensional case. Unfortunately, 
the multidimensional systems, which generally arise in chemical kinetics, 
make this approach too complicated [6, 7]. 

Thus, both the small parameters and the multidimensional nature 
complicate the investigation of mathematical models of chemical kinetics. 
On the other hand, the small parameters often lead to a simplification of 
similar problems of classical mechanics by means of asymptotic approxi- 
mations. From this point of view, the role of the small parameters is 
positive. 

Among the known asymptotic tools the matching method seems to be 
the most powerful, because it is applicable to practically any problem 
where the separation of either time or spatial scales takes place. Used 
first for hydrodynamic problems, this method was later extended to 
different fields of mechanics, physics, and mathematics [8]. In particular, 
the matching method is well suited to the study of problems of chemical 
kinetics, where separation of the fast and slow processes occurs [9]. The 
main result of this approach is a simplification of the original problem up 
to the level where either explicit formulas or standard numerical simula- 
tions give valuable results. 

In this chapter, the matching method is applied to solve two problems 
that deal with processes involving time multiscaling. The power of the 
method emerges for the second case, where the fast process arises as a 
background to the slow one. No other method seems to cope with this 
type of problem. 


II. ELEMENTARY EXAMPLES 


In principle, the basic concept of every asymptotic method is very simple 
[10]. The original problem, which seems to be too complicated, is 
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replaced by a simpler approximate one, by eliminating small (inessential) 
terms. For instance, if the factor € is small (0 < € << 1), the differential 
equation 


dx--—sx  xl.g;71 
can be reduced to the simpler one, 
dx -0 X|,-o =l 


In this approach, the function x°(t)=1, found from the last two 
equations, can be considered to be a first approximation of the exact 
solution x(t; €) = exp(— €t). The error of the approximation is small if the 
parameter e is small. 


Ix(t; €) — x°(t)| = et 


One can construct a more precise approximation. To this end, the first 
correction ex'(t) is calculated from the equations 


l 0 


dx = X x'|,-9 =0 
So the function 
9 i xi 
x (t) * ex (t) 81— et 


gives a more precise approximation (up to the order of the small 
parameter £) as we see 


Ix(t; €) -- x° (t) — ex (t) = e&t /2 


It is clear that all of these approximations are Taylor expansions of the 
exact solution x(t; €) = exp(— et) as £— 0. 

In this example, the parameter € can be removed completely by a 
change of the independent variable 7 = ef. In fact, a change of the time 
scale is made here. The exact problem for the new dependent variable 
x,(7; €) = x(t; €) now reads 

d x, = —X, 3 us e 1 
In this form the differential equation has no terms with small factors, 
hence it cannot be simplified. The exact solution reads 


x,(7) = exp(-7) 
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Approximate formulas of the kind 
x,(T) =1+ O(7) 


are suitable only for small (slow) times 0x  « 1, (i.e., O= t«« 1/e) 
because of the error of order O(7). 

The above way of excluding the small parameter terms may not be 
possible for more complicated equations. A simple instance of this type is 
given by a system of two differential equations, which are not coupled 
with each other. This example is the case when various time scales occur. 


dx--ex  xl.,71 
dy-l-y  ylze72 


Formulas for the exact solution have the small parameter in both the 
fast 


x(t; £) = exp(— et) y(t; £) = 1+ exp(-t) 
and the slow time scale 
x,(7; €) = exp(—t) y,(7; €) =1+ exp(—7/e) (7 = et) 
. In fact, there are two processes differing in their rates. The fast process 
is 
y(t; e) = 1+ exp(—t) 
whereas the slow one is 
x(t; €) = exp(— et) 


The rates of the processes are either 1 or e, respectively. The slowness 
of the second process with respect to the first one is measured by the 
quantity £. So the question of different scales may be discussed if only the 
value of & is small. | 

If the parameter £ is small, the explicit formulas for the solution can be 
simplified. These simplifications are different in the various scales. They 
read either 


x(t; e) ^ 1 + O(et) y(t; e) 2 1 + exp(-t) (2.1) 
Or 


x(T7;s)-exp(-7) y(t; €) =14+ O((e/7)") | VN (2.2) 
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Both of the remainder terms (et) and O((e/r)”) give the errors of the 
approximation and are small if € is small. Further corrections and more 
precise expansions can be derived as above. 

These approximate formulas explain the concept of the well-known 
method of steady-state concentration. In the first time scale, the first 
component is steady-state whereas the second component is exponentially 
decreasing from the value 2 to 1 


x(t; £) *1 
y(t; e) = 1+ exp(—t) 


In the second (slow) time scale, the y component is steady-state, whereas 
the x component is exponentially decreasing to zero 


y,(7; €) =1 
x,(7; €) = exp(-7) 


As we see, the results of the approximate (asymptotic) analysis are 
different in the various scales, and cannot be interchanged with each 
other. The structure of the first correction and remainders allows us to 
see this feature in detail. The accuracy of the approximation depends on 
both the small parameter & and the time t. There are terms both in the 
first correction and in the remainders that grow like f, as t tends to 
infinity. Such terms, occurring in the asymptotic formulas, are sometimes 
called secular terms. Due to this result the first formula (2.1) is suitable 
for times that are not very long t<<1/e. For long times, 1 € 1/e, the 
order of the remainder C(er) is the same as that of the leading term. 
Hence, the approximation turns out to be false for t= 1/e. The second 
formula (2.2) is valid for (slow) times that are not very small 7 — e. In 
this case, the order of the remainder O((e/r)”) is the same as that of the 
leading term for small times 7 = e. Hence, the approximation turns out to 
be false for very small (slow) times 7 = e. 

Thus, the time intervals of the different asymptotic approximations do 
not coincide. Nevertheless, they can be chosen in such a manner that the 
intersection is not empty, for example, 


0xt-M/ve and m/Vests~o  (mvexzrcr«o) m=M 


In this way, the formulas (2.1) and (2.2) represent the exact solution up 
to order O( Ve) uniformly for all times. The representation is different on 
different intervals. 

Of course, the above discussion does not seem to make much sense, to 
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say the least. Indeed, the explicit form of the solution is in many respects 
simpler, more clearcut, and easier to grasp than the two different 
asymptotics. But this is not the case for more complicated problems. As a 
rule, no explicit solution of a system of nonlinear equations is available. 
By being unable to write out an exact solution, one can, naturally, try to 
find functions satisfying the equations approximately. Such asymptotic 
(approximate) solutions can be constructed in an explicit form for a large 
class of the problems. The asymptotic solutions are often described by 
different formulas on different time intervals. 
Let us consider the system of two coupled equations. 


dx--sy  x|.,71 
> (2.3) 
dy-x -y  yl.72 


We are unable to write out the explicit solution in this case. Instead of 
solving the original problem, we try to obtain a simpler one, by using 
small factors. In this way, the following equations are obtained for the 
leading terms: 


dx-0  x|.9,-1 
dy =x" —y Yli-o 72 
Hence, the leading terms read 
x*(t) z1 
y(t) = 1 + exp(-1) 


One can define the next correction of order O(€). To this end, an 
anzatz in the form of a series in powers of € 


x(t; e) 2 x (t) + ex(t) + 
y(t; e) =y (E) + ey (t) +: 


is substituted into Eq. (2.3), and coefficients of the same power of € are 
equated. For the functions x, y (t) the equations are obtained as follows: 


i Ag 


dx = —y 
dy =2x°x— y yl,-o = 0 


The solution of this problem allows us to write out a more precise 
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x € 1- e[t * 1 - exp(-1)] 


y =1+ exp(-1) — e2t[1 — exp(-1)] 


These formulas represent not only the formal solution, which provides 
the small residuals in the equations, but also the exact solution of the 
original problem up to remainder terms. The errors of the approximation 
can be evaluated (it is a purely mathematical problem). After that, one 
can write equalities that are called asymptotic expansions of the exact 
solution. The leading terms of these are 


x(t; £) ^ 1 * €(et) y(t; €) = 1 + exp(-t) + O(et) (2.4) 


Thus, by eliminating the small (inessential) terms from the original 
equations one is able to construct an approximate solution in explicit 
form. The question is what terms are small, which is not trivial, as was 
seen above. Indeed, the structure of the first corrections and remainders 
shows that the approximation (2.4) is suitable only for the times t<< 1/e. 
For long times, t= 1/e, the order of the first correction ex'(t), ey'(t) is 
the same as the leading one. Hence, the approximation (2.4) fails for 
t=1/e. 

For long times, t=1/e, another asymptotic solution must be con- 
structed. To this end, we make the change of independent variable 7 = et 
in Eqs. (2.3), so they are rewritten for the new dependent variables 
x,(7; €) = x(t; €), y,(7; £) = y(t; £) as follows: 


dx, -—:—y, 
ed, y, 7 x; — y, 


An asymptotic solution of the problem is constructed in a similar way. 
For the leading terms, two equations are obtained. 


aX ==}; 
0-xj—y, 


Since the second equation is an algebraic one, the variable y is excluded 
and the problem is reduced to the single nonlinear differential equation 
beg =] 


dx, = =x; 


$ 
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The last is easily solved 
xir) 2 1/(C +7) 


The constant C can be found from the initial data in the general case. 
So, in this case the asymptotic solution can also be written in the 
explicit form 


x (T; E = x°(7) =1/(C +7) y (T; €) = y(r) =1/(C + T) (2.5) 


However, this approximation is not suitable for small times, because 
there is no C — const satisfying the two original initial conditions 


1/(C*-7),,21/C-1 1/(C+7)*|,_,=1/C* =2 


Formulas (2.5) can be considered as an asymptotic solution on the 
interval 


MİVE xt (Ve x T « o) 


which excludes zero, whereas the approximation (2.4) is used on the 
interval 


O<t=M/Ve (m, M = const) 


which includes zero. It is easy to see that in the common domain, where 
t= O(1/Ve), the various solutions do not coincide with each other. 
Nevertheless, if we set the constant C=1, the agreement between Eqs. 
(2.4) and (2.5) does hold up to order O(Ve) 


x (t), ivs =x (7) ,-ve + OVE) 
y (Dl, iv = ys). vs + O(Ve) 


If one takes into account the subsequent corrections of order O(e”), 
n=1,2,..., then the asymptotic solutions can be matched up to order 
O(e"*'?) in the common domain. Incidentally, similar relations to Eq. 
(2.6) apply for the previous trivial example. 

The equalities (2.6) are usually called the matching requirements. It is 
very nice that the two equations (2.6) are satisfied by the choice of a 
single constant C. In fact, this astonishing property is an essential feature 
of any problem that can be solved by the matching method. 

Thus, the formulas (2.5), with C = 1, represent an appropriate con- 
tinuation of the asymptotic solution (2.4) on the long time interval (on 
the slow time scale). Moreover, using the matching (2.6) one can both 
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prove the existence theorem for the exact solution and estimate the 
accuracy of the approximation. 

As to the initial values x,(0; £), y,(0; £) in the slow time scale, it is 
necessary to understand that the original initial data from (2.3) have no 
sense here. The true initial values of the functions x,(7; £), y,(7; €) are 
obtained from the matching requirements (2.6). To this end, the relations 
(2.6) are taken in the limit as e— 0. This relation gives the equalities 


lim x(t) =lim x°(r) 
; : (2.7) 
lim y (t) =lim y,(7) 


which are usually called the matching conditions. These conditions give 
the initial data just on the slow scale 


x,(0)71  yi0-1 


The meaning of the relations (2.7) has been widely discussed, and it is 
now quite clear: The asymptotics at infinity (on the fast scale) give the 
initial data on the subsequent slow scale [8, 10]. 

Note that only one of the two initial data obtained is needed to 
construct the asymptotic solution on the slow scale; for example, x°(0) = 
1. The additional relation y°(0)= 1 is then satisfied automatically, and 
this is a crucial part of the matching. 

The matching relations are used here, and almost everywhere, to write 
the initial conditions in the next time scale. Sometimes other (asymptotic) 
conditions, obtained from the matching requirements, are used. In any 
case, they determine the indefinite constants [8]. 

It is possible to vary the common domain of the different asymptotic 
solutions, up to the order of a small parameter, as follows: 


t=1iey Vy €(0,1) 


One has to note that the continuation of any asymptotic solution into 
the domain of another increases the error. The best choice for the above 
examples is given by y =4, so that the error has the order O(V6). 

In the common domain, each asymptotic solution can be replaced by 
its asymptotics 


x=1+ O(Ve) y=1+ 0(ve) as t= O(1/Ve) 


These intermediate asymptotics are sometimes used to express the 
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approximate solutions in the form of single expressions valid everywhere 


x(t, €) = x" (t) + x: (et) — 1 + O(v£) 
y(t, €) =y (t) + y; (et) - 1+ O( v£) 


Composite asymptotics of this type are obtained immediately by the 
boundary layer method, if that method is valid [11—13]. 

It is clear that, for the examples given above, there is no sense in 
mixing both fast and slow processes in the form (2.8). Of course, there 
are other problems where the additive separation of time scales, as was 
done in (2.8), is completely impossible. This situation occurs in the case 
for fast oscillations with slow modulation, for example. Other ap- 
proaches, such as the well known WKB method, have to be applied in 
such cases. We will not dwell on these problems here. 


(2.8) 


Ill. THE EQUATIONS OF INHIBITED LIQUID-PHASE 
OXIDATION 


The mechanism of liquid-phase chain oxidation of organic substrata RH 
with molecular oxygen (O,) in the presence of the inhibiting agent InH is 
given as follows: 


I i::-—RO, 
Kg 
RO, + RO, — Pp. 
K 
RO, + InH———> ROOH + In 
; -K 
RO- In-—— TH, 
: . Ko 
In + In ——— P, 


This scheme is a rather widely known case of a complex mechanism, 
mentioned in [14, 15], and it is realized under the following restrictions: 


1. Radicals r resulting from the decomposition of the initiator I, take 
no part in reactions with either InH or free radicals. 

If the oxidation occurs with long chains, this requirement is 
realized. In the case of short chains, one has to use initiators, 
generating active radicals such as RO, HO, Cl, and so on, that 
react totally with RH even if the substrata concentrations are low. 
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2. The concentration of oxygen in the liquid phase is so high that it is 
possible to take into account only reactions with radicals RO,. 

3. The rate of oxidation is so small that neither the ROOH nor the 
products P,, P,, P4 are involved in the reaction. 


The quantitative description of the process results in a mathematical 
model in the form of a dynamical system, consisting of three differential 
equations. 


d,X = W, —2K,X' — K,XY — K,XZ 
d Y= —K,XY 
d,Z- K,XY — K,XZ - 2K,Z’ 


Here T is the independent variable (the time) and d, denotes the 
derivative d/dT; the unknown functions X(T), Y(T), Z(T) are the 
concentrations of the substances X = [RO,], Y = [InH], Z= [In] under 
the initial values X,, Yo, Zo; the constant W, is the initiator rate; K, 
(6 x j « 9) are the effective rate constants. 

The given form of the equations is not suitable for both numerical 
simulation and asymptotic analysis. In order to detect small terms and to 
define this smallness, the dependent variables X, Y, Z have to be scaled 
to quantities of like order. To this end typical values X*, Y*, Z* are 
extracted from X, Y, Z as factors. It is clear that near the initial moment 
the initial values X,, Y,, Z, can be taken as typical, if they are not zero. 
If any initial data are zero, then another method is needed to find a 
suitable typical value. In addition, the independent variable (time) can be 
scaled. 

Thus, the process of scaling is a change of variables as follows: 


T=T*t  X(T)-X'x() — Y(T)-Y*y(  Z(T)=Z*z(t) 


The equations for the new unknown functions x, y, z(t) are similar to 
the original ones 


dx = w, —2kox^ — k,xy — ksxz 
d,y — ~k3xy 
d,z = k,xy —k,xz —2k,z* 


The initial values x(0), y(0), z(0) are now either ones or zeros. The 
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coefficients are determined by the basic given constants 
k; = T*X"K, k,=T*Y*K, k, = T*Z*K, 
k; = T*X*K, k, = T'X*Y*K,/Z* k, = T*X*K, 
k = T*Z*K, w; = T*W,/X* 


We are now in a position to compare various terms of the equations by 
means of the magnitudes of the coefficients. Due to the time normaliza- 
tion factor T* we can assume here that there are no large coefficients in 
the equations, so that any k, is either order one or is small. 

In the case when all coefficients are O(1) no asymptotic simplification 
of the problem is available. The efficiency of an asymptotic tool depends 
on the disposition of small factors in the equations. They determine both 
the asymptotic structure of the solution and the various scales. In 
principle, very different cases are possible for the form of the equations 
and it is impossible to obtain a general form of the asymptotic solution 
that is always suitable. An asymptotic method can be common only to a 
number of problems. 

We will consider two situations that are significant for chemical 
kinetics. In both cases, the coefficient k, is so small that it does not affect 
the leading term of the approximation. Therefore, without loss of 
generality, we assume hereafter that k,=0. In addition, one of the 
coefficients of order 0(1) can be taken equal to unity by a proper choice 
of the time normalization factor T*. 

Thus, two problems are considered that differ from each other in the 
location of the small factors. 


dx-e[W— Ax! — x(By + Cz) x(0)21 
dy--&Dxy  y(0)=1 (1) 
d,z = x(Ey — z) z(0) =0 


dx = e'(W — Ax’) — e&x(By + Cz) x(0) 21 
dy--e'Dxy — y(0)-1 (IT) 
d,z = x(Ey — z) z(0)=0 


Here 0 « € << 1 is a small parameter. The coefficients A, B, C, D, E, W 
are positive and do not depend on e and ft. 
The first system of equations describes the process of inhibited liquid- 
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phase oxidation under the assumptions 


W,-2x10*molL's'  Kj,-l10'Lmol s" 
K,-2x10'Lmol's"  K,-5xl10'Lmol s~’ (3.1) 
2K,-10 Lmol's!  X,-10'molL!  Y,-5x10 ?molL''! 


The small parameter £ has a value of about 107’. 
The second system describes the same process under the assumptions 


W-210?*molL's'  2K,-K,-10'Lmol ! s^! 
K,-10'Lmol's'  2K,-10'Lmot s^! (3.2) 
X,-10^molL"  Y,-210?molL'! 


In this case, the small parameter £ has a value of about 10 ! as well. 
IV. ASYMPTOTIC SOLUTION OF PROBLEM I 


The task is to find the asymptotic approximation of the solution as e— 0 
uniformly over a long time interval 0 < t = O(& ^). A leading order term 
of O(1) is a main goal. The higher order corrections of O(e) will be 
defined in order to identify both the secular terms and the time intervals 
of asymptotic fitness. 

By looking at the location of the small parameters in the equations, 
one can guess three time scales t, et, and &'t. The original equations (I) 
were written for the very fast scale t 


dx = e[W — Ax^ — x(By + Cz)] x(0)=1 
dy--&Dxy y(0)=1 (4.0) 
d,z =x(Ey — z) z(0) — 0 


There are many coefficients in the equations and each of them affects 
the exact solution. However, the leading terms of the asymptotics depend 
only on two combinations of the input constants, namely, 


A-[(B- CEY - 4AW|^ | X'-(1/2A)[A - (B + CE)] 


In addition, two other combinations will be used to simplify the calcula- 
tion 


B-(B-CE)2A  y-(WiAy" 
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A. The Fast Time Scale 


In this case, we seek the asymptotic solution in the form of power series 
with coefficients, depending on the fast time t, as follows: 


x(t; €) = x(t) T exi (t) + ex (A) Tee 
y(t; e) = yi) + evi) + e^ yi + °° (4.1) 
z(t; €) = Z? (t) + ez (N+ e^zi(r) 9 --- 


The coefficients of these series will be found from the system of 
recurrence equations that are derived in the standard way. To this end, 
the series (4.1) are substituted into Eqs. (4.0) and the expressions for like 
powers of £ are equated. Ordinary differential equations and corre- 
sponding initial conditions are obtained. 

At the first step, the problem is very simple. 


dx-0 dy=0 dz +xz= Exy 
x(0) —1 y(0) 21 z(0) - 0 
So the leading term reads 
x(0-71  y(0-1 z1) = E[l- exp(—t)] (4.2) 


At the next step, the functions x1(t), y1 (t), z1(t) are determined by the 
equations l 


dx=W-A-B-Czi(t)  x(0)20 
dy-0 y(0)=0 
dz+z=Ex z(0) =0 


Because the function z(t) is now known, explicit formulas can be written 
out for the first corrections as well 


yi) =0 
xi(t) = [W— A — B - CE]t + CE[1 — exp(—1)] 
zi(t)= EW— A — B - CEJ(t - 1+ exp(-£) + CE^[1 - t exp(—t)] 


Note that the functions x1(t), z;(t) grow like O(t) as t— œ. Hence, for 
long times of order ©(1/e), the first terms of the series (4.1) have the 
same order as the leading terms. At later steps, the growth becomes 
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stronger, for example, 
KOSA) t> 


Thus, the series (4.1) turn out to be asymptotic only for times that are 
not too large 0 t «« 0(1/e). 
This analysis shows that even the rough approximation 


x,(t)=1 y(t) =1 Z,(t) = E[1 — exp(-1)] 


is suitable as long as t «« €(1/e), and it becomes poor for long times 
t= ]/e. 

This situation is standard for problems with a small parameter. The 
interval of fitness of the trivial asymptotic solution (4.1) cannot be too 
long. The small terms affect the solution for long times. On the long time 
scale t = 1/e one has to construct a new asymptotic solution depending on 
another typical time. A suitable new independent variable is 7 = et as one 
can guess by looking at the secular terms. 


B. The First Slow Scale 


After the change of variable 7 = ef the equations for the new unknown 
functions 


X(T; €) = x(t; €) ya (T; €) = y(t; €) z (T; €) = z(t; €) 
differ from (4.0) in the location of the small parameters 
d,x, = W — Ax; — x,(By, + Cz.) 
d y, = —eDx,y, (4.3) 
éd_z,=x,(Ey,— Z3) 


We seek the asymptotic solution similar to (4.1) with coefficients, 
depending on the new time 7. 


X(T; €) = x5(r) + ex;(r) + e°x5(r) T E 
yo(r; €) = y3(T) + sy3(r) + eye) + °° (4.4) 
Z,(T; €) = z3(r) + ez (7) +E zi(T) E 


There is some distinction at this stage. Indeed, the initial data are 
taken from the matching of the asymptotic series. The process is as 
follows. The known asymptotics of the coefficients x(t), yi(¢), zi(t) at 
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infinity (£— œ) are substituted into the series of the fast asymptotic 
solution (4.1). After that the change of variable 7 = ef is made in the 
resulting double series, and the expressions in like powers of € are 
gathered together. The series in powers of r, obtained in such a manner, 
are now interpreted as the asymptotic conditions at zero (as 7 —5 0) of the 
coefficients x5(7), y5(7), z5(7) of the new (slow) asymptotic solution (4.4). 
This interpretation is the correct matching requirement. 

In the case under consideration, a simpler form of matching can be 
used. Indeed, the nondecreasing terms (consts) of the asymptotics at 
infinity on the fast scale (t— ©) give the nonzero terms (consts) of the 
asymptotics at zero on the slow scale (7— 0). This requirement results in 
initial data that naturally differ from the original ones 


(x4, Y2, 25) (7; €), 9 = {1, 1, E} + e{CE, 0, E[A + B c 2CE - W]) 
+ O(e?) 


The equations for the coefficients of the asymptotic solutions (4.4) are 
modified too. In particular, one algebraic and two differential equations 
determine the leading order terms 


d.x - W— Ax! — x[By + Cz] 
d,y=0 
x[Ey — 2] 2 0 


In this case, the initial data for x, y, taken from matching, coincide by 
chance with the original ones 


x,(0)=1 y0-1  z0-E 
Because the solutions for y, z are trivial 
yr)=1 z20)=E 
the problem reduces to one for the first component 
dx = —A[x? + 28x — y] x(0) — 1 


Here B — (B + CE)/2A, y^ =WIA. 
The differential equation is easy to solve and the solution x$(7) is 
either 


Inx- X^)/x2- X )| = -Ar + Inl(1 + X *)/(1— X )| 
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or is of the form 
aS- X*yQ$- X )2[(0 - X^) (1— X )| exp(-A7) 
where A = [(B + CEY + 4AW]'" 


Here the constants X^ = —B + (B? y^)!" are the roots of the algebraic 
equation 


x! * 28x -y* 20 


One can see from the explicit formula that the function x5(7) tends to 
the constant X ' at infinity. Thus, the leading approximation on this scale 
has the asymptotics 


y(r)s1  z%(T)=E  x$(r)9X^-O(exp(-Ar) | 7- (4.5) 


In the case X* =1 (ie., as y^-28 +1) the first component is 
stationary: x5(r) =1. 

At subsequent steps, the coefficients of the asymptotic solution are 
found from inhomogeneous equations where the right sides are de- 
termined as before. Growing terms emerge already in the first correction 
on this scale. Indeed, the problem for the first correction x}, y>, Z,(7) is 
as follows: 


d ,x = —2Axix —x(B + CE) - Xi(By + Cz) | x(0) - CE 
dy--Dx;  y(0)-0 
Ey -—z=0 


The solution can be written out in explicit form, hence one can analyze 
the asymptotics at infinity. For example, the second component is given 
by the integral 


yey = - | xac 


It is easy to see that this integral grows like O(7) as 7 — © because the 
integrand tends to a nonzero constant X* at infinity. 


y(7)--DX'-r*0(1) 13 


The third component, determined by zj(7)- Eyl(r), has a similar 
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behavior. 
z(t) = —DEX*r+0(1) | vo 


The first component xJ(7) is found from the linear inhomogeneous 
equation. 


d,x +2Ax,(r)x + (B + CE)x = —x3(7)[By3(r) + Cz3(7)] 
x(0) = CE 


The solution of this problem can be written in integral form as well. If 
we take into account the fact that the derivative d,x;(r) is a solution of a 
homogeneous equation, we obtain 


xi) = 4t) CE - (B + CE) | OROA] a 


One can see, either from this formula or straight from the differential 
equation, that the function x}(r) grows at infinity 


xir)--7BDX (Xt *B)*O(1 | roo 


Thus, there are secular terms in the asymptotic solution on the slow 
scale, which indicate that the approximation (4.4) is false for the long 
times 7 =1/e. 

Notice that, for very small times 7 = e, the approximation (4.4) is false 
as well, because then another asymptotic solution (4.1) is valid. For long 
times 7 = 1/e, correct asymptotics have to be constructed. 


C. The Second Slow Scale 


After the change of the independent variable 0 = er = e^t, the equations 
for the new unknown functions 


x4(0; €) = x(t; €) y3(0; €) = y(t; €) z3(0; £) = z(t; e) 
take the form 
ed,x, = W — Ax; — x,(By, + Cz;) 
dY, = —Dx4y, (4.6) 
edz, = x(Ey4 — z4) 


The initial data are taken from the matching condition and have the 
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asymptotic form 


Us, ya 23)(8; £)|o..o = (X', 1, E} T O(e) 


We seek asymptotic solutions similar to (4.4) with coefficients depend- 
ing on the new slow time 


x4(0; €) = x3(0) T £x,(0) + e^x;(8) dera a 
z4(0; €) = z$(0) + ezi(0) + &^z3(0) +- 


The problems for the coefficients of the asymptotic solutions x5, y3, z3 
are again modified. In particular, one differential and two algebraic 
equations determine the leading order terms 


0—W- Ax! — x(By + Cz) 
d,y = —Dxy 
0 = x(Ey — z) 
The initial data for the leading terms, taken from matching, are 
x(0-7X*  y(0-1  z(0-E 


The algebraic equations allow us to eliminate either the second and 
third components y,, 24,(0) or the first one x,(0) 


z= Ey 2By - y! Ix - x x =[B°y? +y]? — By 


(4.8) 
where 8 =(B + CEJ2A y?! - WIA 


The differential equations can be written out for either the component 
x3(@) or y3(@). Each of them can be solved. For example, solving the 
equation 

(yx +1)d,x =D(y’-x’)  x(0)2X^ 


leads to the implicit function x$(8) in the form 


In|(y + x3)/(y — x3)| — y/x5 = Dy + C3 (4.9) 
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where 
-Inl(y - X )/(y - X )| - y/X* = const 
Notice that 
X*-—y=(B +y y2 -B-y=const #0 


A similar expression for the function y3(0) can be obtained both from 
the formula (4.8) and from the similar differential equation for y;(@). 


d,y--Dy[(8y*y)"-By]  y(0)-1 


To obtain the solution in implicit form it is expedient here to take into 
account the differential identity 


d((8 y + y) ^ = By] = BGTy + y) PB y? + y) ^ - By] dy 
Then, the implicit form of the solution reads 


In|[y + (8^y5 + y ) Byl — y/[(B’y$ + y?) ? — By3] = yD@ + D$ 
(4.10) 


Here 


= In|[y + (8° + y?) ?/8]| — y/[(8? + y^)? — 8] = const 


Formulas (4.9), (4.10) provide the approximate solution on the slow 
time scale. From these asymptotics one can see that the second and third 
components tend to zero, whereas the first one tends to a nonzero 
constant y = (W/ A)'" at infinity. If we use Taylor expansions of the left 
sides of Eqs. (4.9) and (4.10), the error estimate of the asymptotic 
behavior at infinity can easily be derived as follows: 


x3(0) = y + O(exp(-Dy0) ^ 6o 
y3(@) = exp(—Dyé + 6) + C(exp( - 2Dy8)) 0— œ (ô = const) (4.11) 
z3(0) = O(exp(- Dy8)) 6— 


These asymptotics are differentiable, hence the asymptotic estimates of 
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the derivatives read 
d,x5(8) = O(exp(- Dy6)) 
d,y3(@) = —Dy exp(—Dy6 + 8) + O(exp(—2Dyé )) 9 — o 


The last results can be used to analyze the asymptotic behavior of the 
first corrections x}, y3}, z3(0). These functions are determined by the 
equations 


2AxxS(0) t x(By3(@) + Cz3(6 )) + x3(0)(By +-C2}=d, x3(0) 
d,y = —Dx3(0)y ~ Dxys(0) (4.12) 
Ey-z=0 


The variables x,z are eliminated and the problem is reduced to the 
single differential equation 


dey + BD[x3/(x3 + Bys)]y = f0) (4.13) 
where the right side decays rapidly at infinity 
f(6) = (DI2A)Lys/ (x3 + By3)ldox3 = O(exp(-2Dy0)) 6— 


The solution of the corresponding homogeneous equation can be used to 
solve the nonhomogeneous equation. This solution is just the derivative 
d, y5 of the solution of the nonlinear equation from the first step. Hence, 
the solution reads 


y3(8) = 4t6)| 730) + f FENA, y3 jag | 


Because the integrand is bounded by the exponential M exp(— y D£) 
(M = const), the integral is bounded for large values of 0. Therefore the 
decreasing factor 


d, y3(0 ) = O(exp(- Dy6)) 
provides the decay of the function y3(0) at infinity 
y3(0) = € exp(- Dy6)) 


The other components x;(0), z3(@) have similar asymptotics as one can 
see from the algebraic equations (4.12). 
So there are no secular terms on the third scale 6 = e^t. The asymptotic 
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solution (4.7) is available for all times to infinity. Of course, this 
approximation is not suitable for very small times 0 =e, where other 
asymptotics apply. 


D. The Results for Problem I 


Let us consider the leading order terms of the various asymptotic 
solutions. On the first (fast) scale the third component 


z(t) = E — O(exp(-t)) 


is increasing and stabilizing to the constant E at infinity. The first and 
second components are stable 


x(0)21  yi@)=1 
On the second scale 7 = et, the first component varies from 1 to X* 
x5(r)=X* + O(exp(-Ar) | vo 
whereas the components x, z are stable 
yar)=1 z-E 


Finally, on the slow scale, 0 = e't, all three components are varying, 
and they are stabilizing to the vector (y, 0,0), y = (W/A)! "^. 
The limit state 


(x, y, z) = (WI A)! "^, 0, 0) 


is a unique and stable equilibrium of the input system (4.0). Therefore, 
1 


the process, described by Eqs. (4.0), stabilizes to the state ((W/A) ', 
0, 0), which occurs on the slow time scale 8. 


V. ASYMPTOTIC SOLUTION OF PROBLEM II 


The problem, given by Eqs. (II), is very similar to the one investigated 
above. The difference is only some other arrangement of the small 
factors. The task is as before: To find the asymptotic approximation of 
the solution as e — 0 uniformly over a long time interval on a scale where 
the stable equilibrium occurs. The determination of the leading term of 
O(1) is the main goal. The higher order corrections of (£) are defined to 
identify both the secular terms and the time intervals of asymptotic 
fitness. 

At first sight, the situation is analogous to the former case. Looking for 
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the smal] parameters in the equations 


dx = €'(W — Ax’) — &ex(By + Cz) x(0) 21 

dy=—e'Dxy  y(0)-1 (5.0) 

d,z — x(Ey — 2) z(0) =0 
one can perceive three time scales, f, e't, e't. It seems natural, by 
analogy, to presuppose the ordering of the scales so that the slow scale 
follows the fast one. However, in the case under consideration, the 
situation is more complicated because the final time scale, which is similar 
to eft, occurs after a very slow scale e°t. It is very difficult to explain this 
result without an analysis of the asymptotic solution. Experience of 
asymptotic analysis is needed to grasp it in advance. 


The input constants affect the leading terms of the asymptotics through 
just three combinations 


w=B+CE  v-(B-CEJDW | Xj -WI(B-CE) 


A. The Fast Scale 


At first, we seek the asymptotic solution in the form of a power series in 
€, with coefficients depending on the fast time t, as follows: 


x(t; €) = x1 (t0) + ex (H) + exi ++ 
y(; e) = yw) + eyi (t) + ey) t (5.1) 


z(t; €) = z(t) + ez; (t) + e^zi( +> 


The coefficients are defined from a system of recurrence equations. 
At the first step, the equations 


dx=0 dy=0 d,z + xz = Exy 
x(0) 1 y(0) 25 1 z(0) — 0 


are solved in terms of elementary functions 


x (051  yW()0s1  zi(0-E[-exp(-20] (5.2) 
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At the next two steps, homogeneous equations are obtained. 
dx=0  d,y-0 adz+z=E(xt+y) 
x(0) =0 y(0) =0 z(0) =0 
Hence, both the first and second correction are zero. 
x(050 yiQ=0 zi)=0 xOQ=0 
yiQh=0  zi()-0 


Nonzero corrections occur of O(e°). The coefficients x1, y;, z;(t) of the 
third power of e are determined from the inhomogeneous equations 


dx=-[B+Czi(t)]  x(0)=0 
d,y =0 y(0) =0 
dz = (Ey — z) + x[E —z{(t)] z(0) 2 0 
One can write out the solution 
xi(t)= CE- ut —CEexp(-t)  (u » B CE) 
yi(t) 20 
zi (t) = E[CE + u — ut] + [CE — CE? — Ep — (E — 1)CEt 
+ ut^12] exp(-t)] — CE exp(-2t) 


We see that the first and third components have the term pt, which is 
unbounded. Hence, for long time of €(1/e^), the first nonzero correction 
in the components x,z has the same order as the leading one. 


exi(t),ezi(t)}=O(11) as  t-6(1/e) 


At the subsequent two steps, secular terms of only the same order may 
occur. 


xi, yZ O=) t0 (n=4,5) 


Secular terms of the next order emerge just for x{(t) = O(t^). Thus, the 
formulas (5.1) give the approximate solution only if the time is not too 
long te”. 

A new typical time variable is needed to construct the asymptotic 
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solution suitable for t & & ?. The new independent variable is 7 = &'t as 
one can guess by looking at the secular terms. 


B. The First Slow Scale 
After the change of variable r= &'t the equations (5.0) for the new 
unknown functions x,(7;£) — x(t; €), y,(rT;8) - y(t; e£), and z,(7;6)= 
z(t; €) are 
d_x, = e[W — Ax] ~ x,(By, + Cz,) 
d, y, = —eDx;y, (5.3) 


£d,z, = x,(Ey, — z;) 


The initial data are taken from the matching of the asymptotic series. 
Indeed, the nondecreasing terms (consts) of the asymptotics at infinity on 
the fast scale (t — œ) give the nonzero terms (consts) of the asymptotics at 
zero on the slow scale (r — 0). This requirement results in initial data that 
naturally differ from the original ones (5.0). There are asymptotic series 
valid in the general case. If we restrict ourselves to two terms in the 
asymptotics, the initial data read 


(x5. Y2, 22) (75 €)|--9 = {1, 1, E) + &€' (CE, 0, E(2CE + B)) + O(e") 


We seek an asymptotic solution similar to Eq. (5.1) with coefficients 
depending on the new time 7. 


X(t; €) = x5(r) + ex(t) + exer) ++ °- 
yo(r; €) = yo(r) + eys(r) + e°y3(T) + °° (5.4) 
Z,(T; &) = z5(r) + €z,(t) + e'z (rT) UTE: 


The problems determining the coefficients of the asymptotic solution 
are modified. In particular, one algebraic and two differential equations 
give the leading order terms. 


d,x = —x(By + Cz) x(0) — 1 
dy-0  y(0)-1 
x[Ey — 2] - O 


Because the solutions for y, z are trivial, the system reduces to a problem 
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for the first component 
dx--ux x(0)=1 (& — B - CE) 


The single differential equation is easy to solve and the first approxi- 
mation is 


xy(r)-exp(-ur)  ys(7)51  z$r)sE (5.5) 


We see that the function x5(7) tends to zero at infinity. 
At the next step, the coefficients are determined from the inhomoge- 
neous equations 


d,x + ux = W — Ax? — x(By + Cz) x(0) =0 
dy--Dx)  y(0)-0 
Ey —z=0 


where the right sides are determined as before. The second equation is 
easily solved because x, is a known function. Hence, 


yx) = —(D/p)[1 —x3(7)]  z3(r) = Eyx(7) 


If we now eliminate both y and z from the first equality, a single 
differential equation for x, is obtained 


d_.x+px=W+Dx3-(A+D)(x;) — x(0)20 


This equation can easily be solved, and so the first correction can also be 
written out in the explicit form 


xi(r)- X; — [X5 + (A+ D)/24 Dt] exp(—pr) 
t ((A + D)/2) exp( -2u7) 
y2(r) = —(D/p)[1 - exp(-n7)] (5.6) 
z(t) = —(DE/p)[1 — exp(—n7)] 
(X; =W/(B+CE), u =B + CE) 


One can see here that all components are stabilized at infinity. The 
secular terms on this scale occur just in the second corrections 
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2 2 2 . . ; 
X5, y5, z;(7T), which are determined by the equations 


d x + px = —2Axx* — xX(By 2) = xX(By) $ Czi) 
d,y = —D[x2y2 + x3] 
Ey—-z-0 


Since the right side of the y equation stabilizes to a nonzero constant, 
both the second and third components grow at infinity 


yr)--DXir*06(1) zi)--DEXir40() t>% 
The first component remains bounded for long times 
xj(r) = €(1) 


Subsequent analysis shows that the degree of the secularities increase 
over just two steps 


y10),2260)- 0607) x(t) = Or" 7) r>  (k-[n/2] 


Thus, the asymptotic solution on the slow scale 7 = et is suitable as 
long as 7 <<” and it fails for long times 7 € € ^. This reasoning is based 
on the structure of the secularities e?r, which shows also that the next 
scale is just e?r = &^t and not er = e^t. At first sight, this last fact does not 
agree with the structure of the original equations, because there are no 
terms of order (c^) on the right sides. To understand this situation, we 
have to take into account the new normalization of the variable x. 
Namely, in accordance with the asymptotics (5.4)-(5.6) the component 
x(t; £) has order O(e), if the time is long, 7 >> |in e|. Hence, if we are 
normalizing x to unity, the additional factor & from the variable x appears 
in the equations. After that one can see terms of O(e°) in the equations 
and it is no wonder that the scale £°r = &^t occurs. 

Concerning the new normalization of the component x, there is no 
need to solve it at once. It will inevitably emerge in the structure of the 
asymptotic solution beginning with the O(e€) terms. 

The last remark concerns the general problem of identifying the typical 
magnitudes of dependent variables, x, y, z, especially in the case when 
some of the variables are zero at the initial moment. To make an error 
here is not fatal and it does not crash the asymptotics. The structure of 
the asymptotic solution compensates for any mistakes in the normaliza- 
tion, although a vagueness may occur when the time scales are defined. 
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C. The Second Slow Scale 


After changing the independent variable 0 — &^r = et the equations for 
the new unknown functions 


x4(8; £) = x(t; €) y,(6; £) = y(t; €) Z4(0; €) = z(t; €) 
take the form 
&d,x, = e(W — Ax) — x4(By, + Cz) 
ed,y, = —Dx,y, (5.7) 
e°d,Z, =X3,(Ey; — z4) 


The initial data are taken from the matching condition and have the 
asymptotic form 


{X35 Y3» 23}(95 £)lo-0 = {0, 1, E) + e(X2, —D/p, - DElu) + O(e) 


We seek an asymptotic solution similar to Eq. (5.4) with coefficients 
depending on the new slow time. It is natural that the term of O(1) is 
absent in the first component x, because it is zero in the initial data 


x,(0; ©) = ex3(0) + &?x2(0) +- 
y3(0; €) = y3@)  ey3(8) + &'ys(0) +>: (5.8) 
24(0; £) = z3(0) + €2,(0) + e^z2(0) iuris 


Two algebraic and one differential equations are obtained for the 
leading terms xi, y3, z;(0) of the asymptotics 


0 = W — x(By + Cz) 
d,y=—Dxy  y(0)-1 
0 — x(Ey — z) 


The algebraic equations allow us to eliminate both the first and the 
third components 


z = Ey x —1/Dvy where v = (B + CE)/WD 
The differential equation for y is trivial 


d,y — —1lv »(0) 71 
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and we get 

xi0)-(1/D)(v—-0)' y9(09)-(v—8)v 230) =E(v —0)/v 

(5.9) 

No more complicated problems are encountered at subsequent steps. 

For example, x5, y1, z;(0) are found from the equations 
x[By9 + Cz2] + [By + Cz] 20 
d,y--Dbay*xyd  y(0)= -Dln 
y-Ez-0 


The solution is trivial. 
x10) 7 -(Ip)(v-0)^ — y0)7-Dl& — zy0)- —DE/p 


It is not hard to see that the asymptotic solution, obtained in such a 
manner, has a singularity at the finite moment 0 — v because of the zero 
in the denominator. The singularities become stronger at subsequent 
steps. 


x,(0)- 6(» —80) " — yy,z3(0)- O((v —80) ""^) 


Thus, the asymptotic solution, given by Eqs. (5.8), fails near the moment 
0 -— v. 

One has to understand that there are no singularities in the exact 
solution of problem (5.7). There are singularities in the asymptotic 
solution due only to the nonapplicability of the anzatz (5.8) near the time 
point 0 = v. 

The structure of the secular terms suggests the next scale as p = (0 — 
v)/e. Note, this new scale (&'t— v)/e = £'t — vle corresponds to the 
obvious scale &^t, but this occurs when the slow time 0 is near v and not 
zero. This new scale is fast with respect to the slow one 0 = e't. 
Therefore, it seems a good idea to call it an explosive scale. 


D. Explosive Scale 


After the change of the independent variable 
p —(8—v)le-(e&t- v)le 


the original Eqs. (5.0) change slightly. The new equations for the 
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unknown functions 
x,(p; €) —x(t5;&e) — y4(pse) - (Ge) — 24(93 €) = z(t; £) 
have the form 


ed X, = e[W — Axi] - x4[By, + Cz,] 
d,y,7 —Dx4y, (5.10) 


e'd,z, 7 x (Ey, — z4) 


It is only the boundary conditions that are significantly different. The 
problem is considered now on the unbounded interval -œ < p < o, which 
corresponds to a neighborhood of the time in which explosive growth 
occurs |0 — v| « 1. For the functions x,, Y4, z,(p; £), the asymptotics at 
minus infinity (as p— —9) are determined. This determination is done by 
matching them with the slow asymptotic solution (5.8). 

In fact, the question under consideration is to find an asymptotic 
solution that describes the fast passage across the instant of explosive 
growth on the slow time scale 0 — v. From a formal point of view, the 
boundary asymptotic conditions are obtained in the same way, as was 
described in sections 4.2 and 4.3. Namely, the asymptotic expansions of 
the coefficients x5, y5, z;(0) as 0— v — 0 are substituted into the series 
(5.8). After that, the change of independent variable is performed 
0 —v = œp and the expressions involving like powers of e are gathered 
together. Consequently, double asymptotic series in powers of e, p are 
obtained. The expressions for the powers £” are now considered as the 
asymptotic data of the solution on the new (fast) scale. 


x4(p; e) - [-(1/D)p  * (v/u)p ? + Olp ^)] + €(s) 
y4(p; €) = e[- (1/v)p — Dip + O(p )] + Oe’) 
z,(p; e) = e[-Ep — DE/p + «(p ')] + Oe’) 


p -@ E— 0 


These are the correct matching requirements. The asymptotic con- 


THE MATCHING METHOD IN CHEMICAL PHYSICS PROBLEMS 33 


ditions, obtained above, suggest the following anzatz on this scale 


x4(p; €) = x4(p) + exs(o) + exi) +>: 
ya(p; £) = eLy4(p) + eys(o) + E y(r) +- (5.11) 
z4(p; €) = e[zi(o) + ezi(p) + e'zi(p) + >+: 


One can now derive the equations for the coefficients. At the first step, 
a system of two differential equations for the functions x$, y°(p) is 
obtained. 


dx =W- Ax! — Xy 


5.12 
d,y = —Dxy ( ) 


The third component z$(p) can be found from 
Ey -z - 0 


To complete the formulation of the problem, two additional asymp- 
totic conditions are assigned. 


x(p) » (1/D)[7p ! * (1/W)p 7+ O(p ?] 
y(p) * (D/u[-We -1-0(p )] | p—-« 


We are unable to write out the solution of problems (5.12) and (5.13) 
in explicit form, in contrast to the previous stages. The study of the 
mathematical problems (5.12) and (5.13) is a separate question. 

However, it is not hard to draw the phase portrait of the two- 
dimensional system (5.12). If we look at Fig. 2, we can see that there is a 
single stable equilibrium ((W/A)' ^^, 0, 0). Exactly the same one occurs in 
the original system (5.0). Therefore, the process described by (5.0) ends 
in this stable equilibrium and occurs on the time scale p. The exponents, 
which appear in the solution of the linearized equations, give the rate of 
asymptotic approximation to the stable state 


(5.13) 


x4(p) RYT O(p €exp( - 2A yp)) y= (WIA)? 
y°(p) = O(p exp(—Dyp)) p>% 


Thus, on the explosive scale, we have the asymptotic approximations 
of x}, y4( p) both at plus and at minus infinity (as p — +œ). To obtain the 
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Figure 2. Phase portrait of the system (5.12). 


kinetic curves on the finite interval —M <p < +M (M = const > 0) other 
methods have to be applied, for example, numerical simulation. 


E. The Results for Problem II 


Let us consider the leading order terms of the various asymptotic 
solutions. On the first (fast) scale the third component is increasing and it 
is stabilizing to a constant at infinity. 


zi) = E - 6(exp(- t) 
The first and second components are stable. 
xi(t)=1  yi()-1 
On the second scale, the first component is decreasing to zero. 
x3(7) = exp(-u7) 
The components y, z do not vary 


yr)=1  z$jm-E 
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Hence, for time 7—- 1, a change in the typical magnitude of the 
variable x occurs. Because x takes on values of order (e), the next time 
scale turns out to be er. 

All three components x, y,z vary on the slow scale 0 = gr = gt 
Singularities occur in the asymptotic solution at the finite time 6 = v. 


x09) 2 (v —0) !/D y$(0) 7 (v - 0)/v 25(0) = E(v — 8)/v 


In fact, this is the time at which the slow scale 0 breaks down. 
Near the time 0 = v a new (faster) scale occurs. At this fourth stage, 
all three components vary and tend to the vector (y, 0,0), y = (W/A)'". 
The limit state 


(x, y, z) = (WA)! ", 0, 0) 


is a unique and stable equilibrium of the original system (5.0). Therefore, 
the process described by Eqs. (5.0) stabilizes to the state (y, 0, 0) on the 
last time scale p = (et — v/e). 


VI. PRACTICAL APPLICATIONS 


The formulas, obtained in Section 3.4, solve a direct problem of chemical 
kinetics. That is, the dynamics of the concentrations are computed for 
given rate constants K;. 

The same formulas can be used to solve inverse problems, when the 
rate constants are determined from kinetic curves obtained experimental- 
ly. The simplest way is to compare the experimental and theoretical 
curves with each other for the correct values of K;. 

If one considers either Problem (I) or (II), the question is to find some 
coefficients of the differential equations by comparing the solutions and 
the given (experimental) curves with each other. Since we use the explicit 
form of the asymptotic solutions, only those coefficients (or their 
combinations) can be found that are present in the formulas. In practice, 
the leading terms of the asymptotics provide an accuracy corresponding 
to the experimental accuracy. In Figures 3-5 both the experimental and 
theoretical curves for Problem (I) are presented on various time scales. 

If the formulas (4.5) are exploited, one finds either the relation 
A7 V(B * CE) +4AW or X* —(1/2A)[A - (B + CE)]. To find A the 
dynamics of the substance x is required on the second time scale 7 = 1. To 
find X ' it is sufficient to measure the concentration of x when the time is 
long for the second scale (7 >> 1) but small for the third scale (0 << 1). 

Thus, the theoretical formulas provide the solution of some inverse 
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Figure 3. Time scale II. CL method. Comparison between asymptotic solution - ——— 
and experiment © for [RO,]; 2 1.3x 10 '" ML; [InHl; 2 9.1x 10 ^ ML *; [In], — 0; 
2k,—-3.20x10 LM ! s; k,222x10'LM^!s 5; k,25x10LM ^ !s' 5 T=323K; 
[RO,] =x, [InH] = y, [In] =z. 
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Figure 4. Time scale III. CL method. Comparison between asymptotic solution — — —— 
and experiment © for [RO;], 2 1.3x 10 " ML ', [InH];, =9.1 x10 ^ ML; [In], - 0; 
2k,23.2x10 LM ! s; k,-22x10'LM !s ; k=5Xx10° LM's; T=323K; 
[RO,]| =x, fInH] = y, [In] =z. 


THE MATCHING METHOD IN CHEMICAL PHYSICS PROBLEMS 37 
1.0 


0.8 


0.6 


0.4 


0.2 





0 l 2 3 4 5 6 x 10? 
Figure 5. Time scale III. Spectrophotometry method. Comparison between asymptotic 
solution ---- and experiment © for [RO,], =2.0x10 7 ML '; [InH],=8.1 x 


10*ML' 5 [In], =0; 2k;232x105LM !'s'; k,-28x10'LM 's'; k,-5x 
10°LM !s 5; T=323K; [RO,] =x, [InH] = y, [In] =z. 


kinetic problems. It should be emphasized that the various formulas 
describe the process on different time scales. This fact imposes different 
restrictions on both the apparatus and the experimental methods. 

For example, the relation Dy = DVW/A can be found from either Eq. 
(4.8) or (4.9). To do this, the experimental dynamics of either x or y is 
needed on the slow time 6 = c't. 

Note that, if a small factor e has the value of 10 ', the process under 
discussion runs 10 times more slowly than the processes on the scale 
T — et. Generally, the experimental curves, obtained on the slow time 
scale 0 = et, give informati the fast time scale 7 = et. Therefore, 
the relation A = V(B + CE)’ + 4AW, that is present in another x-formula 
(4.2), cannot be found without a new additional (fast) experiment. 
Roughly speaking, the fast processes are not recorded by slow experimen- 
tal tools. 

To evaluate the capability of the given formulas in practice, one has to 
rewrite them in dimension variables. 


A. The Fast Time Scale, I. (7) 
In the dimension variables X = [RO,]/[RO;], Y = [InH]/[InH],, Z = 
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[In] the solution (4.2) takes the form 


[RO;] = [RO;], = VW,/2K, (6.1) 
[InH] = [InH], (6.2) 
[In] = (K,/K,){InH],(1 — exp(— K,(W,/2K,)T)) (6.3) 


One can see that [RO,] and [InH] are stable and equal to their initial 
values. The concentration of [InH] increases and tends to the steady-state 
concentration at large times. 


[In],, = (K;/ K,)[InH ], (6.4) 


The constant [In],, is taken as the initial data on the next (slow) time 
scale. The approximate solutions (6.1)—(6.3) is valid as long as 


O<t<t_,, = 10V2K,/W,/K; (6.5) 


Expressions (6.3) and (6.5) contain the relations K,/K,, and K,/ 

2K,. So, if 2K, is known, we can find the values of K, and Kg. 

The use of (6.4) to evaluate the ratio of the rate constant K, to the 
known K, was described in the literature [16]. Equation (6.2) has not 
been applied in practice. 


B. The First Slow Time Scale, II. (7 = ef) 


Returning to the dimension variables y,z, the solution (4.5) takes the 
form 


X,+a+Vitay a, — Vlt a; 
In up cum c e + a5)2Kg WT + n (6.6) 
Xx, +a,—-Vlt+e ot Vita, 


[InH] = [InH] (6.7) 
[In] = K;[InH], (6.8) 
Here a, = K,[InH],/ V2K,W, = B[InH],. The inhibitor concentration re- 
mains fixed and equal to [In] ," Ihe ooe of x, = [RO;]/[RO,], 


decreases (as time increases) and tends to the quantity X *, which is the 
final value of x on this time scale 


X* =[RO,]/[RO,], = V1* o2— a (6.9) 
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As was pointed out, the constant X™ is the initial value of the variable x 
on the next time scale. 

To measure the concentration of [RO,;] both the electron spin 
resonance (ESR) method and the chemiluminescence (CL) method can 
be usefully applied. Equation (6.6) is used in the original form, if the 
ESR method is applied. When the CL method is applied, it is expedient 
to transform Eq. (6.6) to a more convenient form, containing the 
parameters Vi, Vin , which can be measured experimentally 


x=VI/I,=Vi X*=VL Ih - Nl, 


Here /, is the initial intensity, measured before the inhibitor was added to 
the reaction, / is the current intensity, and 7,, is the minimal intensity of 
the emitted light. 

By using the relations 


Vi*al-e-WVi, (+a) ta, =1/Vi,, (6.10) 


we obtain from (6.6), (6.10) 


Vi * 1/Ni,, 1 * 1/Vi, 
In —7———-—- - In" = 2N(1 + a,)2K,W,T 6.11 
n Vi — Vi, n 1- vi, ( a) 6''i ( ) 


1/Vi,, — Vin = 2a, (6.12) 


Formulas (6.6), (6.9), and (6.11) and (6.12) can also be used to 
evaluate both K, and 2K,W,; see Fig. 3. If the stationary concentration of 
radicals In is measured under similar conditions, then the rate constant K, 
can be found from (6.4). 

The kinetic parameter 


a, = K,[InH],/V2K,W, = B[InH], (6.13) 


corresponds to the experimentally measured quantity Vi,,; see the rela- 
tions (6.10) and (6.12). 
The experimental results can be treated in two ways. 


1. The kinetic curve, plotted for changing concentration of peroxide 
radicals, following addition of the inhibitor, is a straight line with respect 
to the coordinates of Eq. (6.12). 


[In( Vi + 1/Vi, ) - In(Vi — Vi,)] ^ T 
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The effective rate constant is determined by the slope of the curve 


Ker 72V (1 + o2)2K,W, (6.14) 


and according to Eq. (6.4) we obtain 

2K,W, = K24/4(1 + a) (6.15) 
From the known value of 2K, we find the value 

W, = K2,,/4(1 + a,)2K, (6.16) 


To find K,, the following relation can be derived from Eqs. (6.12), 
(6.13), and (6.14). 


K, = K.¢¢(a)/2[InH],)V1 + a2 (6.17) 


Thus, Eqs. (6.16) and (6.17) allow the determination of both W, and 
K, from a single experimental curve. It is expedient to carry out a series 
of experiments with similar inhibitor concentrations in order to obtain 
more precise values of the parameters W,, K}. 

2. Another expression can be derived for evaluating K, from a series 
of kinetic curves, obtained for various inhibitor concentrations. By 
following Eqs. (6.12) and (6.13), we can plot the kinetic parameter aj 
against [InH],. The slope of the resulting curve is 


B = K,/V2K,W, (6.18) 
If we substitute (6.15) into (6.18) we find 
K, = K.,8/2(1 + a$) (6.19) 


Here a straight line of experimental data with respect to the coordinates 
a, + [InH], is required in order to find 8 and after that K,. The formulas 
(5.11)-(5.13) are valid as long as 
T. «T KT", = 10/V2k,W, (6.20) 

The first inequality of this condition ensures, according to Eq. (6.3), that 
[In] has the quasistationary value [In],, and that it remains stable. 

The inequality T « T7, = 10/V2k,W, determines the upper limit of 
the slow scale times and it is equivalent to condition (6.5). Then 
T/ *:50s, if W, and 2K, are taken as above. 


max i 
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Formulas (6.9) and (6.12) can also be applied only for the stationary 
mode of [RO,]. The upper time limit for the fitness of these equations is 
determined by (6.20), while the lower time limit is given by the value 
T*??. To estimate approximately T®°?, the formulas (6.6) and (6.9) can 
be used in the form 


Xa—X 
——-»20,9  x,-1 


am. 


This result means that the variable x differs from the constant X" no 
more than 1%. Thus, from Eqs, (6.6) and (6.9), we obtain 


i, O OIC + ao) + 1,99 V1 + a ET 1* o, * V1* a2 
0,01(1 + a) — 0,011 a2 1*a,—-Vl*a, 


«x 2V(1- a, J2k,W,T 5? (6.21) 


Substituting for W, 2K,, and a,, we find that T5?? 2 10s. Therefore, 
both of the quantities X" and Vi, have to be measured within a time 
interval from 10 to 50s, see Fig. 3. 

Formula (6.12), giving the ratio K,/\/2K,, was reported in [17], where 
the method of steady-state concentrations was applied. This equation is 
widely used in practice for quantitative studies of liquid-phase inhibited 
oxidation. Relation (6.11) was obtained in [18] by the same method of 
steady-state concentrations under severe constraints. 


C. The Second Slow Time Scale, III. (0 = €’t = €7) 


In this case the dimensionless variables x, y for the current con- 
centrations of the inhibitor and the peroxide radicals can be used. The 
time T and [In] are taken in dimensional form. We have from (4.10) 


x; = V1* (agy4)' — asy; (6.22) 
In([(1 + Vays)” — ayy¥3]/¥3} - [æy + V1 + (aoy3)'] 
= K,VW,/2k,¢+ In[1 + V1 +a?]— [a +V1+a?] — (6.23) 


[In] = K;[InH]oy;/K, (6.24) 
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Another form of the solution is obtained from (4.9). 





IX 1* Vita,-a, 
n ——-KW,2K,T + la 
Ltx; x, 7 ° 1-V1-*aj*a, 
1 
OW rae (6.25) 
Vl+a,-—a 
1 
J3 M — X3) (6.26) 
V2K,W, 
[In] -—k. (U/x — X4) (6.27) 
8 


In the case under consideration, on the slowest time scale, the 
concentrations of the radicals In and RO, tend to zero and [RO,],, 
respectively, under the inhibitor consumption. Equations (6.25)-(6.27) 
are applied for the ESR analysis of the [RO,] measurements. For the CL 
method, it is expedient to use the same relations in another form 


1-Vi 1 1 


LN +Vin 1 
Leary ee; k AW, WIDE + In— ETC (6.28) 
aa NER avi- Vi) 


[InH] = (6.29) 


NEM KELU — Vi) 


[In] = (6.30) 


Equations (6.22)-(6.24), (6.25)-(6.27), and (5.8), (5.9) are suitable 

for the times (see Fig. 4) 
TU <T «TL, =10V2K;W,/K; (6.31) 

The lower time limit T", corresponds to the upper time limit of scale 
II, when RO, has the stationary concentration RO, — X^ 

The upper time limit TL: = 10V2K,W./K,;, found from the inequality 
€ «« 0 « € !, corresponds to the time of complete inhibitor consump- 
tion. 

Similar solutions (6.28) and (6.29) were reported in [19, 20] by using 
the steady-state concentration method. 

As a,— 0, that is, at rather low inhibitor concentration, formula (6.23) 
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reduces to the form 


[InH] _ 
In TH], ^ KA/WI2K,T 





This particular expression was described elsewhere [21]. 
D. Determination of K, and W, by the CL Method 


Equations (6.28) and (6.29) are applied to find K, and W,. Formula 
(6.29), describing consumption of InH on the time scale III, as the time 0 
tends to zero, turns out to be formula (6.12) on the time scale IJ due to 
the matching condition. Taking into account (6.13), one can rewrite it as 
follows: 


a, = B[InH], = 0, 5(1/Vi — Vi) (6.32) 
Experimental results can be treated in two ways. 


1. The kinetic curve, plotted for varying concentrations of the perox- 
ide radical, is a straight line with respect to the coordinates (see Fig. 4) 


In[(1-- Vi)/(1 — Vi)] -1/Vi + T 


The effective rate constant is determined by the slope of the resulting 
straight line. 


Ke = K,VW,/2Kg (6.33) 

By following Eqs. (6.32) and (6.33), we obtain 
a, K, 2K,/[InH], (6.34) 
W, = K.«[InH],/a, (6.35) 


Thus, starting from the value [InH], and the known value 2K,, we 
can find K, and W.. To do this, the experimentally determined parame- 
ters K,, and a,(Vi,,) are used. They are obtained from a single 
experimental curve. See Fig. 4. 


2. From the series of kinetic curves, obtained for various [InH],, a is 
plotted against [InH],. The parameter f is found from the slope of the 
resulting straight line. 


B = K,/V2K,.W, (6.36) 
From Eqs. (6.32) and (6.36), we derive the following expressions for K, 


44 A. M. IL'IN, L. A. KALYAKIN, AND S. I. MASLENNIKOV 
and W, 


K, = VBK Ke (6.37) 


W, = Kes/B (6.38) 


E. Determination of K, and K, by the Spectrophotometry Method 


Equation (4.10) and formula (6.23) are applied to find K, and W, from 
the kinetics of either the InH consumption or the P, accumulation. The 
method of spectrophotometry (SPM) can be used to this end. See Fig. 5. 
For the original dimensional time T, these formulas take the form 


B dy, |— 2 
W--Adr = Ken 1+ (asy3) — A Y3Y3 (6.39) 


In|[(1 + Vas ys) — ayys]/ys] — [ooy + Vit (a)¥3)'] 
= K «T *In[1 + Vit a2] - [oy * V1 * o2] (6.40) 


As before Ke = K,VW,/2K,, a = B[InH],. 

As has already been shown in this work, detectable inhibitor consump- 
tion occurs only on the time scale HI, and no additional information 
concerning the inhibitor behavior on other time scales is available. See 
Figs. 3 and 4. 

Effective formulas for the determination of K, and W, can be derived 
from Eq. (6.39) and (6.40) with some simplifying assumptions. 

If y— 1, which occurs as T— 0, an approximate formula is derived for 
the initial consumption rate y 


W= K.4[V1- a) - aj] (6.41) 


For small values aj «« 1 (e.g., a, - 0.4) the formula (6.41) can be 
reduced to the simpler version 


W’ = K,«(1— ay) (6.42) 


For large a, >> 1 (e.g., a, 2 1.5) an approximation of Eq. (6.41) is as 
follows: 


W” = K /2a, (6.43) 


Of course, the above simplifications cause additional errors of up to 1046. 
Substitution of expressions (6.13) and (6.36) into the formulas (6.42) 
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and (6.43) gives 
W” = k.[VW,/2k, — k;[InH],/2k,] W'zW2 (6.44) 


Relation (6.44) is applied to find K, and W, from the experimental 
curves of inhibitor consumption for various values of [InH],. Formula 
(6.44) is the equation of a straight line in the coordinates W’ + [InH],. 
The parameter K,\/W,/2K, is found from the intersection of the resulting 
straight line with the ordinate axis, while K5/2K, is calculated from the 
slope of the tangent (tg ¢,). Then, 


K,-WN2K.,tge W,~K2,/te¢, (6.45) 
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Differential equations are often used as mathematical models describing 
processes in physics, chemistry, and biology. In the investigation of a 
number of applied problems, an important role is played by differential 
equations that contain small parameters at the highest derivatives. Such 
equations are called singularly perturbed differential equations. 'These 
equations describe various processes that are characterized by boundary 


I. INTRODUCTION 


A. Singularly Perturbed Differential Equations 


and/or interior layers. Consider some simple examples: 


Example 1.1 


du 
ui^ Tutt 0<t<1 u(0) = 1 
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where & is a small positive parameter: 0« e «« 1. The solution of this 
problem is 


u(t) ^ (1+ &e)exp(-t/s) * t— € 


The graph of u,(t) for small € >0 is presented in Fig. 1. 

Note two characteristic features of this problem: (1) in the subinterval 
[5, 1] (where ô is a small number) the solution u,(t) is close to uj(t) ^ t, 
that is, to the solution of the equation that we obtain from (1.1) for € = 0. 
We will call such an equation the reduced equation. Thus, the solution 
u,(t) ^ t of the reduced equation gives an approximation for the solution 
u, (t) of Problem (1.1) in the subinterval [6, 1] for small e >0; (2) in the 
subinterval [0, 5] the solution u,(t) changes rapidly from the initial value 
u,(0)-—1 to values close to u(t). In this subinterval, &,(t) does not 
approximate u,(t). The subinterval [0,6] is called a boundary layer. 

A generalization of this example is Tikhonov's system (z and y are 
vector functions) [1] 


dz dy 
gd = FG. yt) dif yn) O0xtzT 


z(0)=z°  y(0-y 


This system and other problems for singularly perturbed ordinary dif- 
ferential equations will be investigated in Sections II-V. Solutions with 
boundary and/or interior layers will be considered. Our main goal will be 
the construction of an approximation to the solution valid outside the 
boundary (interior) layer as well as within the boundary (interior) layer, 
that is, so-called uniform approximation in the entire t domain. This 
approximation will have an asymptotic character. The definition of an 
asymptotic approximation with respect to a small parameter will be 
introduced in Section I.B. 





Figure 1. The exact solution u,(t) and the 
O ô 1 t solution u,(t) of the reduced equation. 
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Example 1.2 
£° Au — k(x, y)u = f(x, y, €) (x, YEN ulo =0 (1.2) 


Here ¢>0 is a small parameter, A = (0?/àx^)  (8^/8y^) is the Laplace 
operator and © is a bounded domain. As we will see later, the solu- 
tion u,(x, y) of problem (1.2) will be close to the solution u= 
—f(x, y, 0)/K'(x, y) of the reduced problem (which we obtain from (1.2) 
for e — 0) outside some small vicinity of the boundary dQ. However, in 
this small vicinity, 4, will not generally be an approximation for u,(x, y), 
since u,|,, =0, but à, does not necessarily satisfy this condition. Hence, 
a boundary layer is formed in the vicinity of ðQ. 

Problem (1.2) and more complicated problems (with corner boundary 
layers, with interior layers) for partial differential equations will be 
considered in Sections VI- X. The method of constructing of the uniform 
approximations for the solutions with boundary and interior layers will be 
presented and different applied problems will be investigated by this 
method. 


B. Asymptotic Approximations 


Let u,(x) be a solution of some problem with a small parameter € 
defined for x € D, 0< e x ey. Let D, be a subdomain of D (in particular, 
D, might coincide with D) and some function U(x, £) defined in (D, X 
(0< E= &)). 

The function U(x, €) is called an asymptotic approximation of the 
solution u,(x) with respect to the parameter & in the subdomain D, if 


sup ||u,(x) - U(x, s||—0  ass—>0 
Dı 


Moreover, if 


sup ||u,(x) - UG, #)|| = OC“) 


then we say that U(x, €) is an asymptotic approximation of u,(x) in D, 
with accuracy of the order e". 

Here ||u(x)|| =|u(x)| if u is scalar and ||u(x)]| = max,_,.,,|u,(x)| if 
u(x) = col(u,(x,...,u,, (x); the symbolic notation v(e) = O(c&') means 
that there exist numbers C — 0 and e, 0 such that for 0c €= e, the 
inequality ||»(&)|| = Ce" holds. 

To illustrate this definition, let us return to the Examples 1.1 and 1.2 
of Section I. In Example 1.1 the function U = t+ exp(—t/e) is the 
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asymptotic approximation for the solution u,(t) in the whole interval 
D = (0x t1) with accuracy of order e, but the solution u,(t) = t of the 
reduced equation gives an asymptotic approximation for u,(f) with 
accuracy of order e only in the subinterval D, = (8 =x <1}, that is, 
outside the boundary layer. In addition, as we will see later in Example 
1.2, the solution u(x, y) of the reduced problem will be an asymptotic 
approximation for the solution u,(x, y) of the singularly perturbated 
problem (1.2) only outside the boundary layer. In order to construct the 
asymptotic approximation for u,(x, y) in the whole domain D, it is 
necessary to add so-called boundary layer functions to the solution 
u,(x, y) of the reduced problem. 

By an asymptotic method we understand some method of construction 
of an asymptotic approximation U(x, €) for the solution u,(x). Generally, 
the construction of U(x, €) is reduced to solving a set of simpler problems 
than the problem for u,(x). The practical value of an asymptotic method 
is determined by the possibility of effectively finding U(x, €) with the help 
of simpler problems. 

In this chapter, we will consider the boundary layer function method 
(or, in short, boundary function method), which gives the possibility of 
constructing a uniform asymptotic approximation (or, briefly, uniform 
asymptotics) for the solution u,(e) of the singularly perturbed problem 
(i.e., an asymptotic approximation in the whole domain D). 

For wide classes of singularly perturbed problems, we will present 
algorithms for constructing series in powers of £ of the form 


oc 


2, (d(x) + TL) +--+ PD) (1.3) 
where u,, II,,..., P, will be found as solutions of simpler problems, u, 
will be the so-called regular terms of the asymptotics, H,(€),..., P,(£) 


will be different boundary layer and/or interior layer functions that 
describe (together with u,(x)) the solution u,(x) in regions of the 
boundary and/or interior layers, £ = (x, €),..., £ = £(x, €) will be the 
so-called boundary layer (interior layer) variables. The series (1.3) has 
the following property: The truncated series (partial sum) 


U,(x, e) 2; e"m) + IL(Z) +--+ + P.L) 


k=0 


will give a uniform approximation to the solution u,(x) with an accuracy 
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+ 


of order e"*', that is, 


sup {lu,(x) — U,(x, &)] = Oe") (1.4) 


A series (1.3) satisfying condition (1.4) is called an asymptotic series 
for the function u,(x) (or an asymptotic expansion of u,(x)) in the domain 
D as e—-0. 

It is important to note that the asymptotic series (1.3) might not 
converge to u,(x) and might even diverge. 


Il. INITIAL VALUE PROBLEM 


A. The Passage to the Limit 


This section is based on the fundamental work done by Tikhonov [1] on 
the dependence of solutions of differential equations on small parame- 
ters. 

Consider the initial value problem (in following with this paper [1], we 
will use the notation u for the small parameter). 


dz dy 
Bane) Gafey) OsesT —— Qa) 


z(0,u)=z  y(0,u)-y (2.2) 


Here a >Q is the small parameter, z and y are vector functions of 
arbitrary dimensions M and m, respectively. We use the notation z(t, m) 
and y(t, 14) for the solution of (2.1), (2.2). In general, it is not possible to 
find an exact solution of this problem. Our goal is to define an 
approximate solution using the fact that the parameter y is small. Setting 
p, = 0 in (2.1), we obtain 


d 
0-Fys) r IED (2.3) 


The order of this system is lower than that of the original system since the 
first equation of (2.3) is no longer a differential equation. We will call 
(2.3) the degenerate or reduced system. For this system, we should retain 
only the initial condition for y. 

To solve (2.3) we have to start by expressing z from the first equation 
of (2.3) as a function of y and ¢. It is worth mentioning that this operation 
is not unique, that is, the equation F(z, y,t)=0 might have several 
solutions (roots) with respect to z. In this case, the question of how to 
choose the appropriate root arises. Suppose, we somehow choose one 
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root z = (y, t), isolated with respect to z, when (y, t) € D = (lyli <a, 
0<t<T}. The next two conditions 1", 2? show which root one must 
choose. Consider the so-called associated system 


~~ 


dz r 
a EC y, t) T=0 (2.4) 


The independent variable is the new variable 7, and y and t enter the 
system (2.4) as parameters. The system (2.4) is considered for any values 
of ( y, t) in the domain D. It is obvious that Z = (y, f) is a rest point of 
system (2.4). 

Condition 1°. Let the stationary point Z= q(y,t) of the associated 
system be asymptotically stable in the sense of Lyapunov, uniformly in 
(y, t) € D as r— o. 

In the particular case when the system (2.1) does not contain y and 
M =1, the following sufficient stability condition may be used. 


F(g(t),t)}<0 O<t<T (2.5) 


One can see this by considering the direction field on the (z, t) plane (see 
[2]). 

There might exist several roots of the equation F(z, y, f) 2 0 that 
satisfy condition 1°. To make the final choice of the root, consider the 
associated system (2.4) for the initial parameters y = y" and t=0 


~ 


dz an fü 

<= F(Z, y°, 0) (2.6) 
with the initial condition 

2(0) = z^ (2.7) 


Here z^ is the same vector that enters the initial condition (2.2). This 
vector, generally speaking, is not close to the rest point Z = (y^, 0) of 
system (2.7). Therefore, the solution z(7) of (2.6), (2.7) might not 
necessarily tend to the rest point g(y°, 0) as 7— œ. We demand that Z(7) 
approach the rest point. 

Condition 2°. Let the solution Z(t) of the problem (2.6), (2.7) exist for 
T — Ü and tend to the stationary point p(y ,0) as 7— c. 

In such a case, we will say that z^ belongs to the domain (or basin) of 
attraction of the rest point q( y^, 0). 

In the particular case when M - 1, the system (2.1) does not contain y, 
the equation F(z, t) = 0 has three roots œ, (t) < e(t) < p(t) and condition 
(2.5) is fulfilled; the domain of attraction of 9(0) is the interval q,(0) « 
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z°<g,(0). One may see this by considering the direction field on the 
(z, 7) plane (see [2]). 

Substituting the root ¢(y, t) that satisfies the conditions 1°, 2° into the 
second equation of (2.3) we obtain 


dy 
a TSO), yt) (2.8) 
Solving this equation with the initial condition 
y(0)=y" (2.9) 


we obtain y = y(t) in the interval 0 =t = T. Then we put z(t) = g(y(, £). 
It is seen that determining z(t) and y(t) happens to be an easier problem 
than obtaining the solution z(t, p), y(t, w) of the original problem (2.1), 
(22): 

Under conditions 1°, 2° the following equalities hold: 


lim yt, w)=y(t) for OxtzT 
p—> 


lim z(t, )= z(t) for Oxt-T 
B 


This statement is known as Tihonov's theorem. The equalities show 
that in the limit (as u 5 0) the solution z(t, u), y(t, p) of (2.1), (2.2) 
tends to the solution of the reduced problem (2.3), (2.9). That is why the 
above theorem is called the theorem on passage to the limit. Notice that 
the transition to the limit for y takes place for all ¢ in the interval 
0-zt- T. Moreover, this limiting process is uniform. Transition to the 
limit for z takes place for any t except t = 0. This is clear since z(0, u) = 
z’ #2(0). The limiting process for z will be uniform outside a small 
neighborhood of the initial point. We call this neighborhood the boundary 
(initial) layer. 

Thus, y is an asymptotic approximation of y(t, u) in the entire interval 
0f T, and Z is an asymptotic approximation of z(t, w) for 6 xt- T, 
where ó is any arbitrary small but fixed number. Possible behavior of the 
solution z(t, u), y(t, p) for small p is shown in Fig. 2. 


Example 2.1. Let us consider the kinetic system [3]. 


dy dz dm 
g= kyz = —kyz+am y Tzam (2.10) 


PERTURBED PROBLEMS WITH BOUNDARY AND INTERIOR LAYERS 55 


zy «9, 0), (zt) 


z(t) B I (z(t, 0o, u) 
z(t, p) VA a C —z= qy, t) 





t 


Figure 2. The exact solution z(t, 7), y(t, p) and its asymptotic approximation z(t), y(t). 
C: the surface z = (y, t); D: projection of this surface into the plane z = 0; A: the initial 
point with coordinates z°, y°, 0; B: the point with coordinates ¢(y°, 0), y^, 0. 


under initial condition 

x0)» z(0)=z°  m(0)-0 (2.11) 
Here y(t), z(t), m(t) are the concentrations of substances Y, Z, M in 
chemical reactions Y + Z>M+N,7, M—>Z + N,f. We can treat Masa 


catalyst. 
From (2.10), (2.11) we have 


"PM T dz az'-z 





By introducing dimensionless variables ¢ = z/z^, ņ = y/y? we obtain 


di =i 
-ealain 05-1 1)=1 2.12 
DT E n=1 (4) (2.12) 
where u =z°/y° (assumed to be small), A = a/(ky’). 

The degenerate equation corresponding to the (2.12) is 1 — A(1 — ¢/ 
£9) 7^0. It has the unique root ¢ = g(n)=A/(A+ 7), that is asymp- 
totically stable since 


oF À ny 
06 £=A(A+n) An 


(we must take into account that the initial value of Z is given in (2.12) at 
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"71, i.e., at the right boundary point of the interval (0,1), and 
therefore the stability condition (2.5) has the opposite (positive) sign). 

The point ¢ = 1 belongs to the domain of attraction of g(1) (¢(m) is the 
unique root of the degenerate equation, therefore the domain of attrac- 
tion is ~œ < £? < +0), 

Thus, Tikhonov's theorem is valid and ¢ = A/(A +7) is the asymptotic 
approximation to ¢(n, p) for O<n<1-—6 (see Fig. 3). The uniform 
asymptotic approximation to ¢(ņ, p) for 0-9 x 1 (the dashed curve) will 
be constructed below (Example 2.2). 


B. Asymptotic Algorithm 


Since z does not approximate z(t, p) for small u in the boundary layer, 
we need to construct an asymptotic approximation for z(t, p) that is valid 
in the entire interval 0x £- T (a uniform approximation). Moreover, 
Tikhonov's theorem does not give the order of accuracy of the asymptotic 
approximation y(t) for the solution y(t, p) in 0 t- T, and that of z(t) 
for z(t, m) outside the boundary layer. 

Our goal is to construct an approximation with higher accuracy and a 





AÀ-1,pu-0.316 


Figure 3. The graphs of {(n, m) and Z(t) = A/(A +n). 
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complete asymptotic expansion for the solution of the problem (2.1), 
(2.2). We suppose that F(z, y, t) and f(z, y, t) are sufficiently smooth. 
Let A(t) @=1,...,M) denote the eigenvalues of the matrix F,(t) = 


F,(2(t), y(t), t). 
Condition 3°. Let 
Re (t) «0 for OstsT i=1,...,M (2.13) 
Notice that condition 1° in Section I.A follows for the domain 


D, = {lly - X0] Sn, 0:5 T) 


from 3°. Notice also that (2.5) 1s a particular case of (2.13). 
We will seek an asymptotic expansion for the solution of (2.1), (2.2) in 
a form that is typical for singularly perturbed problems 


x(t, p) = x(t, u) + Hx(r, u) (2.14) 
Here 7 — t/u and x = (z, y}, 
X(t, w) =F + wx (t) +--+ + uI xt (2.15) 
is the regular part of the expansion, 
IIx(7, p) = T1yx(r) + uIl,x(7) +--+ + u ILx(r)---- (2.16) 


is the boundary layer part. By substituting the series (2.14) into system 
(2.1) we obtain the equalities 





dz | dllz - - 
dr Rer = F(z + IIz, y + Ily, t) 
dy 1 dil ay 
y y = m 
uva d = f(z + Uz, y + Hy, £) 


Next, we represent the right-hand sides of these equations in a form 
similar to (2.14): F = F + IIF, f = f + Ilf. Let us illustrate how this can be 
done for the function F 


F(z + IIz, y + Iy, t) = F(z(t, m), Y(t, m), t) 
+ [F(z(ru, u) + Hz(r, u), Yu, p) + Ty(s, a), TH) 
— F(z(rp, p), YTH, u), TH) = F + VIF 
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Equalities (2.17) can now be written as 


dz dilz  . dy 1 dilly 
Moat dr SPENT dt^ dr 


Let us substitute the series (2.15) and (2.16) into (2.18) and represent F, 


IIF, f, and If in the form of a power series in u 
F= F(zq(t) + UZ (t) * s Yo) * uy EHA) 
F(z,(t). Yo(t), t) T pF. (Oz, Q) T F (Dy, 0] Je 





- f «If (2.18) 





T u“ [F.(t)z, (0) t F,(t)y,(t) T F,(t)] qoem 
Sitpa apa 


where the elements of the matrices F (t) and F,(t) are calculated at the 
point (Z(t), y(t), t), and the functions F,(r) are expressed recursively 
through z,(t) and y,(t) with i « k; 


IIF = F(zo(T4) + wz, (te) +--+ + Hlgz(7) + ull,z(r) +, 
You) + wy (TH) +--+ + Hoy(T) + pili y(r) + ++, TH) 
- F(Zo(tH) + eZ (TH) + ++, Yoru) + MY (TH) + °° +, TH) 
= [F(z5(0) + Mp2(7), y9(0) + Mo y(7), 0) — F(z9(0), Ya(0), 0)] 
+ p[P,(7)11,2(7) + FM yr) + Gi(r)] + + 
+ p[F,(r)I1,2(7) + F, 0M y(7) + G,()] 
=J F +u F+ +u TNF 


where the elements of F,(r) and F,(7) are calculated at the point (2z,(0) + 
IIoz(r), yo(0) + II; y(7), 0), and the functions G,(t) are expressed recur- 
sively through II;z(7r) and II; y(r) with i < k. Similar expansions hold for f 
and If. 

Let us now equate coefficients of like powers of u on both sides of 
(2.18) (separately, for the coefficients depending on t and on 7). This will 
provide equations for the terms of the series (2.15) and (2.16). 

For the leading term x,(t) = {Z,(t), y,(t)) of the regular part of the 
asymptotics, we obtain the system of equations 


E dj, - 2 
0-F,- FQ. 0.0 FREKO PE) (2.19) 


which evidently coincide with the reduced system (2.3). 
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For the leading term IIyx(7) = (IIgz(7), II, y(7)) of the boundary layer 
part of the asymptotics, we obtain 








dll;z - , , E 
de = HF = F(z4(0) + Hoz, Fo(0) + Hoy, 0) — F(Zo(0), Yo(0), 0) 
cpm - Hoy _ 


(Notice that F(z,(0), y,(0), 0) 20 by virtue of the first equation of 
(2.19).) 
For the terms x,(t) and II,x(7) (k z 1) we have the equations 











"LT E PPS 
dt = F, = F,(t)z, + F,(t)y, + F,(t) 
" (2.21) 
dy, = NEL DTE 
d fef On +t HOM FAO 
dll,z 
Um II,F = F,(7)H,z + F,(7)HI, y + G, (T) 
ái. (2.22) 
a I, if 


To define the solutions of (2.21) and (2.22), we have to impose initial 
conditions. Substituting (2.14) into (2.2), we obtain 


z,(0) + uz, (0) + +--+ Hlz(0) + ull z(0) +- = z^ 
yo(0) + Ay, (0) +--+ TI, y(0) + wT, y(0) +: =y" 


Hence, equating the coefficients of like powers of u in these relations 
implies that 


Z,(0)-TEz(0)— z^ . yQ(0)- T, y(0) = y” (2.23) 
z,(0)+TI,z(0)=0  v(0-ILy(0-20 k=1,2,... (2.24) 


Equations (2.23) contain four unknowns: Z,(0), I[,z(0), y (0), and 
II, y(0) (a similar situation takes place in (2.24)). It is clear that by using 
only (2.23) it is impossible to define these four unknowns. We need to 
take into consideration some additional ideas. First, it is important to 
mention that the first equation of (2.19) is not differential, and therefore 
we need not impose any initial condition on z,(f). Thus, we need not 
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treat Z,(0) in (2.23) as an unknown. The same is true for the quantities 
z,(0) in the systems (2.24). Second, recall that the functions II,x(7) 
should be boundary functions, that is, they should approach zero as 
T — ©, It turns out that it is sufficient to impose this condition only on the 
functions II, y(7) 


H,y(»)-20 k=0,1,2,... (2.25) 


Let us now show that Eqs. (2.19)-(2.22) together with conditions 
(2.23)-(2.25) allow us to determine successively all the terms of the 
series (2.15), (2.16). From the second equation of (2.20) we obtain 
Ilj;y(7) = const, and since Iljy(9) 20 by virtue of (2.25) we have 
II, y(7) 2: 0. Thus, the function y(t, p) does not have a boundary layer in 
the zeroth-order approximation. 

Since II, y(0)=0, from the second equation of (2.23) we can find 
yo(0) =y". Thus, for Z(t) and y,(t) we have the system (2.19), which 
coincides with the reduced system (2.3), and the initial condition, which 
coincides with (2.9). For the solution z,(t), y,(t) of the problem (2.3), 
(2.9), let us take the solution that was mentioned in Tikhonov's theorem: 
£z, = Ht) = PF, D), Fo =H). 

Since z,(t) is defined, the value z4(0) is known. Therefore, the first 
equation of (2.23) yields 


H,z(0) = z° — z (0) = 2° — (^, 0) (2.26) 


To find II,z(7) we have to solve the first equation of (2.20) with this 
initial condition (also take into account that II, y(7) ^ 0). The change of 
variable Z(r) = I1,z(r) + p(y’, 0) transforms the problem for Ilgz to the 
associated system (2.6) with the initial condition (2.7). By virtue of the 
condition 2? of Tikhonov's theorem, 


Ilz(7)—5 0 for 7o 


It can be proved (using condition 3°) that I1,z(z) satisfies the exponential 
estimate (see [4]) 


[M| = C exp{—kr} | 7x0 (2.27) 
Here and below we will use C and k to represent appropriate positive 


numbers which are, generally speaking, different in different inequalities. 
Thus, all terms of the zeroth-order approximation are defined. 
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Let us consider the equations for x,(t) and II,x(7). We have 
G(r) = +(F,(r) — F0) 2(0)7 + z,(0)) 
+ (FG) - F,(0))(¥'(O)r + ¥,(0)) + (F(z) — E()7 
Myf = f(Zo(0) + IIoz(7), y”, 0) — f(z9(0), y^. 0) 


The last equation (2.22) for k =1 with condition (2.25) for k =1 yields 


nyc) -| mf ds 


Hence 


1,50) - - |. fi) ds 


From the second equation of (2.24) for k 2 1 we obtain 


»0)- f rf) as 


This condition specifies the unique solution z,(/), y,(t) of the linear 
system (2.21) for k — 1. Then we solve the first equation (2.22) with the 
condition II,z(0) = —z,(0) (see (2.24)) and obtain II,z(r). It can be 
shown that II,z(7) satisfies an exponential estimate of type (2.27) [4]. 
The higher order terms of the asymptotic expansion can be constructed 
by the same method for any k = 1: [4,5]. 
Let X,(t, p) denote the n-th partial sum of the expansion (2.14) 


X,(t, u) = 2 u^ [x, (t) + ILx(r)] 


Under conditions 1°~3°, the series (2.14) is an asymptotic series as 
p. — 0 for the solution x(t, w) = (z(t, n), y(t, w)} of the problem (2.1), 
(2.2) in the interval 0 t T, that is, the following estimate holds: 


max ||x(t, a) — X,(t al = OCH") (2.28) 


The proof of this statement (Vasil'eva) can be found in [4, 5]. 


Example 2.2. Let us construct an asymptotic approximation to ¢(n, m) 
(see Example 2.1) with accuracy O( u) for 0 - 7 =1. For this purpose we 
must add to £, — A/(A +7) the boundary function II, ¢. In this case, Eqs. 
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(2.20), (2.23) have the form 


Eoi -uien)/Gi; rna) 


-—1 
H 


(2.29) 





1 
I1, Z(0) = A+1 T= 
By solving problem (2.29) we obtain 


9-14 > (Aln[(A + LH, Z] - A+ DIIZ — 1) 


TPET 


The parameter Il, can be obtained from here as an implicit function. 
According to (2.28) we have ¢(n, w)—[A/(A+n)+I1,¢] = O( x), 
uniformly for 0-9 x 1. 


Example 2.3. If we return to the system (2.10) we may remove the small 
parameter in another way (by the use of another condition). By using the 
relation z = z? — m, we obtain 


d dm 
P1 =—kz°y+kym p E kz°y — kym — am (2.30) 


By the change of variables y = s/(kz?), m = Cz?, t = t/(kz?), (kz? — 1) 
the system (2.30) can be transformed to 


Bog = ts—sC— ac C(0) 2 0 


ds 
W778 tse s(0)=s° 


where f is denoted again as t, A=az°~1 and p =k(z’)’ is small. 

To construct the zeroth-order terms C,+II,C, 5) (Ilos =0) of the 
asymptotic solution of this problem (i.e., the asymptotic approximation 
with accuracy O()) we have 


ds, ÀS, > S, 
; XA 0-5 C= EG 


dt S+A 








By solving this problem we obtain ¢(s,). The function S(t) is defined 
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implicitly. The boundary function IC can be defined explicitly 











all,C s" t 
de —(s, + AMISC II, C(0) = — C T 2 
Hence, 
0 
$ " t 
= = + —— 
Moe $9 4- A exp| ee) J 
Thus 


So(t) So 0 d 
ak SOR Mars Cac Gru] 000 


s = Sot) + O(m) 


The system (2.30), and a more complicated one, can be found in [5]. 


HI. BOUNDARY VALUE PROBLEM 


A. Conditionally Stable Case 


Consider the system 


dz dy 
nF) Gafey) OstsT G) 


in the case when y is an m vector and z contains two scalar components 
z, and z,. Let the eigenvalues A, ,(t) of matrix F,(t) = F,(Z)(t), Yo(t), £) 
(here z(f), t) is the solution of the reduced problem (2.8), (2.9)) satisfy 
instead of condition (2.13) another condition. 

Condition 4". — A,(«0, A,() 50 for Ost=T 

simple examples show that the solution of such initial value problems 
are not bounded for u — 0. Therefore the theorem on the passage to the 
limit does not hold. 

For (3.1) in the case when condition 4^ holds, we must replace initial 
conditions for z by boundary conditions (assume that T = 1) 


z,(0,u)=z2 — z(L u)ozi (3.2) 
and retain an initial condition for y 


y(0, u)= y" (3.3) 
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The study of this singularly perturbed problem shows that its solution 
tends to the solution of the reduced problem that retains only the initial 
condition for y. The asymptotic expansion of the solution now contains 
boundary functions that appear not only in the vicinity of the point t = 0, 
but also in the vicinity of t= 1. 

Let us describe the algorithm to construct the asymptotics of the 
solution of problem (3.1)-(3.3) assuming sufficient smoothness of the 
functions F(z, y, t) and f(x, y, t). We seek an asymptotic expansion of 
the solution in the form (where x stands for both variables z and y, i.e., 


x= (iz; yj) 
X(t, p) = X(t, w) + Wx(r9, u) + Oxir,, a) (3.4) 
Here x(t, p) is the regular power series 
X(t, i.) = X(t) + wx, (+--+ txt 
IIx(r4, H) (To = t/) is a boundary layer series in the vicinity of t = 0: 
TLx(1), u) = Hox(r,) + wT, x(t) +++ + a TL x(t) + °° 


and Qx(m,, #)[t, = (t - 1)/u] is a boundary layer series in the vicinity of 
t=1: 


Qx(r,, p) = Qux(r) + uQ x(7,) - + “Q xm) +- 
Substituting (3.4) into (3.1), we obtain 


E E F 
NUT v Q 


RE EE 
dt pu dù p dr 








(3.5) 
-f-If«Qf 


where 
F = F(z(t, p), y(t, u), t) 
MF = F(z(tom, w) + Mz(ro, p). Yon, a) + T1y(7), To) 
— F(Z(toH, u), YTH, H), To) 
OF = F(z(1 t rp, p) + O2(7,, p), yO tru, p) + Oy, p) 1+ mg) 
- F(z(1 +74, p), Y(1* ij, B), 1 t 7 p) 
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For the coefficients of the expansion IIF, a representation similar to 
that discussed in Section II.B holds (with 7 replaced by 7); for OF, we 
have an analogous representation with t=0 changed to t=1 and 7 
changed to 7,. Similar representations hold for lif and Qf. 

Substituting (3.4) into the boundary conditions (3.2), (3.3), and 
assuming that II, x(1/1.) and Q,x(—1/p) are less than any power of u, we 
obtain 


z= Z19(0) + wz,,(0) +--+ + Hoz (0) + uIlz (0+: 
Z5 = Z4 (1) + wZ>,(1) +--+ + Ooz,(0) + HO,z,(0)+--- (3.6) 
y' = y,(0) + wy,(0) + --- + H5y(0) + eI, y(0) +- 


(the first subindex of 2,,(0) and of z,,(0) denotes the component of the 
vector Z). 

In (3.5), let us equate separately terms depending on t, 7), and 7, 
respectively. For the zeroth order, we have 


i | 2 
0-R,-FGO.A0.0  —-Ref0.40.0 (3.7) 


(this is, evidently, the reduced system for the original system (3.1)). 








dI1,z 7 i 
dr 7 F= F(z,(0) T IIyz, yo(0) + Iy, 0) 
dll 
Ea -0 @m=0) 
dQ (3.8) 
Z paa - 
de = Q F = F(Z«(1) + Qoz, yo(1) + Qoy, 1) 
dQoy 
s =0 (7, =0) 


Additional conditions are obtained from (3.6), equating the coefficients 
of u”. 


Z1o(0) + Iaz, (0) = zi Z9(1) + Qoz2(0) = Zo (3.9) 
yo(0) + H1, (0) = y^ (3.10) 


In addition, we impose on the boundary functions the decay conditions 
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similar to those of Section II.B. For II, y(7;) and Q,y(r,), we ask that 
Ól,y*)-0  Q,y(-9-0 k=0,1,2,... 


Then II, y(7,) =0, Q,y(7,) 2 0, and from (3.10) we obtain y,(0) = y. 
System (3.7) with this initial condition defines the reduced solution 
Z(t), yy (0. We assume that for this solution condition 4° is satisfied. 

Let us now consider problem (3.8), (3.9). If we take into account the 
equality II, y(7;) =0, we have 





dilz " à 
qe F(z,(0) + Ilaz, y ,0) (3.11) 
To 
Moz: (0) =z? — Zio(0) (3.12) 


Thus, for the two-dimensional vector function I],z only one condition 
(3.12) is given. This condition does not specify the solution uniquely. To 
find Iljz and other II terms, we demand that they decay to zero as 
Ty >. 


ILz()-0 — k-0,,2,... 


By virtue of condition 4^ the rest point Ilaz 2 0 of (3.11) is not 
asymptotically stable: It is a saddle point. In Fig. 4 the saddle point O is 
represented along with the two separatrices (1 and 2) passing through it. 
Arrows indicate the directions corresponding to increasing 7,. In order for 
the solution II,z of (3.11), (3.12) to satisfy the condition II,z(~) = 0, 
separatrix 1 should cross the straight line Iz; = z? — Z,)(0) (point M on 
the Fig. 4). This crossing will define the value II,z,(0) and thereby define 
the entire solution IIjz2(7,). 

We impose the following condition: 

Condition 5°. Let the straight line Ylyz, =z? — z,Q(0) intersect the 


Figure 4. The saddle point II,z, = IT, 2, = 
0 and two separatrices 1 and 2 passing through 
it. 
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separatrix that enters the rest point (saddle) Mz = 0 of the system (3.11) as 
To 99. 

Remark 1: We call this case conditionally stable since the rest point 
II,z 2 0 is now not asymptotically stable, and "attracts" only those 
solutions whose initial points lie on the separatrix 1. 

Remark 2: It might happen that the separatrix 1 does not contain a 
point with abscissa zf — Z,,(0) (Fig. 5(a)) or, on the contrary, contains 
more than one such point (points M, and M, in Fig. 5(b)). In the first 
case, a solution with the assumed asymptotic behavior (3.4) does not 
exist. In the second case, two asymptotic solutions of type (3.4) exist. 

It can be shown that II,z(7,) satisfies an exponential estimate 


||[Loz(9)l| = C exp(~kro) To= 0 (3.13) 
The boundary function Q,z(7,) is defined analogously to IIgz(7;). In 
the case of Q,z(7,), the separatrix entering the saddle point as 7, > —^ is 


used. A condition similar to 5° (we denote it 5°’) should be imposed. 
Function Q,z(r,) then has an exponential estimate of type (3.13) 


Qz ll = C exp(kr, ) 7, =0 (3.14) 


Now let us consider the equations for x,(f) and II,x(7) 


"REPRE dj, 20. 
u ROncEOx a -hO0n4fOy —— O15) 


IHo22 





IIlgzj 





(a) (b) 


Figure 5. (a) The separatrix 1 and the straight line Iz, =z} — z,,(0) that is not 
crossing this separatrix. (b) The separatrix 1 and the straight line IIjz, = 29 — z,4(0) crossing 
this separatrix in two points M, and M,. 
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68 
where F,(t) = F,(Z,(t), yo(t), t), and F(t), f.(t), IRO, have analogous 
meanings; 
dil,z 
dr, = [LF = F,(7,),z + F (Tol y + G(1,) 
3.16 
dll, y -— ( ) 
dt, of 


where F,(t)) = F,(z,(0) + IIoz(r,), y^, 0), and F,(z)) has a similar mean- 
ing; G,(7,) is given by formula 
G(T) = [F.(%9) — F.(0)][z 5 (0)7; + 2,(0)] 
+ [E Co) — EOP 6(0)t + 3, (0)]  [E,G9) — F0] 


The additional conditions for (3.15), (3.16) are 


y, (0) + II, y(0) =0 (3.17) 


Z,,(0) + II,z,(0) =0 
(3.18) 


ILz(») —0 — Il y(9)-0 


The second equation of (3.16) with condition (3.18) yields 


y) =~ | To ft6) as 


Hence, 


I y(0)=— | rfe) ds 
and from the second equation of (3.17) we obtain 
50) - |. 1f ds 


This initial condition specifies the unique solution z,(t), y,(t) of the 
linear system (3.15). There now remains the first equation of (3.16) with 
boundary conditions II,z,(0) = —z,,(0), II,2(») = 0 to define II,z(7,). It 
can be shown that these conditions specify I1,z(z,) uniquely (see [4]). 
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The problem for Q,x(7,) has a form analogous to that for II,x(7,). We 
obtain 


Q,ye)--] Ofe) as 


The function Z,,(¢) is already determined, therefore z,,(1) is known, and 
for Q,z(r,) we have the additional conditions Q,z,(0) = —z,,(1) and 
Q,z(—9) — 0. This allows us to determine Q,z(7,) uniquely. 

Analogously, x, (t), II, x(r9), Q,x(7,) can be obtained termwise for any 
arbitrary k. For the II and Q functions exponential estimates of type 
(3.13), (3.14) hold. 

Remark: The algorithm described undergoes minor changes when 
instead of (3.2), the boundary conditions z,(0)=z), z,(1)—zl or 
z,(0) — z5, z,(1) =z, are given (values of only one of the components of 
the vector z are prescribed at each endpoint of the interval [0, 1]), or 
when boundary conditions of the type (dz,/dt)(0) =z}, (dz,/dt)(1) = z} 
are given. For y one may also impose boundary conditions. 

Let X,(t, p) denote the n-th partial sum of the expansion (3.4). 


X,(t, u) = 2, u^ [E(t + xlr) + O,x(7,)] 


Under conditions 4°, 5°, and 5°', for sufficiently small p there exists a 
unique solution x(t, p) of the problem (3.1)—-(3.3) in a vicinity of the 
leading term of the asymptotic expansion x,(t) + Iox(t/p) + Qox((t — 1)/ 
p). The series (3.4) is the asymptotic expansion of this solution in the 
interval 0x t1 for p — Q, that is, 


max |Ix(t, u) — X,(¢, p| = Olu") (3.19) 


The proof of this statement is presented in [4]. 


Example 3.1. Consider the problem 


dz, dz, 
Bg. ep -7nt*tl z(0u)70 z,(1,4)=0 
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The exact solution of this problem has the form 
1 * exp{—1/p} { 1 —1+exp{—1/p} = 
Z,= ras Er ae WS >. -— exp 


E exp(—2ia} uj] Xitexpi-2/n! u 


NUM 1+ exp( - 1/4) Ot E -l-c*expi-l/u) [L 
a 1+ exp{—2/p} expl i| t1-texp(-2/u) TẸ u 
(3.20) 


Let us construct the zeroth-order terms of the asymptotics of the 
solution Z;o™ Z; + Hoz; +t Qoz; (51,2). We easily obtain 2,4 —-1, 
Zə = 1. The eigenvalues of the matrix F, are A,,=+1 and, thus, 
condition 4° is satisfied. The system (3.11) with condition (3.12) and the 
decay condition at infinity has the form 


oz, = Hoz; Hoza = Hoz, H,z,(0) 7 1 Hz, (») = 0 


d d 
dr, dr, 


From this system we obtain IIjz, = —IIyz,. Now by solving 
d 
ds, Moi = —[y2, II52,(0) =1 


we find IIjz; =exp{—7)}, Hoza = —exp{—7)}. For Qozi, Qoz, we have 


d d 
dr, Qo, = Qq; dr, Qoz; = Doz, Qoz;(0)-— -1 Qoz,(—9) 


Analogous to the case of II functions, we obtain Q,z, = —exp{t,}, 
Qoz = —exp(z). Thus we have: Z,, = —1+ exp(-t/p) — exp((t — 1)/ 
1}, 2,97 1— exp(-t/&) — exp((t — 1)/n). 

We may immediately observe that these formulas and the exact 
solution (3.20) differ in value by at most O( u). 


Example 3.2. Consider the problem 


dz, dz, dy 
Boda a3 EP 7X muti 1 € (0, 1) 


z,(0)=-1  Áz(1-1  y(0-1 


This problem is nonlinear and we cannot obtain the exact solution. Let us 
construct the zeroth-order terms of the asymptotics of the solution. The 
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regular terms of the zeroth order are 


= A E 3 
yt) - 19t Zio(t) = 0 Z(t) CODE 


The eigenvalues of the matrix F, are A, , = +y,(t) and, thus, condition 4° 
is satisfied. Functions Iljyy and Qy are identically zero. The system 
(3.11) with condition (3.12) and the decay condition at infinity has the 
form 
dll,z, dilz 
Ca cmo C 7 


IIz,(0) = —1—Z,(0) = -1 Ilyz 
From this system we obtain Iaz (m) = —IIgz,(7,). Now by solving 


dlI,z 
E x ---I,  Ihz(0)--1 


we obtain IIjz,(7;) = —exp{—7}, Igz,(7,) = exp(—7,). 
Similarly, for Q,z, and Qz, we have 


dQ 2, B dQ,z, 
dt 


F4 
d 0^2 
Ti 


Qyz;(0) —1-— Z9(1) = —4 Q,z,(-*) = 0 


= 20, 


Analogous to the case of II functions, we obtain Q)z,=Q,z,= 


—-(DexpQJ. 
All the zeroth-order terms have now been determined. From (3.19) it 
follows that 


t t —1 
Zio = -exp| - 2) D exp| = z(t, u) 7 Zio + O(m) 


3 t ; t—1 
Zz = i+t + exp; — m — 7 &Xp u Z(t, a) = Zx + O(m) 
Y=1+t yt, w)= Yo + O(n) 


Example 3.3. Let us consider the chemical reaction in Example 2.1. We 
assume now that some diffusion is present in the system. Then we have 
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three partial differential equations of parabolic type 


3y ay əz az 
E SE ap^ 2 —D, 327 39^ Kyz tam 
a’m à om — k 
53g | oot yz — am 


We must impose some boundary conditions in addition to the initial 
conditions, for instance, 


= oy E 
y(0, th - y ax (1,0) - 0 
_,0 9% Z 
z(0, th=z (1,1) 2 0 
om 
m(0, t)=0 ax (1) =0 


Taking D,=1, D,=D,=«° (e is small) consider the stationary 
solution, that satisfies the ordinary differential equations 

d^y sd z 

dx’ 


5 d^m "P 
dx? 





= kyz — am € kyz - am 


d 
x0-» (0-0 z9-z2 0-0 62 
m(0) = (1) =0 


These equations describe the regime, to which the process comes when t 
is sufficiently large. 

From second and third equations of (3.21) we obtain (d*z/dx*) + 
(d^m!/dx^) 2 0. Hence, (dz/dx) + (dm/dx) =a, z +m — ax ^ b. From the 
boundary conditions we have a=0, b — z^. Hence, 


d? 


y 
m -—z?-z 27794 
d? 
Au = kyz a2” - z) = z(ky +) - az" 


Introducing the variables y = y,, (dy/dx) = y, z ^ z,, e(dz/dx) = z}, we 
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obtain 


dz dz dy dy 
en e = zy t a]- oz? 2 =y, um 


xX(00-»  y(1)=0 z(0-22  z(1-0 


Thus, we have equations of type (3.1). We must take into account the fact 
that in (3.9) the independent variable is denoted by t, and here by x. The 
boundary conditions are different from (3.2) but our algorithm is valid 
(see the remark before statement (3.19)). 

To construct the zeroth-order approximation we have 





"e az’ : 
70 ~ Ti ky, Fa Z% = 9 
)- 
d'y, az? 


U Yo — dy) 
ax = kyo ky, ta yo(0) = y ax (1) =9 


We cannot obtain an explicit representation for y,. But it is easy to obtain 

an approximate solution when y (or a) is small (it is a regular perturba- 

tion). We will not solve this problem here. Notice that y,(x) = 0 in [0, 1]. 
For the boundary function IIjz we have 


2 


d n az 
— Mz =[ky,(0) + o]llgzz T,z(0)=2z° 


ae a OD 
dr? GOs VA 


If we take into account the condition at 7, =œ we find that 


zky —Vky +a 
ae eg P ae F 





For Qoz, the differential equation in (3.22) is valid [y,(0) and 7, must be 
replaced by y,(1) and 7], but the boundary condition is different: 
(d/dr,)Q,z(0) =0 (because according to (3.9) Q,z,(0)-—0). Hence, 
Q,z(7, ) =0. Thus, the zeroth-order approximation is constructed. 


B. Some Generalizations 
Let us mention some generalizations of the problem discussed above. 


1. The boundary conditions might be of the more complicated form 


R(z,(0), z,(0), y(0), z,(1), z; (1), y(1) = 0 (3.23) 
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where R is an (m + 2) dimensional vector. In this case, a theorem 
on the existence of a solution of the boundary value problem can 
also be proved. An asymptotic expansion of type (3.4) can be 
constructed, but now we have to consider z?, z3, y^ as functions of 
p. for which the following asymptotic representations hold: 


Zp = Zig t may tess i=1,2 y =y tayt 


The algorithm described earlier can be extended to this case [6]. 


2. The results of Section III.A are generalized to the case when the 
vector function z has arbitrary dimension 4. In this case, instead of 
condition 4° the following condition must hold: 


ReA()«0  (i21,2,...,7) 


(3.24) 
Re A,(t) 5 0 (i2r-c-1,...,4€) 
where the A,(¢) are eigenvalues of the matrix F,(Z9(t), yo(t), t); Zo(¢) 
and y(t) is the solution of the corresponding reduced problem, and 
t € [0, 1]. This general case is discussed in detail in [4]. 


Remark: There are many boundary value problems where solutions 
with boundary layer asymptotics exist when the A,(t) satisfy condition 3° 
of Section II.B. In that case, the boundary layer appears only in the 
vicinity of the point t=0 (see [4], §13 for details). 


IV. THE CRITICAL CASE 


A. The Initial Value Problem for a System with a Small Nonlinearity 


One of the main conditions in the theorem on the passage to the limit is 
the condition for the existence of an isolated root z = ¢(y,t) of the 
reduced equation F(z, y, t) =0. In a variety of applied problems leading 
to singularly perturbed equations, and particularly in most problems of 
chemical kinetics, this condition is not satisfied because the reduced 
equation does not have an isolated root. Instead, it has a family of 
solutions depending on one or several parameters. This case will be called 
the critical case. 

It turns out that under suitable conditions, the asymptotics for both the 
initial value problem and the boundary value problem in the critical case 
have the same form as in Sections II.B and III.A. In particular, the 
solution of the initial value problem approaches one of the solutions of 
the reduced equation in the limit as ~—0O. But the algorithm for 
constructing the asymptotic expansion undergoes some changes. 
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Let us consider this algorithm for a system of equations with a small 
nonlinearity: 


d 
u A0) *ufG. tu) O<rsT (4.1) 
x(0, u) =x" (4.2) 


Here x and f are m-dimensional vector functions, A(t) is an m X m 
matrix, and u >Q is a small parameter. We assume that A(t) and f(x, t, 1) 
are sufficiently smooth. 

Condition 1°. Let the matrix A(t) have zero as an eigenvalue of 
multiplicity k, 0 « k <m, for each t € [0, T]: 


(1) A(t) ^ 0 i=0,1,2,...,k 
while other eigenvalues of A(t) satisfy the inequality, 
(2) Re A,(t) <0 i-ktl,...,m 


From condition 1° (1) it follows that det A(t)=0, and therefore the 
reduced equation A(t)<=0 obtained from (4.1), when u —0, has a 
family of solutions represented by a linear combination (with arbitrary 
coefficients) of the eigenvectors e; of the matrix A(t) corresponding to 
À 7 0. 

Condition 2°. Let the k vectors e(t), i=1,2,...,k be linearly in- 
dependent for each t € [0, T]. 

As in Section ILB, we will seek the asymptotic expansion of the 
solution of (4.1), (4.2) as a sum of regular and boundary function series 


x(t, u) = X(t, p) + Ilx(r, u) = 2, w'(x,(t) + ILx(r)) (4.3) 


where 7 = t/u. Substituting (4.3) into (4.1), (4.2) and representing f in 
the form f= f + Hf as in Section II.B, we arrive at the equalities 
dx dix 


Rob p A(t)x + A(tp)ILx + uf + uf (4.4) 


x(0, w) + TIx(0, u) = x° (4.5) 


Expanding A(ru), f, and IIf into power series in p, and equating 
coefficients of like powers of u on both sides of (4.4) and (4.5) 
(separately for the coefficients depending on ¢ and on 7), we obtain 
problems defining the terms of the series (4.3). 
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For x(t) we have the reduced equation 
A(t)x, =0 
The general solution of this equation, by virtue of condition 2°, can be 


written in the form 


k 


X, = 2, a,(t)e,(t) (4.6) 


i=l 


where the o;(t) are some arbitrary scalar functions. Let us introduce the 
m X k matrix e(t) whose columns are the eigenvectors e,(t), (i — 1,... , k) 
and the k-dimensional vector function a(t) with elements a,(t). Then 
(4.6) can be written in the more compact form 


Xo = e(t)a(t) (4.7) 


For II,x(7), we obtain the problem 


dll ,x 
-z “AOM 720 (4.8) 
IIox(0) = x^ — %(0) = x° — 27 a,(0)e,(0) (4.9) 


i= 


The general solution to (4.8) can be represented in the form 


m 


Morl) =È Ce(0)+ > Cw,(r)exp{A,(0)7} (4.10) 


where C, are arbitrary constants, and w;(r) are known vector functions 
whose elements are polynomials in 7. In particular, if A,(0) (i =k + 
1,...,m) are simple eigenvalues, then the w; are the 7 independent 
eigenvectors of A(0) corresponding to A,(0). 

By virtue of condition 1° (2), the second sum in (4.10) approaches 
zero as r— ©, Let us require that the entire boundary function II,x(7) 
approaches zero as 7 — o 


IL,x(~) =0 


For this condition to hold for Ilx, we need to take C; =0,i=1,...,k. 
Thus, 


m 


Hlox(r) = 2. Cw r)exp A (0)7) (4.11) 


i= 
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Substituting this expression into the initial conditions (4.9), we obtain 


X a(0e(0)* X CwO) (4.12) 


This system is of m linear algebraic equations for the m unknowns o;(0) 
(=1,...,k) and C; @=k+1,...,m). It is known (see, e.g., [7]) that 
the vectors e(0) @=1,...,k) and w,(0) @=k+1,...,m) are linearly 
independent. Therefore the system (4.12) has a unique solution. 

Thus, the function IIjx(r) is completely determined by formula (4.11) 
and by virtue of the condition 1° (2), it satisfies the exponential estimate 


[IT,x(7)ll = C exp(—kr) (4.13) 


For the as yet unknown functions a,{f) in the expression (4.6) for xy, we 
obtained the initial values a,(0). Let us introduce the notation: o;(0) = 
a?, a(0) ^ a^. 

The functions a(t) are defined completely in the next step of the 
algorithm, that is, during the solution of the equation for x(t): 


AWE, = -fG (0), t,0) + 2 = -fela 0) Zea] (4.14) 


Since det A(t) = 0, this system is solvable if and only if the right-hand side 
of (4.14) is orthogonal to each of the eigenvectors g,(0) (j=1,...,) of 
the adjoint matrix A*(t) corresponding to the possibly multiple eigen- 
value A — 0. Let us introduce the k x m matrix g(t) whose rows are the 
vectors g(t). The orthogonality condition can be written as 


da 
«()| - f(e(t)o(t), t, 0) + e(t) Fe + E: (a(t) | =0 (4.15) 


The eigenvectors g,(t) can be chosen in such a way that g(t)e(t) ^ L, 
where 7, is the k x k identity matrix. Therefore, from (4.15), we obtain 


T Fla,t) (4.16) 


The explicit form of F is clear from the comparison of (4.15) and (4. 16). 
Condition 3°. Let Eq. (4.16) with the initial condition a(0) = a? have a 
solution a(t) for O=tsT. 
Now x(t) is completely determined, and the solution of (4.14) can be 
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written in the form 
k 
=s + 2, B(t)e(t) = X, + e(t)B(t) 


where x, (t) is a known function (a particular solution of (4.14)), but B(t) 
remains an arbitrary k-dimensional vector function. 
For IIjx(7), we obtain the problem 


dll,x 
dT 





= A(0)II,x + o, (7) T zm (4.17) 


I1,x(0) = —¥,(0) = — 90) - & B,(0)e,(0) (4.18) 


where — 9, (7) = A'(0)71Iox(7) + [f(xo(0) + Hox(7), 0, 0) — f(x (9), 0, 0)]. 
Evidently, ¢,(7) satisfies an estimate of type (4.13). 
The general solution of (4.17) can be written in the form 


k m 
Mx =I1,x(r) + > de,(0)+ > d,w,(r) exp{A,(0)r} 

i-1 i-ktl 
Here Íl,x(7) is a known function [a particular solution of (4.17)], which 
can be chosen in such a way that it satisfies an estimate of type (4.13), d; 
are arbitrary constants, and e,(0) and w;(7) are the same vectors as in 
(4.10). 

From the condition II,x(o) =0 we obtain d; 2 0 (i —1,...,K). Next, 

substituting the expression for II,x(7) into the initial condition (4.18), we 
arrive at the linear algebraic system 


k m 

> B(0)e0) + 22 dow(0) = —¥,(0) ~ Ñ,x(0) 
We can uniquely define 8,(0) (/—1,...,k) and d; (@=k+1,...,m) 
from this system. Thus, II,x(7) will be completely determined, and for 
the unspecified (t) the initial condition will be defined. This function is 
completely determined in the next step of the construction of the 
asymptotics during the solution of the equation for x,(¢). The solvability 
condition for this equation provides a linear differential equation for (t) 


d 
É B(OB * 2,0) (4.19) 


where B(t) = F,(a(t), t) is a known matrix, and g,(t) is a known vector 
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function. Solving this equation with the initial condition obtained above, 
determines B(t), and thus the function x,(t) is completely defined. 

Construction of higher order terms of the series (4.3) can be done 
analogously. The main result about the series (4.3) can be formulated in 
the form: 

Under conditions 1°-3° for sufficiently small x, the problem (4.1), (4.2) 
has a unique solution x(t, p), and the series (4.3) is the asymptotic series 
for this solution in the interval 0 x t =T, that is, for any n, the following 
relation holds: 


max [Ix(t, u) - X,(¢, u)l = O(u" ^) (4.20) 


where X, (t, p) is the n-th partial sum of the series (4.3). 
The proof of this statement is standard (see [8]). 


B. Other Problems in the Critical Case 


1. The nonlinear problem. Consider the problem (x is m-dimensional 
vector function) 


dx 
pog Ft n) 
: (4.21) 
x(0, nu) =x 


Suppose that the reduced equation F(x, t, 0) = 0 has for each ¢ in [0, T] a 
family of solutions 


x79(t,0,,...,0,) 7^ c(t, a) (4.22) 


Let the rank of the matrix (dg/da)(t, a) be equal to k. 

By differentiating the identity F(o(t, a), t, 0) : 0 with respect to a we 
obtain Fj(e(t, a),t,0)o,(t, a) 20, which implies that the matrix 
F (e(t, a), t, 0) has the eigenvalue A(t, a) =0 and that the columns of the 
matrix q, are eigenvectors corresponding to A =Q. 

Suppose that the multiplicity of the eigenvalue A — 0 is exactly equal to 
k and that the remaining eigenvalues A,(t, a) of the matrix F,(o(t, a), t, 0) 
satisfy the conditions 


Re A,(t, a) <0 i-1,...,m-k (4.23) 


l 
Under these conditions, we can develop an asymptotic algorithm 
generalizing that in Section IV.A. We will not do it here as it is done in 
detail in [8]. 
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Some applications immediately demonstrating this generalization will 
be considered below, in Section IV.C. 


2. The boundary value problem. It may happen that the remaining 
eigenvalues A,(t, a) of the matrix F (¢(t, a), t, 0) satisfy the conditions 


Re Aí(t, a3) «0 i=1,...,p Re A((t, a) ^0 i-ptl,...,m—k 


Then we have the critical conditionally stable case. In this case, we must 
impose the following boundary conditions: p +q (q =k} conditions at 
t — 0, and m — p — q conditions at t£ — 1. 
The theory of such a problem is developed in [8] for some special cases 
dz 
pa = Ale, Dy + n B(u, f) 
dy 
Mz (4.24) 
du 
Bog C(u, thy + uD(u, t) 0xtx1 


where z and y are scalar functions, and u is a k-dimensional vector 
function. We prescribe the following boundary conditions for (4.24). 


z(0,) 22? 2(1,p)=z'  u(0,u)-u? (4.25) 


Suppose that A(u,t)>0 in some domain G = ((||ull <d) x (0z:1- 
1)). It is clear that the reduced system 


A(u, t)y =0 z=0 C(u, thy =0 
has the family of solutions 
z=0 y=0 u=a 


where o is an arbitrary k-dimensional vector. Consider the matrix F,. 


0 A(ao,t) 0 
k-( 0. o) 
0 Cla,t) 0 
It is easy to see that F, has A = 0 as an eigenvalue of multiplicity k as well 
as two eigenvalues A,,(a,f)— *VA(a,t). Thus we have indeed the 
critical conditionally stable case. 


Problems (4.24), (4.25) may occur in the theory of semiconductor 
devices (see [5, 8])). The problem in Example 3.3 belongs to the critical 
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case too. There we reduced it to the noncritical case, using the integral 
ztm-ax tb. 


C. The Equations of Chemical Kinetics 


Let us discuss the statement of chemical kinetics problems in general. 
Consider n chemical reactions involving m substances, namely, 


kt 


a X, cba X, mm bats + Dy X,  d-—1l...n 
- 


im m 





un m 
Here X, denotes the ith substance; a, are integers denoting the number 
of molecules of the kth substance, which participate in the ith forward 
and reverse reactions, respectively; k; and k; are the rate constants of 
the reactions. 

If we denote the concentration of substance X, by x,, then the changes 
in x, determined by the ith reactions with rate constants k; and k; 
(during time dt) are given, respectively, by 


dy, =k, xi" -ee xna; — by) di 


for the forward reaction, and 
dx, = k; xy: xii" (0 — by) dt 


for the reverse reaction. Consequently, the total change in x; is equal to 
dx; = 2, yw; dt 


where 


b 


td; a; — b; ; 
"deny en ee m 


t 


and y, — b, —a,. Thus we obtain the system of differential equations 


n 


dx, 
Edi E ' — 
dt > YijWi J I; qo e 9 m (4.26) 


i=l 


Under actual conditions, the rate constants of the various reactions 
differ from each other. Large rate constants correspond to fast reactions. 
This property can be expressed by means of a small parameter p. 
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Suppose that the first s reactions are fast, so 


"m 


k; k; L1. > 


xi 


with k; moderate in size. Let us introduce the notation 


» A+ . AA b. b. . 
= WH Kh Xen kr eea 0g. 


Now the system (4.26) can be rewritten as 


i, wa! =È y tu Y yw j=1,...,m (4.27) 


i=st+] 


Setting u =0, we obtain the reduced system 


0-2 yw,  j-L...,m (4.28) 
i-1 


In practice, it often turns out that the system (4.28) has a family of 
solutions that depends on one or more arbitrary parameters. Thus, the 
problem for the singularly perturbed equation (4.27) is the nonlinear 
critical case. 

The well-known method of quasistationary concentration of Semenov— 
Bodenstein is, from the mathematical point of view, a method from 
singular perturbation theory (see, e.g., [9]). 


Example 4.1. Let us now discuss an example of an actual chemical 
reaction. The system 


dx, " = 

ane SR LEA X, 

dx, + — + + 

p xx FRiki Ky hy X4 Kh OX, 
dx, + 

deo fen 

dx, + 

dic Fe 


with conditions 
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occurs in studying the reaction kinetics of organometallic compounds [8]. 
The rate constants have the order of magnitude 


k;—10  k;—10  k;—10"  k;—10  k,-k,-0 
By dividing each equation by k; and making the substitutions 


1 g ky k; 
uu l kj k; 
we obtain 


dx, 
Ma —pAx, + Bx, 


dx 
m 73 = tu Ax, — Bx, — Cx4x4 — x4x4 


: (4.29) 
X 


dx, 


Podr Aza 
The reduced system 
0 = Bx, 0 = — Bx, — Cx4x4 — X4X4 0= —Cx,x, 0 = —xx, 
has the family of solutions [see (4.22)] 
X170, x,-—Ü X470, X47 05 


The matrix F (¢(t, a), t, 0) is 


0 B 0 0 
0 -B-Ca,-a, 0 0 
0 —Ca, 0 0 
0 =O, 0 0 


It has the eigenvalues A, = A, =A, = 0; A, = —B — Ca; — a4 < 0 (because 
B 70, C>0, and a,, a, are nonnegative). 
Analogous to (4.6) we have 


Xio = a, (t) X59 = 0 X39 = a(t) X49 = a(t) 


For the IT functions of zeroth order we obtain (according to the general 
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rule in Section II.B) 
dll,x, 





dL + Bllyx, 
dli 
ot = —BII,x, — CIIx,[a,(0) + Ix] — Hox; [o4(0) + II,x,] 
dll (4.30) 
T -CIlyofa'(0) + Hox] 
dII 
a = -TIlox;[a5(0) + Hox] 


IT,x,(0) = xi — œ (0) IIjx,(0) = i II5x4(0) = x: — a,(0) 


: (4.31) 
IIyx,(0) = x, — o4(0) IIox,(»») =0 (i —1,2,3, 4) 


The system (4.30) is sufficiently simple and can be integrated, if Hox, 


is chosen as an independent variable. From the first and third equations 
we have 


C 
a (0) + Hox, = C,exp| - B T 
The first and fourth equations give 
1 
a,(0) + IIx, = C,exp| - B Ix, 
Finally, the first and second equations yield 
C 1 
Ix; = —IHlgx, + C,exp - B ns] + C,exp] - B ox, | TC. 


Here C, @=1,2,3) are constants of integration. The resulting three 
expressions are analogous to (4.10). From the conditions (4.31) at 7 =0 
we obtain 


C 
IIx, = -Ilx + | exp} - B Myx, | = 1 |a,(0) 
1 
d | exp} - B lox, | = 1 |a,(0) 


Tx, =| exp} - C ns) —1 Joo) (4.32) 
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1 | 
Hox, = | exp{ - zo] = 1 |a,(0) 


Substituting (4.32) into (4.31), we obtain the following algebraic 
system defining o;(0) (i ^ 1,2, 3) and II,x,(0) 


x} = a,(0) + IIyx,(0) 
x5 =—II,x,(0) + | exp{ - $T] - 1 |a,(0) 
x5 =a,(0) + | exp} - £ r,x,0)] x 1 [as(0) 


x; =a,(0) + | expt - UA e: 1 [ast0) 


This system is solvable (see [8]). 

One can also write equations for a,(t), o,(t), and a,(t). As in Section 
IV.A, these equations can be derived as solvability conditions for the 
regular terms of first order. In the present case, the solution of the 
equations for the o; is a matter of integrating by quadratures. In this way, 
one can determine x,4(t) = o4(t), x54(t) =0, x44 = o; (t), and x4, = a,(t). 

The determination of Ilx; (i = 1, 2, 3, 4) reduces to the integration of 
the scalar equation 


dil ,x, C 
X8 7 Bi —II,x, + (exp = p Hori = 1 ),(0) 


+ (expt - 2] -1)ax(0) | 


IIx ,(0) = Xi ~ a,(0) 








which can be obtained by substituting Hox, from (4.32) into the first Eq. 
(4.30). After determining IIjx,(7), the remaining Ix, (i —2,3,4) are 
found by means of the Eqs. (4.32). Higher order terms of the asymptotic 
expansion can be constructed as well (see [8]). 
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V. CONTRAST STRUCTURES 


A. Introduction 


Let us now return to the system (3.1). Suppose that equation F(z, y, t) = 
0 has several solutions (roots) z = ¢(y, t). Previously, we considered the 
case when only one such root was used in the construction of the 
asymptotic expansion. But some other types of asymptotic behavior, 
when several such solutions are used in the asymptotic algorithm, are also 
possible. In these cases, we can obtain a solution with transitions from 
one root to another or solutions with, so-called, interior layers (internal 
layers). 

Let us demonstrate this phenomenon with an example of a scalar 
second-order equation 


2 
54 2 


Grae) 0sts! (5.1a) 


u 


which is equivalent to the system 


dz, dz, 
Bog FG) qn 


Take 
z,(0,4)=0  2,(1, n) =0 


Introducing 7 = t/u we obtain 


dz dz 
puo LT (5.1) 


Assume that the function F(z,) has three simple roots z, = c, (i = 1, 2, 3), 
where 9, <p, <p, and, moreover, that F, (9) 70, i 1,3; F, (e) «0 
(Fig. 6). Let us introduce the phase plane. Since z, dz, = F(z.) dz,, 


2 
Z1 


“2 
a | F(z) dz+C=0(z,)+C 
€? 
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F(z2) 


$1 2 P3 


Figure 6. The graph of the function F(z,) with three zero points ¢,, ¢,, ¢,. 


and hence, 


z,=+V2V@(z,)+C (5.2) 


where C is a constant. Depending on the function ®(z,), the family of 
phase curves (5.2) looks different. One can distinguish three cases. The 
graphs of @(z,) and the corresponding families of phase trajectories for 
each of these cases are presented in Fig. 7. These cases are 


(a) | F(z) dz > N F(z) dz 
(b) | Í F(z) dz < K F(z) dz (5.3) 
(o) N F(z) dz = E F(z) dz 


In the last case, the saddle points A, and A, are connected by 
separatrices. A so-called cell occurs. 

The interior of the loop in Fig. 7(a and b) and the interior of the cell in 
Fig. 7(c) is filled by closed trajectories. On the plane z,t the corre- 
sponding solutions are represented graphically (Figs. 8 and 9) (we assume 
9;«9,«0«9o,) There might also exist solutions corresponding to 
multiple passages along the closed trajectory (Figs. 8 and 9, dashed 
curves). 

Thus we see that these solutions have not only boundary layers, but 
also interior layers. Solutions having such interior layers are called 
contrast structures. A contrast structure of the type represented in Fig. 8 
is called a spike, and a contrast structure of the type represented in Fig. 9 
is called a step (or threshold). 
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\ | P | \ / 22 (c) 
T n m t I dm 





Figure 7. The graphs of the function ®(z,) and corresponding family of phase curves 
z, = x V2[b(z;) + C] for three cases: (a) (v) P(e), (b) O(¢,)< ®@,), (c) (o) = 
P(g). 


Our goal is to investigate contrast structures for more general equa- 
tions than (5.1), nonautonomous, in particular. 


B. Contrast Structures of Step-Type 
1. A Second-Order Equation 


Consider the problem 


2 
,d'z 


dt’ 
z(0, 4) 7 z(1, w) =0 





m = F(z, t) 0zxrzx1 


(5.4a) 
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Q1 


Figure 8. The graphs of the solutions corresponding to the closed phase trajectories 
filling the interior of the loop in Figure 7(b). 


which is equivalent to the system 


dz, 

pog FG) 

ciues O0<t=1 (5.4b) 
dt : 


z,(0, u) 7 z;(1, u) =0 


Condition 1°. Let the equation F(z,,x)- 0 have three simple roots 
z, e(t) (i ^ 1, 2, 3) such that 


E e(t) € e(t) gpl) for 0xrx1 
2. F, (o(), t) 20 for i-1,3 0zt-z1 
and F, (e(t), t) «0 for 0st=1 


It follows from this condition that for each fixed t € [0, 1] the graph of 
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Figure 9. The graphs of the solutions corresponding to the closed phase trajectories 
filling the interior of the cell in Figure 7(c). 


the function F(z,,t) has the form shown in Fig. 6. As t changes, this 
graph may deform. It turns out that the phenomenon of a transition from 
root œ (t) to root ¢,(t) [or from e(t) to ¢,(t); both of these roots are 
conditionally stable since the corresponding matrix has eigenvalues Ài 2 = 
+VF, (ẹ:(t), t), i — 1, 3] for the solution of (5.4) can take place near some 
value t= T, where the cell [Fig. 7(c)] occurs on the phase plane of the 
system (T — const) 


dz, 
pog FCT) 


dz, | 


(5.5a) 
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or 


(5.5b) 


One can come to this conclusion using the asymptotic formulas of 
Section III.A. Let us show that there exists a solution of the type 
sketched in Fig. 10. We will call the value t= T( u), for which z,(7T()) = 
P(T(u)), the point of transition. 

We approach this problem as follows. Assuming that T(x) is some, as 
yet unknown, value between ż=0 and t=1, we construct the asymp- 
totic expansion of the solution of (5.4) in the interval [0, T()], satisfy- 
ing the condition z,(0, 7) =0, z,(T( 1), &) = ¢,(T()) and approaching 
(0, y,(¢)} as 7— 0. In other words, we construct the asymptotic solution 
defined in subinterval [0, 7( u)], or the left part of the solution (see Fig. 
10). The algorithm of Section III. A.1 is used for this purpose. We note 
that at the end points y - 0 and t=T the same component z, is 
prescribed (see the remark before statement (3.19)). 

Similarly, we construct the asymptotic solution of (5.4) in the interval 


[7( 4), 1], satisfying the conditions z,(7(1), &) ^ e(T(i)), z,(1, 4) =0 


22 





z2 = Q(t) 


Figure 10. The graph of the solution of step-type with the point of transition T(x). 
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and approaching (0, ¢,(t)} as u — 0, that is, we construct the right part of 
the asymptotic solution (see Fig. 10). 

Equating the values of the expressions for z,, corresponding to the left 
and right limits at the point 7(), determines T(). Notice that T(m) 
should be sought in the form T(u) = T, + wT, + W^ T, +--+. We restrict 
ourselves to the construction of only the zeroth-order approximation. 
Therefore, we may omit the subindex 0 in T, (below T, = T). 

The asymptotic solution in the interval [0, T] is expressed through the 
following formulas with accuracy of the order u (the index £ above the 
boundary functions shows that they are defined on the left subinterval; 
the index r will be used for the boundary functions defined on the right 
subinterval): 


(€) (€) 
z(t, w) = Ho zu (9) + Quz, (Tr) + Olu) 
(5.6) 


Z(t, p) = e(t) + Il IIo z;(79) + One + O(u) 


(€) (£) 
where 7, = (t/u) =0, 7, = (t - T)/u <0, and Hz; and Q7; are defined 
as the solutions of the problems 


(€) (€) 
s LM = F((0) + fi + ü See 0) UE = I, zı  (5.7a) 
T, z,(0) = —¢,(0) Il, z(%) = 0 i=1,2 (5.7b) 
(€) 
Teen t= FC oT) + Quz, T) Aor, -Qozi — GB) 


(€) (€) 
Qz;(0) = e(T) - eT) Q oz;( 7%) =0 i=1,2  (5.8b) 


Analogously, the asymptotic solution of (5.4) in the subinterval [T, 1] has 
the form 


z,(t, w) = Ii, zi(rr) + Quz, (n) + O(u) 
(5.9) 


(r) (r) 
Z(t, 4) = AE) + Io z7r) + Qoz;() + O(n) 
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(r) 
where 7,=(t—T)/w=0, v, 7 (t-1)/un <0 and Wb and Qz; are 
defined as the solutions of the problems 


(r) (r) 
d ll d ll,z (r) 
ae Eo e: - F(6(T) + Il. 25; r) E 2 = Iaz, (5.102) 
T 


) (r) 
IL, z,(0) = &(T) - o(T) IT, z,(») =0 i=1,2 (5.10b) 


(r) (r) 
dQ, z o) dQyz, © 
—— FC) + Qu, 1) us 4=Q,z, (5.11a) 





(r) (r) 
Qoz;(0) = -9 (1) Qoz: 7%) =% [51.2 (5.11b) 


Equating the expressions Oo) and y for z} at t= T, and taking 
€ r) 


into account that at this point II, and Q,z, are less than any positive 
power of u, we obtain (to the zeroth order) 


(€) (r) 
Q oz, (0) = Hy z, (0) (5.12) 


The above relation is the equation for T. We note that conditions (5.8b) 
and (5.10b) provide (to the zeroth order) the equality of the expressions 
(5.6) and (5.9) for z, at the point t= T(x). 
Let us rewrite (5.12) in a different form. We make the change of 
€ 


(£) 
variables Z, = Q,2Z,, 2, = œ(T)+ Q,z,. In these new variables the 
problem (5.8a), (5.8b) becomes 


dz, 1) T: 
dr, -= F(Z,, T) de, ^ T, €0 


z,(0) = (T) Z,(-~») =0 Z,(—») = p(T) 
(r) 
Analogously, if we make the change of variables Z, = Hz, 2, = 


(r) 
e, (T) * II, z, in (5.10a), (5.10b), we obtain 


(5.13) 


dz, j dż, 
dis = F(z,, T) ae 7, =0 


z,(0) = (T) z,(~) =0 Z,(~) = e (T) 





(5.14) 
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In the new variables, (5.12) can be written as 
Z,(0) = 2,(0) (5.15) 


Evidently, both systems of Eqs. (5.13) and (5.14) coincide (up to 
notation) with the system (5.5a). Assume that the corresponding phase 
portrait of the system is the one shown in Fig. 7(a). Then the point A on 
the separatrix entering the saddle (0, 9,(T)) as 7;—» — corresponds to 
the value z,(0) = p(T}, and the point B (which does not coincide with A) 
on the separatrix entering the saddle (0, ¢,(7)) as 7, — œ corresponds to 
the value z,(0) = 9,(T) (see Fig. 11). Therefore condition (5.15) is not 
satisfied. Similarly, condition (5.15) will not be satisfied in the phase 
portrait of Fig. 7(b). Only the phase portrait of Fig. 7(c) provides the 
necessary equality. So T must be a value of t such that the cell is formed 
in the phase plane of the associated system. The hypothesis guaranteeing 
existence of such ¢ will be formulated below (condition 3") after the 
transformation of (5.15) to a special form. 

Further, for the existence of the asymptotic solution in each of the 
subintervals [0, T] and [7,1], the phase portraits of the associated 
systems must satisfy for t= 0 and t= 1 other conditions corresponding to 
conditions 5° and 5” of Section III.A. 

Condition 2°. In the phase plane of the system dz,/dt, = F(Z,,0), 
dz, dr, = Z,, let the straight line Z, = Q intersect the separatrix entering the 
saddle (0, q,(0)) as 7,— o. 

Condition 2°’. In the phase plane of the system d£,ldr, = F(£,, 1), 





Figure 11. Case (a) in the Figure 7. The point A on the separatrix entering the saddle 
(0, ¢,(t}), as 7. —% does not coincide with the point B on the separatrix entering the 
saddle (0, ¢,(t)) as tT; +œ. 
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dz,/dt, = £,, let the straight line 2, = 0 intersect the separatrix entering the 
saddle (0, ,(1)) as T, — —. 

Let us now rewrite (5.15) in a different form. The separatrix of the 
system (5.13), which enters the saddle point (0, ¢,(T)) as r;— —®, is 
described by the equation 


s es -vz\ f F(z, T) dz (5.16a) 
ea3(T) 


and the separatrix of the system (5.14), which enters the saddle point 
[0, e, (7)] as 7, ©, is described by 


Z,= -vN m F(z, T) dz (5.16b) 
p(T 


Substituting these expressions into (5.15), we obtain the following 
equation for T 


ex T) ¢2(T) 9 (T) 
| F(z, T) dz = | m F(z, T) dz OT | F(z, T) dz =0 
T) 


ea(T) €i 93 


! (5.17) 


Note that this relation coincides with condition (5.3). 

Condition 3°. Let Eq. (5.17) have a solution T = T, with 0 « T, « 1. 

To construct higher order terms of the asymptotics (as well as to prove 
the existence of such a solution, as shown in Fig. 10), we need one more 
condition (see I4] for details). 

Condition 4 . Let 


d €1(T) 
dT Jour) 





€1(T) 
F(z, T) dz =| F(z, T) dz #0 
ex(T) T=To 


(so, the root T, of (5.18) is simple). 
Under conditions 1°—4°, for sufficiently small u, there exists a solution 
of the boundary value problem (5.4a) for which 


i; 7 p(t) for 0<t< T; 
2 aa p= p(t) for Frsl 


lim z,(t, 4) =0 fo O<t<T, Ire] 
pm 


Remark 1: Along with the constructed solution, there may also exist a 
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solution for which z,(t, u) approaches ¢,(¢) in (0, Tọ) and ¢,(t) in (To, 1) 
as ju — 0. 

Remark 2: If a cell in the associated system (5.5a) occurs for several 
values of T in the interval (0, 1), then solutions with multiple transition 
layers may exist. 

Remark 3: 'The solutions mentioned above may coexist with each 
other as well as with solutions without transition layers (such solutions 
were constructed in Section III.A). Thus, the solution of (5.4a) is not, in 
general, unique. 


Example 5.1. Consider the equation of the pendulum (the parameter 4 
characterizes the inertia of this physical system) 


A é = —asin o + b(t) 


The forcing power b(t) is a periodic function with respect to ¢ (its period 
is equal to 1). Let b(0) 20, b>0 (0<t<t,), b(tj) 20, b «0 (tj «t« 1), 
b(1) — 0, Ib(t)| <a. 

The degenerate equation —a sin g + b(t)=0 has three roots q,(f) « 
€» (t) < p(t). In the interval (0, t): p€) < —7, e(t) ^ 0, p(t) < 7, and in 
the interval (ty, 1): 9,(t) » —7, ¢,(t) «0, 9,(t) » 7 (Fig. 12 solid line). 


p 





Figure 12. Two solutions I and II of step-type for the pendulum. 
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For t=0, t= to, ty = 7 these roots are 9, ^ —7, 9, 7 0, œ — m, and for 
these values of t there is a cell on the phase plane. 

The conditions 1°—4° are fulfilled, and there exist two solutions of 
step-type: I and II (Fig. 12, dashed line). 

These solutions may be extended by periodicity for £< 0 and for : 0 
(in the presence of appropriate symmetry). Thus, we obtain periodic 
solutions having interior (transition) layers. 


2. Other Cases 


1. For some problems of type (5.4a) a phase plane cell occurs for any 
T. In such (critical) cases, under certain conditions, a solution of the form 
shown in Fig. 10 can also be constructed [4]. The equation defining 7, 
will be more complicated than (5.17) ((5.17) will be satisfied identically in 
such cases): 


z i-3 
e;(T) |. Fis, T) ds 


[7 ine 
ee (2 | F(s, T) ds) 
e; (T) i 


j—4 


Or 


e; (T) Z ds i=3 
| F(z, t) | —_ooridz} =0 (548) 
a ne (2 | " F(p, T) ip 


pi i=1 

To obtain this formula, we must equate the expressions (5.6) and (5.9) 
for z, at t — T— Ty * uT, t --- taking into account terms of first order 
with respect to 4. When Eq. (5.18) is also satisfied identically, we must 
write the new equation taking into account terms of second order, third 
order, and so on. The general rule is given in [10]. 

Notice that steps of this kind occur in some problems of galaxy theory 
[11, 12], where the right term of Eq. (5.4a) often has the form F = 
y(DOg(t)z^ — 1)z; y(t) ^ 0, g(t) » 0. Eq. (5.18) reduces to 


y(T) ,8g(T) 
y(T) g(T) 


The phase transition equation also belongs to this critical case. But this 
model is more interesting in its two-dimensional form (see Section VIII). 
2. The results obtained in Section V.A can be generalized to the case 
of systems containing both “fast” and “slow” variables. Consider the 
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system [13] 


2 2 


d 
rp-fuv) "p =g o) 





: (5.19) 
u(0,u)—-u  u(lpg)-u'  vw(0,u)-w? vw(1,p)-v! 


(one may also specify values of the first derivatives). 

We suppose that the equation f(u,v)=0 has three roots q,(v) « 
p (V) < e(v) (cf. 1° from Section V.B). In this case, there may exist a 
solution having a step form with respect to the component u. The 


transition point T (the main term) can be defined according to the 
following rule: 


a. Define the value v, (the main term of the asymptotic expansion of 
the v component at the transition point) from the equation 


| iar tre (5.20) 


€3(vo) 
b. Solve the two problems (left problem (¢) and right problem (r)): 


(€) 4€) 
d“ v (E) (£) d'u (r) 
dt = g(9;(v ), v) d? = g(¢,(v), v) 


r (r) 
V(O)=v, v(T)=v  wT)-w  v(1)-v! 


where T is an unknown value. 
c. Define T from the condition 


dv. dv 
er Ou) (5.21) 


(smooth matching). 


Example 5.2. Consider the parabolic system with diffusion and non- 
linearity of the Van der Pol type [14] 


Ed 
1 d ye TH 3 
ee: 

DES der u 
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where D, = p’ is small, D, = 1. The corresponding stationary problem is 








d? 3 
QU M on hire ns Ee. 
" dg md 
d^v 
d?) ^" 


The independent variable is here denoted by x in contrast to (5.19). Let 
u(—€6) — u(£) -v(—-4)-v(£)-0 


We cannot obtain ¢,(v) and ¢,(v) in simple n form. Assume that 
v is small. Then (v) = -V5 t v/2, g,(v) = V3 v/2 (linear , BPproxi- 


mation ). Equation (5.20) gives v, =0. Then we can obtain v, v and 
define x, = 0 from (5.21) (in (5.21) this value was denoted by T). Finally, 
we have 


+ 
=2V3(1- at )+ one É 


v2 
(r) xac x—£ 
U =-2V3(1 -ch 77) + p.h 7^ 
2v3(1 - ch) 
Cee ae V 
2 2 E 
h — 
NO 


: (€) (r) : 
When f is small, v and v are small too, and our calculations are correct. 
3. A contrast structure of step-type may arise in the system [15] 


dz dy 
n= Alyaz tby) Z-z 
y(0, u)=y°" yA, w)=y 


For some x =x=xt-:: the y component may have a jump and the 
corresponding z component is large as 4, —> 0. The leading term of y is 


O (6 
| jJ Yo + Qoy X XX 
o © 

Yo + Qoy X = Xo 
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(€) (r) 
where y,, y, are solutions of the problems 


(£r) 
den — B(sx) € o 
dx 70 = (Er) Yo(0) = y" Y1) =y" 
A(Yo» X) 


(we assume that dm 0, AG a « 0)), and the leading term of z 
(6r) 


(£) 
(the leading term of its interior layer series) is (Qz) /w. The Qy and 


Q_,z satisfy the system 


d © (6) do © 
Gz 2-12 = AG. G4) + TERA 12 dr Qy = Quz 


Os 7,6) OQ ayez; 
(4) e 
Qy(*»)-0 Q ,2(-~) =0 


(r) (€) 
where 7 = (x — x«)/e. For Q,y, Q_,z we can write an analogous system, 


but —* must be changed to +œ. 
The unknown parameters x,, yg,z , are defined from the following 
equations 


(r) 


Yo(%q) 
[oo A(y,X9)dy=0 | A(yyx,)70 


Yolo) 
(€) 


Foxo) Yo(xo) 
z= |O aoa)d--] ^ AQ. x0) d 


Yo Yo 


4. Equations (5.17) and (5.18) become identities, if the system (5.4a) 
is autonomous, that is, if F(z,, t) = F(z,). We briefly discussed a solution 
of step type for such cases in Section V.A. The solution with a transition 
from o, to ¢,, to which a complete revolution along the cycle corre- 
sponds, is shown in Fig. 9 (solid line). The transition point 7 was not 
defined Section V.A. It turns out that, in this case the formula for T is 


A, 
A, +A, 





T= 


where A; = VF,(¢,) (i ^ 1, 3) [5]. 


5. There may exist more than three roots of the equation F(z,, t) — 0. 
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In consequence of this may exist some solutions having transitions from 
pı to p, then, for example, from q, to g, and so on [16]. 


C. Contrast Structures of Spike-Type 
1. A Second-Order Equation 


This case is investigated in [17]. We consider again the boundary problem 
(5.4a). 

Condition 1°. Let the equation F(z,,t) ^ 0 have two roots z, = ¢,(t) = 
e(t), z; — e(t) = x(t), (e(t) X x(t), F, (e(t), t) 2 0, F, (x(t), t) «0). Let 
the function Ut) exist, defined by the equation 


y(t) 
,, Fe 0d =0 (5.22) 
e(t 


Thus we have the situation shown in Fig. 13. We seek the solution 
having a spike at the point 7T. The z, component has an extremum at 
t — T, and hence the z, component is equal to zero. The value of T is an 
unknown priori as in the case of Section V.B. 

By using the boundary function method we construct an asymptotic 
solution in the form 


Z(t, a) = IHoz5(19) + Qoz5(7) + Ryzy(r) 


t t— 1 t=T 
w oar a T= m 





where the series I15z, and R,z, are boundary series at t = 0 and t= 1, and 
its terms may be constructed as usual. 

The series Q,z, must describe the spike. The Q,z, is defined as a 
solution of the problem [7, is the main term of the expansion 7(4) = 


F(z2,t) 





Figure 13. The graph of the function F(z,, t) with two zero points g(t) and x(t) and the 
point Ņ(t) defined by Eq. (5.22). 
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T Tul TL 


d 
TLE fo(Ty) + Qus, To) (5.23) 
dQ z,(0 
Q zal ) = 0 Qoz,(—9) = Qoz,(+~%) = 0 (5.24) 


(we recall that z, has an extremum at t= T). The phase plane Q,z,, 
(d/dr)Q,z, is shown in Fig. 14. There exists a unique solution of the 
problem (5.23), (5.24). 

The value 7, is still unknown. To define it we must consider the 
problem for Q,z,. According to the general rule (see Section III. A) we 
have 


TE = F, (1)Q,z, + F,(r) (5.25) 


dQ,z,(0 
Pez) _ _ e (Ty) Q,z,(-*)=0  Q,z,(+%)=0 (5.26) 


Here 
Fir) =[F,,@e(T)+ FG, +T) — £0) = F,,(@(To) + Qo». To) 
F7) = F(e(To) + Quz», To) 
Multiplying Eq. (5.25) with Z = Q4z,(r) and integrating from —^ to 0 


and from 0 to +œ we obtain 


1 0 
QC) = FT To) |. em (5.27) 


= 1 [ 
Q,2,(+0) = —- FAT.) TY Jes F,(7)Z(T) dr 





Qoz2 

—-— 
Figure 14. The phase plane Qz», wT) - (To) 
Qz. The separatrix of the saddle point 
(0, 0) makes the loop. 
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Hence, 


ke 
f F,(T)Z(T) dv =0 (5.28) 
Remark: The homogeneous equation, corresponding to (5.25), has 
obviously a nontrivial solution Z(7) ^ (d/dr)/Qy,z, satisfying the con- 
ditions Z(—9) = Z(--») —0. One can obtain it by differentiating Eq. 
(5.23). Notice that Z(0)=0, Z'(0) = (d^/dr^)Q,z,(0) = F(W(T,), Ty) ¥ 
0. Thus relation (5.28) may be considered to be an orthogonality 
condition: the necessary existence condition for the solution of the 
nonhomogeneous problem (5.25), (5.26). 
The function Q,z, is an even function, and Z = (d/dr)Q,z, = Q,z, is 
an odd function. Hence, the function F;, = [F, (7)e'(1,) + Fj(7)| is odd, 
and F, = [F, (7)e (To) + F(r)]T, is even. Therefore, 


Too To 0 
f F,Zdr-0 | F,,Z dt = 2| [F, 8 (To )rF,]rZ dr 
We have in addition Q2, = F, Qoz. Hence, 
0 oo 
| Fe mezdr- emo | o0 
-e'my(sossls - [ 0t dr) = erro C Quels = 0 
Therefore, 
+œ 0 
| F (7) Z(t) dr =2 | F.(T)rZ dt 
and Eq. (5.28) takes the form 


0 
| EQ, ar =0 


which is just the equation giving the value T,. This equation may be also 
written in the form 


Y(T) z ds 
P(T.) =| F(z, Ty) f tee ae pe =O (9.29) 
(To) V ) 


ia (2 | F(u, Ty) du 
¢ (To) 
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Condition 2". Let Eq. (5.29) have the solution T,€[0, 1], and 
0'(T,) #0. 

Condition 3°. 0cw(0)  O«y(1) 
(this condition is needed for constructing IIz, and Rz,). 

Under conditions 1"—3", for sufficiently small y, there exists a solution 
of the boundary problem (5.4) for which 


" _ fe 0ct« T, Tarti 
o Za( , H) = W(T,) t= To 


The proof of this statement, and the construction of the asymptotic 
expansion for z,(t, u), is done in detail in [17]. The corresponding graph 
is shown in Fig. 15. 


2. Other Cases 


1. Consider the system (5.19) with boundary conditions u'(0, u) = 
v'(0, w) =u'(1, w) =v'(1, w) =0 having a solution with a spike in the 
component u. The independent variable is denoted here by x. Let the 
equation f(u, v) =0 have two roots having the properties 1° in Section 
V.C.1 (t must be replaced by v). 

The transition point can be found according to the following rule: 


a. Consider the equation containing v, [the value of u(x, yw), its main 
term, at the spike point] and x, (the main term of the spike point; 
in Section V.C.1 it was denoted by T,) 


Pv) o (xo) = 0 (5.30) 


— — — — m — om 






| 
1 


t 


0 To 


Figure 15. The graph of the spike-type solution. 7,: the spike point; y(T,): the 
magnitude of the spike. 


PERTURBED PROBLEMS WITH BOUNDARY AND INTERIOR LAYERS 105 


where 


V(vo) u 
(v) = a: u, Vo) | eens. y 
PA (2 l E vo) de) 


(5.31) 
and v, is the solution of the problem 
"Ug 
dx 2 
b. Let the equation ®(v,) = 0 have a solution v, with ®’(u,) #0. For 
xg we then have the equation u,(x) ^ vy. We suppose that v (x) * 
const and v(x) #0. We can then construct the main terms of the 
asymptotic expansion for u(x, u) and u(x, w). This solution is called 
the spike solution of the first kind. 
c. Let the spike point x, be found from Eq. (5.30), that is, from the 
equation v((x,) - 0. We suppose that ®(v,(x,)) <0, P" (xo) #0. 
The corresponding solution is called the spike solution of the 
second kind. 
d. Let problem (5.32) have a solution 0, = v, = const. In this Pune 
there may es a set of SUMUS having the spike points: (1) x) — 7; 
(2) xy =+, 4; (3) xy 2 1, 1, 1; and so on. These solutions are called 
the spike solutions of the third kind. 
The contrast structure of spike type for the two equations (5.20) is 
considered in detail in [5, 18]. 





= g(e(v,), Vo) v9 (0) =0 vo(1) =0 (5.32) 


Example 5.3. Consider the model called the “brusselator,’’ to which case 
(d) applies. The model describes a chemical reaction with two inter- 
mediate substances [19]. The nondimensional concentrations u and v of 
these substances satisfy the system 
ð ðU 
T> =D, Au + A - (B + 1)u + wv -y = D2 Av + Bu -u*v 
Here D,, D,, A, B are positive constants and A is the Laplace operator. 
If D, << D,, then setting D, = u^, D, = 1, we obtain the following system 
of equations for the stationary case (in the one-dimensional problem, 
where A= d^/d^): 
d'u d* 

u —;,--—A-(B-*1)u-uwv L - Bu-cuv (5.33) 

dx dx 
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This system is of type (5.20), where f(u,v)—- —A * (B t 1)u — u'u, 
glu, v) = — Bu + u^v, t is replaced by x. We investigate this system in the 
interval [0, 7] with the boundary conditions 


u'(0, p) — u'(4, wp) -v'(0, p) 2v'(6, n) =O (5.34) 


The equation f(u,v)=0, that is, —A + (B + 1)u — u^v =0, has two 
positive solutions (the conditions u — 0, v — 0 follow from the physical 
meaning of the variables u and v): 


B*1-V(B*1y-4Av — 
j| ———————— e 


Jy gv) 
B+1+V(B +1) -4Av 
eroe e vesc) 


Evidently, o(v) < x(v), and 
f(e(v), v) = V(B - 1 - 44v >0 
f(x(), v) = -V(B +1)? - 4Av <0 


The expression for the function y(v) is defined as in the beginning of this 
section (see condition 1”), and has the form 


B+1+2V(B +1) —4Av 
erc -— 


The boundary value problem (5.32) can be written in the form 


4 -2A0, +B +1-V(B +1) - 4A, 
m 2U, 
(5.35) 
09(0) = 09(4) 70 


It is easy to see that if B >1 the right-hand side of Eq. (5.35) is strictly 
negative, and therefore the boundary value problem (5.35) cannot have a 
solution. If 0< B « 1, then this problem has the unique solution 


Uy const 
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and therefore the problem (5.33), (5.34) does not have spike solutions of 
the first or second kind. 
Thus, we obtain 


. B : 
Vo= A Yo Uy = PU) = A 


The equation for Q,u(r) (7 = (x ^ x«»)/u, Xe =Xọ tax, tcc is the 
spike-point) has the form (5.23) (we must change z,, (Ty), T, to p, 
Q (v), uy, respectively). In our case, we get the equation 


d! 
Qum -A + (B+ 1)Qou - v (Quy 


From this we have 


A* Qqou B 
Qu - Va |. l-A«G«ne- e | dé 
2B 
- Qu y(1- B) - 34 Qu 


Solving this equation with the initial condition Q,u(0) = (va) — eva) = 
3(1— B)A/(2B), we obtain 


6a ^A exp(ar) 


«0 
Bü-*exp(ar)? ^ 


Q,u(r) = 


where a = V1 — B. The expression for Q,u(7), (T = 0) has the same form. 
Thus, the terms in the asymptotic expansion of the zeroth order are found 
explicitly. 

For the terms in the asymptotic approximation of first order, we have 





u, =— 350, UL =a, (5.36) 
The boundary conditions at the ends of the interval are 
v (0) =0;(¢) =0 (5.37) 


Since v and v’ must be continuous at the spike-point x, — xy + ux, +»: 
we obtain 
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U,(xy — 0) ^ v, (x + 0) 
U(x — 0) + Q5u(-0) = v1(x, + 0) + Q5v( 0) 


Thus, to define v, (x), we must first determine Q,v. For Q;u (~œ <7 x 0) 
we have 





d^Q,v 
dr? = Q,8 = &(A + Qou(T), vo) — (A, vo) Q,v(-~) =0 


This yields 
Q9) -| | Quadr — ow - [^ Que ao 


Analogous calculations for Q;u when 7 =Q provide the equalities 


Q;v(*0)— Q;v(-0) | Q5v(*0) = -Q5v(—0) 
Hence, for v, the following conditions must be satisfied at x, 


U (xo + 0) —0,(x, — 0) = 0 


E = (5.38) 
U ixo + 0) — v1(x, — 0) = 205v(-0) 
To find v,(x), we have to solve the linear equation (5.36) with the 
additional conditions (5.37), (5.38). Computation of Q;5v(0) gives 
Q5v(0) = 3aA/B. After that we obtain v,(x) explicitly from the formula 
(k= Ala, a=V1—-B) 





6a* ene nies 0=x=x, (5.39) 


v1) 7 ~ Behe chkx,chk(x —£)  x,<x<@ 


To calculate xy we consider the problem for Q,u 





d*Q,u 
43 = ful )Qru + fla) 750 
z 


Q u(0) = -u(x — 0) Q,u(—9) = 0 


where 
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flr) - hG)ró1(x, 70) A(t) Ay) fi) + fie (oo) 
f(r) = hG)[o, (xs — 0) + 8 1G — 0)x,] + f,(7)Q,0(7) 
+ 3 f, OD (Xo) + QUN? + fi Go) + Qe), (Xo) 
+ $ foo (T) Co) 


(here all the partial derivatives of the function f are evaluated at the point 
(A + Q,u(r), v,)). The problem for 7 z 0 has the same form with (—0) 
replaced by (+0). 

As in Section V.C.1, we obtain 


1 0 
Q,u(40)=— Ages | Oua) dr 


Making the change of variable of integration 


" { Pe eee ER 
B 5$ 1/2 
V(vg)— A 
(2 f flu, vo) du) 
we obtain 
1 " _, - 
Q.,u( X0) uUi Fb), Vo) [F (vV {(%» € 0) + B] 


where d(v,) is expressed by (5.31) and £ is some constant (see [18]), its 
value being unimportant. 
The condition that function u is continuous at the point x, leads to the 


equality 
U(X — 0) + U1 (Xo ~ 0)x, + Q,u(—-0) 
= Uz (xo + 0) + Uy (xo + O)x, + Q;u(*0) 
From here, taking into account the relations 
E Ay - zi. - 
u(x) = ae (x) U(x) =z Ue) + yu 1(x) 


(y is some constant (see [18]), its value being unimportant), and the 
continuity of the function v,(x) at x, we obtain 
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2 


= 2, (x, + 0) — $,(o — 0) + (03 +0) — 8169 — 0s] 


+ Q,u( +0) - Q,u(—0) = 0 


But the expression in the square brackets is zero by virtue of the 
continuity of v at the point x,. Thus, we arrive at the equation 
Q,u(+0) — Q,u(—0) = 0. Substituting the expressions for Q,u(+0), we 
obtain 
1 

With é(v)yvi(x,*0) + v1(x,-0)] 20 

f(g), Uo) ( ol T! 0 ) iC 0 )] 
In our case P(v,) #0, which is easily verified. Indeed, the function (v, ) 
is defined by the formula (5.31). In our case f,(u, v9) = —w^ <0. Hence, 


the function under the integral in the expression (5.31) does not change 
sign, so (va) #0. Then we obtain the equation 


U(X), +0) +01, — 0) =0 


el 


Figure 16. The graph of the solution having interior layer of “step with spike" type. 
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for xy. Using the expression (5.39) for v,(x), we arrive at sh{k(2x, — 
€£)) =0 and, therefore, x, = £/2. There may also be the set of solutions 
having 2, 3, ..., spike points (see Section V.C.2d). 

All this is done in detail in [18]. 

2. We have considered the system (5.4b). For a more general system 


Oi ae Z 551) 
H dt 1? ~23 
ae 
K dt 


there may be contrast structures of "step with spike" type (Fig. 16) [20]. 


= G(2,, Z5, t) 


D. Stability of Solutions Having Boundary and Interior Layers 


The solutions investigated in the previous subsections may be considered 
as stationary solutions of the corresponding system of parabolic equa- 
tions. 
For one parabolic equation 
az az 
B B6 (5.40) 
the stationary equation has the form 
Dz" — F(z, x) (5.41) 


This equation is of type (5.4) when the diffusion is small: D = p’. 

Depending on different properties of the function F and of the 
complementary conditions, the solution z(x, 4) of Eq. (5.41) may have 
boundary layers or interior layers (these layers can coexist). 

The following question arises: Since the actual solution z(x, t, 4) of 
(5.40) can approach only stable stationary solutions as t — ©, which types 
of solutions are stable? We are interested in stability of the stationary 
solution z(x, 44) in the sense of Lyapunov, that is, whether for any e >0 
there exists ó(£) such that if 


sup |z(x, t, u) — z(x, u)| «9 
the inequality 
sup |z(x, £, u) — 2(x, u)| < € 


holds for t = 0. Some general principles for studying stability properties of 
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stationary solutions of parabolic equations are discussed, for example, in 
[21]. By using the ideas of the first method of Lyapunov, the investigation 
of stability in the case of one parabolic equation can be reduced to 
studying the spectrum of the following Sturm—Liouville problem: 


uy" =[Fy(2(x, m), x) * Alb — 4(0)- 4(1)—0 


[we investigate solutions defined by boundary conditions of Dirichlet type 
as in (5.4)]. A stationary solution z(x, 4) will be stable if, for all the 
eigenvalues A, >A, —-:-: A, --- of the Sturm-Liouville problem, the 
inequality A, «0, k 21,2, ... , holds. If at least A, >0, then the solution 
z(x, w) is unstable. 

The following results are valid: 


1. The solutions having only boundary layers (Section III) are stable 
since for them A, = O(1) «0 (except when the spike is at the 
boundary point). 

2. The spike-type contrast structures (Fig. 15) for one equation (5.4) 
are not stable since for them A, = O(1)>0. The addition of the 
second “slow” equation, as in (5.20), cannot change the sign of A. 

3. The contrast structures of step type (Fig. 10) have A, = O(m), that 
is, A, = MA,, + uA, +--+, and for A,, we have (for transition from 


P3 to p) 
€1(x9) 
À 5 | F(Z, Xo) dz / 
$3(%o) 


#30) ý 1/2 
|J (2f F,(&, xo) dg) adz | (5.42) 
€1(x9) €1(xo) 


where x, is the leading term in the expansion for the transition 
point coordinate x, =x, + wx, +--+ (xx is the value of x for which 
z(x, n) = e,(x)). Under condition 4° in Section V.B.1 the value of 
À,, differs from zero. Notice that the numerator in (5.42) is equal, 
apart from notation, to the expression in 4^, which is nonzero. The 
sign of A,, is defined by the sign of the numerator and may be either 
positive or negative. 
4. In the case considered in Section V.B.2 (case 3), A, = O(1) and 


d jo (to) (r) (€) 
dio = = fe A(y, xo) dy J B.) — yo(xo)] 


Yo(xo 
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These and some other results on contrast structures and their stability 
are discussed in [15, 16, 22—25, 26] and elsewhere. 

The stability, without an estimate of A (such an estimate can be said to 
determine the degree of stability) is easy to prove, under appropriate 
conditions, using the method of differential inequalities [26]. 


VI. THE METHOD OF VISHIK-LYUSTERNIK 


A. Statement of the Problem 


Beginning with this section, we will now consider partial differential 
equations. Let us consider a general approach for constructing asymptotic 
expansions of the solutions of singularly perturbed linear partial differen- 
tial equations, which was proposed in the well-known fundamental work 
of Vishik and Lyusternik [27]. We will illustrate the idea of this approach 
(known in the literature as the method of Vishik—Lyusternik) on a simple 
example of an elliptic equation in a bounded domain with smooth 
boundary. 
Consider the equation 


Lu-shu-k(xyu-fG(,ys (, y)Ea (6.1) 
with the Dirichlet boundary condition 
ul, = 0 (6.2) 


Here e >Q is a small parameter, A = (0^/ax^) + (0^/8y^) is the Laplace 
operator, Q is a bounded planar domain. The boundary of the domain is 
assumed to be a sufficiently smooth curve ðQ. The functions k(x, y) and 
f(x, y, €) are also sufficiently smooth and k(x, y) » 0 in Q=2+ 0. The 
smoothness of k, f, ðQ and the negative sign of the coefficient —k*(x, y) 
guarantee the existence of a unique classical solution u(x, y, €) of 
problem (6.1), (6.2). Our goal is to construct an asymptotic expansion 
(uniform in (2) of this solution with respect to the parameter €. 


B. Local Coordinates 


The asymptotic expansion of the solution of problem (6.1), (6.2) consists 
of regular and boundary layer parts 


u-—uccli 


To construct the boundary layer functions we need to introduce new 
(local) coordinates in the vicinity of the boundary ðN. Let the parametric 
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equations describing 3€) have the form 
x=9(f) y=) O0zéz4 


where 4 is a parameter. When the parameter ¢ increases from 0 to fp, the 
point [e(4), v(4)] moves along ðQ in such a way that the domain Q 
remains to the left. In a 6-vicinity of the curve a, we introduce new 
(local) variables as follows. Let the point M(x, y) belonging to © lie on 
the normal to 9€) passing through the point M'(o(4), v(4)) (see Fig. 17). 
We denote the distance MM' by r. The pair of numbers (r, €) will be the 
new coordinates of the point M. If the 6-vicinity ((0xr-xó)x(0x£- 
f,)} is sufficiently narrow, that is, 6 is small enough, the normals to dQ 
drawn through various points of ðQ do not intersect within this neigh- 
borhood. Hence, in this vicinity there exists a one-to-one correspondence 
between the two coordinates (x, y) and (r, €), expressed by the relations 


f epu ALL = pE ) + rrm 
X €( ) r pe) " WE) y v( ) r oL) + Y (E) 


In the 6-vicinity of 00, we have the following expression for the 
operator L, in terms of the new variables (r, €) 


2 2 


| a ð ð ð 
L —t& ape oO) age OD €)s, + vr, airy, 
— k*(x(r, €), y(r, €)) 


where 


IEN? /ak\? or Xr 
a(r, €) = (5E +( ) P= se ae 


ay 


vl ae 
: £ = —— + — 
y(r ) àx? ay! 


Figure 17. New variables (r, 4) in the vicinity of the 
boundary. 
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Let us now stretch the variable r: r = ep. Expanding the coefficients in 
the expression for L, in power series in e, we obtain 


9^ d d 
L 5|—;-K(6)|*2, eL, 
dp i=] 
where k*(€) = k*(o(€), W(€)), and the L, are linear differential operators 


containing the derivatives d/dp, a/a¢, a°/ae’. 


C. The Regular Part of the Asymptotic Expansion 


We seek an asymptotic expansion of the solution of (6.1), (6.2) in the 
form 


u(x, y, e) c i += > eT, Go, y) + To, €)] (6.3) 


Substituting (6.3) into (6.1), (6.2), and expanding f(x, y, £) in a power 
series in €, we arrive at the equalities 


[S A — (x, y)] 2, e'üj(x, y) 


; | E : ec +2 24 > ep. €) =È ef y) (6-4) 


Y efi?) + TL(, £)] =0 (6.5) 
i=0 


Here u;(€) = u;(e(€), v(€)). Equating coefficients of like powers of € in 
(6.4) separately for terms depending on (x, y) and on (p, €), we obtain 
equations for the coefficients of the asymptotic series (6.3). 

For the regular terms of the asymptotic expansion, we have 


-k'(x, y)u, = folx, y) —k*(x, y)u, 7 fii, y) 
Aü; ,— k (x, y)ü, = f. (x, y) P= 253,35 
Hence, 


ity = f yyk y) — = — fx, yk, y) 
u,= —[f(x, y)—Ad,_,]/k°*(x, y) || i22,3,... 
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D. The Boundary Layer Part of the Asymptotic Expansion 


The regular part of the asymptotic expansion does not generally satisfy 
the boundary condition (6.2). In the terminology of the paper of Vishik 
and Lyusternik [27], the regular terms of the asymptotics introduce a 
discrepancy into the boundary condition. The purpose of the boundary 
layer functions Ilj(p, €) is to compensate for this discrepancy. The 
equality (6.5) shows that the boundary layer functions together with the 
regular terms must satisfy the boundary condition (6.2). 

For the boundary layer functions H(p, €) we have the following 
ordinary differential equations (€ enters as a parameter) 


2 


an, _, 
ipi POLS mle. 6) p =O (6.6) 





where 7, = 0, 7,(p, €) = ud L, Il; ; (p, €), iz 1. Therefore the right- 
hand sides of Eqs. (6.6) are expressed recursively through the II, with 
j <i. The boundary conditions at p — 0 follow from (6.5): 


II, (0, €) = (4) (6.7) 
In addition, we require that the II-functions decay as p — v 
II; (©, 6) 20 (6.8) 


The explicit solutions of problems (6.6)—(6.8) can be found successively. 
For example, 


Ilo (p, €) = —u(€)exp( -k(4)p) 


and the other functions II, (p, €) are products of polynomials in p and 
exp{—k(¢€)p}. Consequently, all of the I[-functions satisfy the exponen- 
tial estimate 


IIT; (p, €)| = C exp{—ap} 


where, as before, we denote by C and a appropriate positive constants 
which, in general, are different for different II-functions. 

Notice that though formallv II-functions are defined for p = 0, they in 
fact make sense only for 0 = p <6/e, that is, in a 6 vicinity of dQ where 
we introduced the local coordinates (r, €). The standard procedure of 
smooth continuation of these functions onto the entire domain () can be 
described as follows. We multiply the constructed II-functions by a 
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smooth (infinitely differentiable) function V(r) such that V(r) 2 1 when 
0xrzó/3, 0- V(r) x 1l when 6/3 =r x 26/3, and V(r) = 0 when r= 26/ 
3. Then we consider II,(p, @)V(r) as the new IlI-functions. These new 
boundary layer functions are uniquely defined in the entire domain €. 
They coincide with the original IH-functions for 0 =r x 6/3 and they are 
asymptotically smaller than any power of & for r= 6/3: 


I, (p, O= C exp - SE} = ote") 


for any N>0, when rzó/3. Thus, the procedure described above 
changes each of the II-functions by an amount that is less than any power 
of e. In the problems considered below, without mentioning this fact 
explicitly, we assume (where necessary) that the boundary layer functions 
are defined in the entire domain with the help of the continuation 
procedure, similar to what has just been introduced. 

Definition. We say that the [I-functions are defined by the operator 


9? 
Ly - k (e) 
p 


and by the boundary conditions (6.7), (6.8). We call Lg a boundary layer 
operator in the vicinity of ðQ. 


E. Asymptotic Approximations of the Solution 


Let U,(x, y, €) denote the n-th partial sum of the series (6.3): 


U,(x, y, €) = x e[a(x, y) + HT, (p, €)] 


It is not difficult to prove that 


U, (x, y, £) is an asymptotic approximation of the solution u(x, y, €) 
of problem (6.1), (6.2) with accuracy of order £"*' uniformly in Q, 
that is, the following estimate holds 


max |u(x, y, e) = U,(x, y, £)| = O(e"**) 


Thus, the constructed series (6.3) is in fact an asymptotic series for the 
solution u(x, y, £). 

We illustrated the method of Vishik-Lyusternik with the example of a 
linear elliptic equation. Note that even for this simple problem it is 
impossible to find the solution explicitly for an arbitrary coefficient k(x, y) 
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and domain Q. On the other hand, an asymptotic approximation of the 
solution can be easily found to any required accuracy in explicit form. 

The method of Vishik-Lyusternik is well developed not only for 
elliptic but also for parabolic and hyperbolic partial differential equations. 
Some nonlinear problems can be solved using this method as well. The 
main advantage of this method is its simplicity. Usually the boundary 
layer functions are defined as solutions of ordinary differential equations 
in which the independent variable is the stretched distance along the 
normal to the boundary (the variable p in our case). However, there are 
some problems when the boundary layer functions are described by more 
complicated equations, for example, by parabolic equations. A survey of 
results obtained by the Vishik-Lyusternik method with many references 
can be found in [28]. 


VII. PROBLEMS WITH CORNER BOUNDARY LAYERS 


A. Elliptic Equation in a Rectangle 


The construction of an asymptotic solution in the previous section was 
carried out under an essential assumption: The boundary ðQ of the 
domain Q is assumed to be a smooth curve. The normal to the curve 
exists at each point and the boundary layer functions were constructed 
from the solutions of ordinary differential equations with derivatives 
taken along these normals. 

In the case when the boundary of the domain is no longer smooth, but 
contains corner points, the structure of the asymptotic solutions becomes 
more complicated in vicinities of these points. The boundary layer 
functions constructed in the previous section are not sufficient to describe 
the asymptotic behavior of the solution near the corners. We need to 
introduce a new type of boundary layer functions, corner boundary 
functions, in the vicinities of the corner points. We begin our discussion 
with a problem for the same elliptic equation as in Section VI, but now 
the domain Q is a rectangle, whose boundary has four corner points. 

Consider the problem 


e° Au — k'(x, y)u = f(x, y, €) (7.1) 
(x, y) € OQ —- (0x «a) x (Ocy«b)) 
u|,,70 (7.2) 


The functions k(x, y) and f(x, y, c) are assumed to satisfy the same 
conditions as in Section VI. 
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We seek an asymptotic expansion of the solution of (7.1), (7.2) in the 
form 


u=ut+lIi+P (7.3) 


Here u = X7, €'U,(x, y) is the regular part of the asymptotic solution that 
can be determined in exactly the same manner as in Section VI. The 
notation II is used for boundary layer functions playing an important role 
near the sides of the rectangle, and the notation P is used for corner 
boundary functions important in the vicinities of the vertices of the 
rectangle. Corresponding to the sides of the rectangle, the II part of the 
asymptotics can be represented as a sum of four terms: 


a (2) @) (5 
II 2 HE o HE o IL 4 HI 


= (1) (2) (3) (4) 
= de IL; (x, n) + IE; (£, y) + IL; (x, na) + I, (és, y)) 


where n=y/e, €=x/e, nx 7 (b — y)/e, Ex =(a—x)/e are the boundary 
layer variables. In the vicinity of the corresponding side of the rectangle, 
each of them plays the same role as the variable p — r/e near dQ in 
section VI. In order to avoid describing the standard procedure for 
defining [I-functions for each side (this procedure is quite similar to the 
one described in Section VI), we describe only the corresponding 
boundary layer operator and boundary conditions. 
(1) 


The functions II, (x, »), describing the boundary layer near the side 
y =0, are defined by the boundary layer operator 


2 


ð 
—;-k'(x0) m»0 
dy 


and the boundary conditions 


(1) (1) 
II; (x, 0) = —u,(x, 0) II, (x,9) - 0 


(1) 
Thus, the [I-functions compensate for the discrepancy introduced by the 
regular part of the asymptotic expansion to the boundary condition on the 
side y =Q. 
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(1) 
For Il, (x, y), we obtain 
(1) E 
Io = ~ü, O)exp{—k(x, 0m} (7.4) 


(1) 
and the explicit expressions for II, (x,ņ) can be found successively for 


i=1,2,.... All these functions satisfy the exponential estimate 
(T, œ) 
H, œn) | S C exp{—an} (7.5) 


(2) 
In a similar way, the functions II, (é, y) are defined by the boundary 
layer operator 


2 


S 


and the boundary conditions 


(2) E (2) 
II; (0, y) = —u,(0, y) II, (o, y) 2 0 
Q) 
For II, (£, y), we obtain 


(2 
Hi aC, y) = —iq(0, S 9) (7.6) 


(2) 
The functions II; (£, y) @=1,2,...) can also be found explicitly and 
satisfy estimates of the type (7.5) 


(2) 
T, (| s Cexpt-at) 


(3) (4) 
The boundary functions II; (x, n+) and II; (x, y) are defined in a similar 
way. 


B. Corner Boundary Functions 
(1) 
Note that the boundary functions II, (x, 9), compensating for the dis- 
crepancy in the boundary condition on the side y = 0, introduce addition- 
al discrepancies in the boundary conditions on the sides x = 0 and x =a. 
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These discrepancies are essential in the vicinities of the corner points 
(0, 0) and (a, 0) and, according to (7.5), they decay exponentially as 7 
(2) 


increases. Similar discrepancies are introduced by the functions II, (£, y) 
in the boundary conditions on the sides y = 0 and y = b, by the functions 
(3) 
II; (x, n) in the boundary conditions on x =0 and x 2a, and by the 
(4) 

functions II; (£., y) in the boundary conditions on y =0 and y =b. 

To compensate for these discrepancies we introduce corner boundary 
functions. One corner boundary function must correspond to each of the 
vertices of the rectangle, and therefore P contains terms of four types: 


GQ) (2) G) (4 
Po Per ae ee 


A {(1) (2) (3) (4) 
"2 P (eq) + P (éns) + P (Ex, na) + P (£,,)) 


(1) 
The functions P;, for example, are needed to compensate for the 
(1) 
discrepancies introduced by the II-functions in the boundary condition 
2 


) 
along x = 0 and by II-functions in the boundary condition on y = 0. The 
1 


equation for the functions P |(£, 7) can be obtained from the original Eq. 
(7.1) [more precisely, from the homogeneous equation corresponding to 
(7.1)] in a standard way. We have to introduce the new variables £ = x/e, 
7 — y/e, expand the coefficient k/(s£, en) into a power series in e, and 
equate coefficients of like powers of € on both sides of the homogeneous 
equation corresponding to (7.1). This leads to the following equations 
(501.2, eJ 


(1) (1) 
ð P, P 


a£? T an? 





, (1) 
- k*(0, 0) P; — p((£, m) $20 7 > 9 (7.7) 


(1) 

Here the functions p,(£, y) are expressed recursively through P (£,m) 
with subscripts j «i, in particular p,(&,7)=90. Since the purpose of 
(1) 

P,(£,m) is to compensate for the discrepancies in the boundary con- 

(1) (2) 

ditions introduced by the boundary layer functions II; and II,, we should 
prescribe additional conditions for (7.7) in the form 


(1) (1) (1) (2) 
P (0,2) = — II, (0, 7) P (é,0) = — II; (£, 0) (7.8) 
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(1) 
Further, we demand that the P -functions tend to zero when either of the 
boundary layer variables tends to infinity. 


(1) 
P(£q)0 as (£*99« (7.9) 


Solutions of problems (7.7)-(7.9) can be successively expressed in 
explicit form using a Green's function. Consider the problem for 


P 4(£,m), that is, Eq. (7.7) and the boundary conditions (7.8), (7.9) with 
i — 0. By virtue of expressions (7.4) and (7.6), the boundary conditions 
(7.8) can be rewritten as 


(1) (1) 
P,Q(0,9)—-qexpt-kn) — P,(&,0)—-qexp(-Kk£] 


where g=u,(0,0) and k=k(0,0). Introducing the new dependent 
variable v by the formula 


(1) 
Po(£m)-qexpi-k(£ +n)} *v(£m) | £20  Á m0 (7.10) 
we obtain the following problem for v(£, 1): 


2 2 

“8 43 v= -gkexp{-kK(E+n)} £20 n>0 
05 m 
v(0,m)=0 v(E,0)=0 v(&n)>0 as (E+n)>& 


The solution of this problem has the form 
v(£,m) = — f | G(£. m, Šo» n,)qk exp( — k(& + 19)} d£, dno 
Here 


1 
G(£, N, £o; No) = ^m [Ko(KR,) + K,(kR,) a K,(kR;) iu K,(kR,)| 


is the Green's function, with K,{z) being the Bessel function with 
imaginary argument, 


R,-V(£-&yY +(-m) | R;-V(£* &) + (nm 
R,= V(E-&)° + (Y R,= V(E+&)° + (n n 
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To estimate v(£, »), we will use a rough but adequate estimate of the 
function K,(z) for z ^0 


0 « K,(z) = C(lIn z| + 1) exp{—z} 


where C >0 is a constant. This estimate follows from the asymptotics of 
K,(z) for small and large z. We also use the inequality Kj(z,) = Ko(z,) for 
z, 2 2,. Then we have 


1 
G(£,m, £y, n) = Ky(kR,) = C([In R,| + 1)exp{—kR,} 
Taking into account the inequality 
R, = V(£- &) + Qm) = sé &l + nil) 


we obtain 


DEC Sa k 
|v£, n)| = | | C(|In R,| + 1)exp] - Ék} 
k 
exp| - 4 (l£ — &| + In — ml) — k( éo + «)] dé, dn, 


It can be easily seen that 


k 
-406- Sol + m = no) = K(& tm) = -alé +n) 


for any a such that 0< oa = k/4. Finally, taking into account the in- 
equality 


| | (lin R,| + Dexp| - LR dé, dm C 
we obtain the estimate for v(£, n): 
lu(é,n)| s C exp(-o(£ + m) 
It follows from (7.10) that P o( ë, 7) satisfies the same estimate 


Pien <C expla £ + 9) (7.11) 


(1) 
For the other functions P ,(&,7) (i = 1) this estimate can be shown easily 
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by induction. For P (E, D we have Eq. (7.7), where the right- us side 


depends linearly on the P ¡(£ n) with j <i. Consequently, if the P (én) 

for j <i satisfy estimates of type (7.11), the same bound will hold for 

p; (£, n). But then, following the steps inen above, an estimate, similar 
(1) 


to that for P(E, 7), can be obtained for P (En). (1) 

Note that, due to the estimate (7.11), the functions P,(é,7) are 
significant only in some small vicinity of the corner point (0, 0) of the 
rectangle Q. These functions vanish exponentially as their arguments 
move away from the point (0,0). This explains the name of these 
functions—corner boundary functions. 

In what follows it is convenient to introduce the following: 


(1) 
Definition. We will say that the P -functions are defined by the operator 


2 2 


ERE: 
L,-—3;*—;-K(0,0 


and the boundary conditions (7.8), (7.9). We will call L, the boundary 
layer operator in the vicinity of the vertex (0, 0). 
r 


The other corner boundary functions P, (€ =2,3,4), playing an 
important role in the vicinities of the other vertices of the rectangle Q, 
are defined analogously and satisfy exponential estimates similar to 
(7.11). 

The following statement holds: 

Series (7.3) is an asymptotic series for the solution u(x, y, €) of problem 
(7.1), (7.2) in the rectangle Q as € 0. 


C. The Role of First-Order Derivatives 


Equation (7.1) does not contain first-order derivatives. The boundary 
layer structure of the asymptotics may change substantially if terms with 
lower order derivatives (even with small factors multiplying them) are 
added to Eq. (7.1). As an example, consider the equation 


ð 
e? Au — "A(x, y) gy — KG Yu = f(x, y, e) 


in the rectangle Q=(0<x<a)x(O<y<b), with the boundary con- 
ditions (7.2). Here, in comparison with (7.1), the term e^ A(x, y)(du/dy) 
is added. For a =1 the asymptotic structure of the solution is similar to 
that described in Sections VII. A and B. In the case 0o « 1, however, 
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the boundary layer operators in the vicinities of the sides y = 0 and y = b 
as well as near the vertices of Q change substantially. Their form now 
depends on the sign of the coefficient A(x, y) on these sides. Let 


A(x, 0)>0 A(x, b) >0 


and a = 5. In this case, the asymptotic expansion is a series in powers of 
(1) 


Ve. The boundary layer functions II, (x,7) in the vicinity of the side 

y 70 depend on the new variable 7 — y/ Ve and are defined by the 

boundary layer operator ~—A(x,0)(a/dn) — k/(x, 0) (90) and the 
(1 


boundary condition II; (x, 0) = —u,(x, 0), where u,(x, y) are the regular 
terms of the asymptotic solution. The boundary layer functions 


(3) 
II; (x, nx), with ns = (b — y)/e^", near the side y = b are defined by the 
boundary layer operator 


2 


ð ð 
pe + A(x, D) Ts (ns > 0) 


(3) 3) 
and the boundary conditions II, (x, 0) = —u,(x, b), li, (x, ©) — 0. 

We see that the boundary layer operators in the neighborhoods of the 
sides y — 0 and y — b are different from those of Section VII. A. Another 
distinguishing feature of this problem is the presence of boundary layer 
variables with different scales. Near the side y=0 the variable y is 
stretched by Ve and near the side y — 0 it is stretched by e^". 

In the vicinities of the sides x - 0 and x=a the boundary layer 


operators do not change. For example, the boundary functions II; (£, y) 
(é = x/e) near the side x = 0 are defined as before, by the boundary layer 
operator 


5 4 
— ek (0; 0 
o£? (0, y) (6 ) 
(2) (2) 
and the boundary conditions IT, (0, y) = —u,(0, y), II, (œ, y) 7 0. 
Substantial changes take place in the corner boundary layer operators. 
1 


Corner boundary functions P,(é,7) near the vertex (0,0) are now 
defined by the parabolic operator 


2 


a a 
pe? 40,0) 5, - FO, 0) (€>0,n>0) 
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and the boundary conditions 


(1) (2) (1) (1) 
P (€,0) = — II; (£, 0) P (0,) = — II; (0,2) 


A similar parabolic boundary layer operator appears in the vicinity of 
the vertex (a, 0). 

Two types of corner boundary functions appear near each of the 
vertices (0, b) and (a, b). Let us consider them, for example, for the 
vertex (0, b). Corner boundary functions of the first type [we will denote 


them by R,(£,2.)] are defined by the ordinary differential operator 


a? à 
— + A(0, b) —— 
z (0, b) - 


" 3 (n+ > 0) 
* x 


(2) (2) (1) 
and the boundary conditions R,(£,0) = — II, (£, b), R,(é, ~) =0. They 
introduce a discrepancy in the boundary condition at x =0. Corner 


Q) 
boundary functions of the second type P ,(Z,n«), (£ ^ x/e^^) are defined 
with the help of the elliptic operator 


2 


D 5 Lam pete eoii 
oc? an? >) ons T 


and the boundary conditions 


(2) (2) | ir (2) | 
P i£, 0)-0 P ((0,m«) = E II; (0,04) + R (0, n.) 


(2) 
Pí(éu.) 250 as (étmo-o 


All the boundary functions satisfy exponential decay estimates of type 
(7.5) and (7.11) with respect to the pomiary layer an 


Note that the corner boundary functions P o(€,7) and P (ë, 1) have 
unbounded second derivatives NE D DM to 7 in the vicinity of the point 


(0, 0). [Likewise for the functions P (£s, m), ¿=0, 1 in the vicinity of the 
vertex (a, 0).] These second derivatives enter the right-hand sides of the 
1 (1) 


equations for P, and P,, respectively. In turn, the second-order 
(1) (1) 
derivatives with respect to 7, of the functions P, and P , having higher 


order singularities, enter the right-hand sides of the equations for the 
subsequent terms of the asymptotics. Thus, the order of the singularities 
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(1) 
of the P-functions grow in proportion to the serial number of these 
functions. This does not permit the use of the iterative process for 


(1) (4) 
defining the functions P, (as well as P,) beyond the first step. If we 
restrict the asymptotics to terms of only zeroth order, then their sum will 
give a uniform asymptotic approximation of the solution in Q with 
accuracy of order ve. 

If we exclude some small (but fixed as e — 0) vicinities of the vertices 
(0, 0) and (a, 0), then in the remaining part of the rectangle Q, the n-th 
partial sum of the constructed expansion gives an approximation to the 
solution with an accuracy of order e" * ^. 


D. Parabolic Equations 


Singularly perturbed parabolic systems of equations of the type 


€ A a Au) = f(u, v, x, t, €) 


25 (7.12) 


ar T P Av = Blu, v, x, t, £) 


appear naturally for describing chemical reactions with diffusion. Here 
X —(x,,x,,x4) is the three-dimensional spatial variable, t is time, the 
components of the vector functions u and v are the concentrations of the 
reacting substances. The small parameter & is a quantity inversely 
proportional to the constants of the fast reactions. Systems of similar kind 
appear also in some other applied problems. We will consider the con- 
struction of an asymptotic expansion in e for the solution of the boundary 
value problem for (7.12). To simplify the description of the algorithm, we 
will restrict our study to the case when the slow variables are absent (1.e., 
the second equation in (7.12) will be omitted), and x is the one- 
dimensional spatial variable. Further, for convenience, let us denote the 
small parameter in front of the derivatives by &^. Thus, we will consider a 
system of equations 


(2 — a(x, t) EE) = f(u, x, t, €) 


where u is an m-dimensional vector-function, subject to the initial 
condition 


u(x, 0, €) = g(x) (7.14) 
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and Neumann boundary conditions 
ðu Ju 
3x © t, e) =z (55 £)-0 (7.15) 


(such boundary conditions are common in problems of chemical kinetics). 

Let the following conditions be satisfied: 

Condition 1?. The functions a(x,t) 20, f(u,x,t, €), and q are suffi- 
ciently smooth (they should be n +2 times continuously differentiable to 
enable us to construct the n-th order asymptotics), and conditions (7.14) 
and (7.15) are matched at the corner points (0,0) and (1,0) of the 
rectangle Q: e'(0) = ¢'(1) — 0. 

Condition 2. The reduced equation f(u,x,t,0)=0 [obtained from 
(7.13) for € — 0] has a solution u, = u,(x, t) in the rectangle Q = ((0 x = 
1)x(0ztz T)). 

Notice that (because of the nonlinearity) this equation may also have 
other solutions. 

_ Condition 3°. All the eigenvalues A((x, t) ((—1,..., m) of the matrix 
f, Qo t) =f, (gx, t), x, 1,0) have negative real parts: Re Aj(x, t) «0, 
(x, t) € 0. 

Condition 4°. The solution T1,(x,7) of the initial value problem (x 

enters as a parameter, 0 =x x 1). 





all, . 
27 = f (u(x, 0) + IH, x, 0, 0) TO 


2 (7.16) 
M, 0) = p(x) — u(x, 0) 


exists for T =Q and satisfies the condition Il (x, o») = 0. 

Condition 4° implies that the initial value (x) — d(x, 0) belongs to the 
domain of attraction of the rest point Il, =0 for Eq. (7.16). This rest 
point is asymptotically stable by virtue 3°. 


E. Construction of an Asymptotic Expansion for the Parabolic Problem 


Under conditions 1°—4°, we construct an asymptotic solution of (7.13)— 
(7.15) in the form 


u=ut+iIl+Q+Q*+P+P*= 
=o E'[Z,x, t) + U(x, 7) + QC 0 + O* (Ex, t) + 


+ PE, 7) + PT (£s, 7)] (7.17) 
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Here 7 = tle’, = xe, £y = (1— x)/e are boundary layer variables; i4; are 
coefficients of the regular series, II,,Q,,Q% are the boundary layer 
functions describing the boundary layers in the vicinities of the sides t = 0, 
x — 0, and x = 1, respectively. The corner boundary functions P; and P* 


are needed to describe the boundary layers near the vertices (0, 0) and 
(1, 0). 

Let us substitute the series (7.17) into Eq. (7.13) and change the 
right-hand side f(u + II+ Q + Q* + P+ P*,x,t, £) into an expression of 
type (7.17) 


f*Ilf- Qf * Q*f 4 Pf & P*f (7.18) 
where 
f=fli,x,t,e)  Nf-lfi +N, x, no -fll 
Qf- |fà +Q, x,t, e) - f]... 
Pf - [f(à + 1+ Q + P,x, te) - Mf — Qf - f]... 
x-—-t&É 
Q*f and P*f are similar to Qf and Pf. Now, expanding the terms of 
(7.18) into power series in e and equating coefficients of like powers of £ 
separately for the regular functions and for each type of boundary 
function, we obtain equations for the terms of the asymptotic expansion. 


Additional conditions are obtained by substituting (7.17) into (7.14) and 
(7.15). This gives 


u(x, 0, €) + IH(x, 0, ©) = o (x) (7.19) 
QC, 0, €) + P(£,0,2) -0 |. Q'(£,,0, 6) + P*(Ex,0,€)=0 (7.20) 
ou 1a ou 1 9Q* 
Konat (0,1, 6) - 0 Tand- 5 -(0,5,2)-0 
(7.21) 
all 1 oP 1 oP* 
x (9,758) + V ag (0,7, 5) = 0 ax (587 Var, Ct £)=0 
(7.22) 


For u(x,t) we obtain the equation 


f= f(a, x, t,0) =0 


which coincides with the reduced equation. Hence, à, = u(x, t). For &, 
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(i z 1) we have linear equations of the type 


fax, DU; = fi, t) 


where the f;(x, t) are expressed recursively through the d (x, t) with j <i. 
Therefore, ù, — f, (x,t)f(x, t). Note that f,'(x,t) exists by virtue of 
condition 3°. 

For II,(x,7) we obtain the equation (x enters as a parameter, 0 = 
x= 1) 





all, | 


= = Uf =f (Th, 0) + Mo, x, 0,0)  rz0 


with the initial condition 
Ho&, 0) = p(x) — uak, 0) 


This condition follows from (7.19). The problem for II)(x, 7) evidently 
coincides with problem (7.16) from condition 4°. The following exponen- 
tial estimate holds for II,(x, 7) by virtue of 3° and 4°. 


|II5Gc, 7)|| = € exp{—ar} (7.23) 


Subsequent II,(x,7) (; 2 1) are defined as solutions of the linear initial 
value problems 


= = f(x, 7)H, + m(x, 7) II;(x, 0) = —u,(x, 0) (7.24) 


where 
f(x, T) =f, (u(x, 0) + I(x, 7), x, 0, 0) (7.25) 


and the a,(x,7) are expressed recursively through II,(x,7), j « i. We will 
use the notation P(x, 7) for the fundamental matrix of the corresponding 
homogeneous equation [O(x,0) — E, the identity m x m — matrix]. By 
virtue of condition 3°, the following estimate holds: 


(x, T) (x, 79)|| = C exp( - a7 — 7)) 


0x1  0zm«zr 


(7.26) 


By using this estimate and the explicit expression for II;(x, 7), which has 
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the form 
IL(x, 7) = ^ o(x, 7)u,(x, 0) + | D(x, T) p (x, ToT X, To) dro 
0 


it is easy to prove by induction that all of the II-functions satisfy an 
exponential estimate of type (7.23). 

For Q4(£,ft) we obtain the equation (t enters as a parameter, 0 x 
Ux T) 


9^Q, 
a£? 


with the boundary condition 





~a(0, t) = Oof = flu, (9, t) + Qo, 0, t, 0) £z0 


ðQ 
ay t) =0 


This condition follows from the first relation (7.21). We will also impose 
the second boundary condition 


Qo, f) -0 


Then Q,(£, t) = 0 and for Q,(£, t) (i z 1) we obtain linear boundary value 
problems of the type 





vO, . 
-«0.0 5 = 10.09, +E D (27) 
ðQ; OU, _ 
wr 0-—-3, 0. Cle = 0 (7.28) 


where the q;(¢, t) are expressed recursively through Q (é, t), j « i. The 
roots of the characteristic equation for (7.27) are 


-V-A,0,7/a(0,) | k-1,2,...,m 


where A, (x, t) are the eigenvalues of f, (x, t). By virtue of condition 3° m 
roots have negative and m roots have positive real parts. Therefore the 
homogeneous equation corresponding to (7.27) has m exponentially 
decreasing and m exponentially increasing solutions as é—>œ. This 
establishes the unique solvability of problems (7.27), (7.28). The solu- 
tions can be found successively in explicit form to arbitrary order by 
transforming the matrix f ,(0,t) to Jordan canonical form. All these 
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functions satisfy the exponential estimate 


[Q:(£, || = € exp - o£) 


The functions Q7(£«, t) are defined analogously to the Q functions and 
satisfy a similar exponential estimate. 

As in the case of elliptic equations, corner boundary functions P,( €, 7) 
and P*(£.,7) are needed to compensate for the discrepancies introduced 
by the II-functions in the boundary conditions at x = 0 and x = 1, as well 
as by the Q- and Q*-functions in the initial condition at t= 0. Equalities 
(7.20) and (7.22) reflect this role of the corner boundary functions. The 
initial and boundary conditions for P, and P* can be found from these 
equalities. Further, we demand that the P-functions approach zero as 
each of the boundary layer variables tends to infinity. 


For P4(£, 7) we obtain the following problem: 


aP,  aP, 
op n a£ 2 





= Pf = f(us(0, 0) + II,(0, 7) + Po, 0, 0, 0) 
— f(ug(0, 0) + II,(0, 7), 0, 0, 0) £20 7>0 
aP, 
P(£,0)=-Q(£,0)=0 (0,7) =0 


where a = a(0, 0). It can be easily seen that the unique solution of this 
problem is trivial: P4(£, 7) - 0. For P,(£,7) (iz 1) we have the linear 
problems 


ôP, ôP, 
COP. MT aou T)P, = pi(&, 7) 


(7.29) 





aP, oll, , 
PE, 0) Tm -QK(£, 0) EA (0, T) BA ox (0, T) 


where f,(0,7) is defined by (7.25), and the p,(é,7) are expressed 
recursively through IL, Q, (j =i) and P, (j « i). Notice that the initial 
and boundary conditions for P,(£,t) are matched at the corner point 
(0, 0), that is, (0Q,/d€ )(0, 0) = [(aII; ,/(ax)](0, 0). This follows from the 
equalities 


a0, ail, 
ca; (0,0) = - Ge (0,0) 


[see (7.28)] and I,_,(x,0)=—w,_,(x,0) [see (7.24)]; for i=1 the 
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condition 9'(0) — 0 should also be taken into account. The functions 
P.(&, 7) can be found in the explicit form 


P(E, 7) = g|(£, jt] f G(£, 7, Eos Thi (£o, To) déo AT 


where g(£,T) is an arbitrary sufficiently smooth function satisfying 
conditions (7.29), for example, 


g(&, 7) = —O,(E, 0) NM 





I, Din 1 
- [20 0,1) — + (0, 0) exp{-a7) | Žexp{-at) 


Bi y L 


h(£,7) - p(&7) a P; tf. (0, 7g; 


G(£, T, £j, To) is the Green's matrix which has the form 


1 
G(£, T, Eo» To) = (0, 7) (0, 7) 2Vma(r — r) 


E E Ced ds (Et &) 
P| 4a(0- 79] OPU 4a(r — n) 
(0,7) is the same fundamental matrix as in (7.26). By virtue of 
inequality (7.26) the following estimate for the Green's matrix holds: 


C 
IGE, T, tos = VTT, exp(-a(|£ - &| * 7 =T) 


By using this estimate it is easy to prove that all of the P-functions satisfy 
the exponential estimate 


| PC, 7)]| = C exp{—a(é + 7)) 


The functions P*(£.,7) are defined analogously to the P-functions and 
satisfy a similar estimate. 

Thus, we have completed the construction of the series (7.17). 

It can be proved that 


Under Conditions 1°-4° and for sufficiently small £, problem 
(7.13)-(7.15) has a unique solution u(x, t, €), and the series (7.17) is 
an asymptotic expansion of this solution in the rectangle Q as £ — 0. 
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In a similar way an asymptotic solution can be constructed for the case 
of system (7.12) containing both fast variables (function u) and slow 
variables (function v). However, the addition of the slow variables leads 
to a situation where the asymptotics can be constructed only to the 
zeroth- and first-order approximations. This is related to the fact that the 
initial and boundary conditions for the function v,(x, t) [the coefficient of 
e^ in the regular series for u(x, t, €)] are not matched at the corner points 
(0, 0) and (1, 0). As a result, the function 0,(x, t) is not smooth in Q. The 
derivatives du,/dt and 9^v,/óx^ are unbounded in the vicinities of the 
corner points (they have a singularity of order 1/Vt). The order of the 
singularity grows with each step of the iteration process for defining 
the terms of the asymptotic expansion, and this does not allow us to use 
the algorithm described above beyond the first step. 


F. Other Problems with Corner Boundary Layers 


The method of corner boundary functions is well developed also for 
equations of hyperbolic type [29], for systems of elliptic equations [30], 
for systems of parabolic equations [31], for partial differential equations 
in the multidimensional case [32], as well as for difference equations [33]. 
This method works successfully for a variety of applied problems. 


G. Nonisothermal Fast Chemical Reactions 


Consider a nonisothermal chemical reaction where one molecule of 
Substance A transforms to one molecule of Substance B. In the case of 
one spatial dimension and in the presence of diffusion and thermal 
conduction, the process is described by the system of parabolic equations 
(see [34]) 


ðu ðu f E l 

af Pan PRTI" 

QU 97v E 

Or Dg me ko exp] = hu (7.30) 


9T AGT dk, E 
at cp ax cp CPU RTJ” 


Here u(O0Su=1) and v(0xv-1) are relative nondimensional con- 
centrations of Substances A and B, T is the absolute temperature, D, 
and D, are the diffusion coefficients of Substances A and B, kọ is the rate 
constant of the reaction, E is the activation energy, R is the universal gas 
constant, A is the thermal conductivity coefficient, c is the specific heat 
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capacity, p is the density of the medium in which the reaction occurs, and 
q is the thermal effect of reaction. We assume that all of these quantities, 
with the exception of u, v, and T, are constant. 

Let the reaction be fast, that is, k, is large. Set kọ = k/e^ where e is a 
small positive parameter, and introduce the nondimensional temperature 
0, time t’, spatial variable x', and constants a, b, a, m, n by the formulas 











t t X 
D, j D, À 
a= = SS. T 
ke? ke? cpk,€? 
_ { - a} Eq 
m — exp RT. n= RT2co ^ 


where T , is a characteristic temperature, for example, the temperature of 
the surrounding medium, and / is the length of the domain in which the 
reaction takes place. In the new variables, system (7.30) has the form (we 
again use the notation f, x instead of t’, x’): 


(s. 2) s 0 |. 

END 4 ar? cirea 1+ Bo M 

2{ 99 9^v B 0 ! 

£ (2 p) =m exp 1355 u (7.31) 


(38. 22) 
E ot ui ax’ 
We will investigate the system (7.31) for 0<t=T under the initial 
conditions 


ul 9 i u (x) Uoc m v (x) 8| <0 =0 (7.32) 
and the boundary conditions 
ou QU 900 
ðx lsz  Ox|e-o Ox "m (7.33) 











These boundary conditions mean that there are no fluxes of mass and 
heat through the boundaries. 

Since the first and third equations of the system (7.31) do not contain 
the function v, we can consider these equations separately. We seek 
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asymptotics of the solution in the form (7.17). Let us construct the 
leading terms of these asymptotics. 
For the regular terms u) and 0, we obtain one equation [it follows 


from (7.31) for & — 0] 
06, |. - 
P11 + Ba, [^ 


Hence, uy = 0, and 4)(x, t) is still unknown. Thus, the reduced system has 
a family of solutions depending on an arbitrary function, that is, we have 
a critical case. This is an important difference between system (7.31) and 
system (7.13), for which the reduced equation has an isolated solution. 

The algorithm for constructing the asymptotics for the solution of 
system (7.31) is in many ways similar to the algorithm for the system of 
ordinary differential equations in the critical case described in Section IV. 

For the first order, we have u, =0, and 6, is an arbitrary function. At 
the next step of the asymptotic algorithm, we obtain (a typical situation 
for problems in the critical case) the equation for the as yet unknown 
function 6,(x, t) 


90, 80 
Sica NEP. 


3t aes 0 (7.34) 
The initial and boundary conditions for 6,(x,f) are defined during the 
construction of the boundary layer functions. 

For the boundary layer functions IL,u(x, 7) and II,@(x, 7) (T =t/e’), 
describing the solution near the initial moment of time, we obtain the 
system 





9IIgu 0, (x, 0) + I150 m 
=_= ———————— u 
m SAPI I+ B(O(x, 0) +1150) J ^ 





911,0 0,(x, 0) + I1,0 IH 
=n EO ooo 
1+ &(6,6,0) - 110) |. °- 


Comparing the right-hand sides of these equations and introducing the 
notation n/m = y, we arrive at the equality 


911,0 — ollgu 
aT l gr 
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Hence, 
II50(x, 7) = —yIlsu(x, 7) + C(x) 


where C(x) is arbitrary. Let us impose the usual condition on the 
boundary layer function at infinity 


II56(x, ©) = IIgu(x, ~) =0 
Then C(x) = 0, and 
II90(x, 7) = —yII u(x, 7) (7.35) 


From the initial conditions (7.32) for the zeroth order, we have the 
following relations 


i, (x, 0) + u(x, 0) = u°(x) 0,(x, 0) + II,0(x, 0) =0 


Taking into account 4, = 0 and (7.35), we obtain initial conditions for 
Iou and 8, 


IIju(x, 0) = u°(x) (7.36) 
ð (x, 0) = yu (x) (7.37) 


By virtue of (7.35) and (7.37), the equation for IIju(x, 7) reduces to 


ou y (u^ (x) — Tu) 
oT 1 + By(u (x) — Mou) 


Since k(x, II,u)>0 for any x and II,u, this equation with the initial 
condition (7.36) has a unique solution for which the exponential estimate 


| Mu = —-k(x, Hulu 


Mux, 7) = Cexp(-a7) (0x1 T Z0) 


holds. The equation for IIgu(x, 7) can be solved implicitly 





LE ds 
u9(x) k(x, s)s ME 


The function [I50(x, 7) is expressed through Il u(x, 7) by (7.35) and 
also satisfies an exponential decay estimate. Thus, the II-functions for the 
zeroth order are defined, and for the as yet unknown 6,(x, t) we have the 
initial condition (7.37). 

The boundary Q, Q*-functions and corner P, P*-functions of the 
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zeroth order are identically zero as in Section VILE. During the 
construction of the first-order Q-functions, we obtain a relation similar to 
(7.35) 


Q,&&6n0--yQw(&t) — &—7 (7.38) 


Therefore, from the boundary conditions (7.33) at x = 0, we have for the 
zeroth order 


9Q,0 


1 = 
T (0, t) 20 


8i, Qu B 96, 
ax (0, t) + ðE (0, 7) - 0 3x (0: t) + 


Taking into account 4, = 0 and (7.38), we obtain the boundary condition 
for (x, t) 








36, = 0) 7.39 
ax (9.8) = (7. ) 


The second boundary condition at x = 1 is obtained analogously 


38 «4 = 0 7.40 
àx (507 (7. ) 


Thus, Eq. (7.34) and initial and boundary conditions (7.37), (7.39), 
(7.40) determine the function 6,(x, t). Solving this problem we obtain 


1 
4.0 = | GG xo, yu) dxo 
0 
where 
G(x, XxX), t)=1+2 > exp{—am’k*t}cos(akx)cos(akx,) (7.41) 
k=1 


is the corresponding Green’s function. 

This completes the construction of the zeroth-order terms of the 
asymptotics. It can be shown that they approximate the exact solution 
with an accuracy of order € 


u(x, t, €) =I1,u(x, t/e^) + O(e) 
A(x, t, €) = 6,(x, t) + T1,0(x, t/e”) + Ole) 


Now it is easy to find the zeroth-order asymptotics for the function 
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u(x, t, €). From (7.31) we have for II,v the relation 


llay sa gu 
dr ðr 





Therefore, taking into account the condition at infinity, we obtain 
II ,v(x, 7) = —I u(x, 7) 


The functions Qv, Qğv, P,v, Pv are identically zero. For 0g(x, t) we 
obtain the problem 





Wy) | Uy 
ot 7 b ax? 7 0 
" 0 0 0 9Uo 
Ug(x, 0) =u (x) - Hv, 0) =u (x) + u (x) SE nes 0 
x-1 


Its solution is 


Ug (x, t) = f G(x, Xo, t)[v (xo) T u (xo)] dx, 


where G(x, xo, t) has the form (7.41) with « replaced by b. 

The above zeroth-order approximation allows us to find such charac- 
teristics of the reaction as the temperature distribution and the typical 
time of the process. In particular, the maximal temperature of the 
reaction mixture is expressed by the formula 


2 2 


RT = RT 
Tay = Tx m max bx, t)= Ts + E n y max u" (x) 


max 


For the singular perturbation analysis of some other chemical kinetics 
problems in the critical case see, for example, [35]. 


VIH. CONTRAST STRUCTURES IN PARTIAL DIFFERENTIAL 
EQUATIONS 


A. Step-Type Solutions in the Noncritical Case 


Contrast structures of step type and spike type were considered in Section 
V for ordinary differential equations. In this section, we construct 
asymptotics for step-type and spike-type solutions of partial differential 
equations. 


140 V. F. BUTUZOV AND A. B. VASILIEVA 


Consider the equation 
e^ Au = f(u, x, y) (x, y)EQ (8.1) 


with the Dirichlet boundary condition 


ulsa = g(x, y) (8.2) 
Here 
à g 
Ame 
ax? ay? 


is the Laplace operator, Q is a bounded planar domain. The functions f, g 
and the boundary ðQ are assumed to be sufficiently smooth. We construct 
the asymptotics of contrast step-type structure for this problem. 

A contrast step-type structure is defined (analogously to Section V) as 
a solution of the (8.1), (8.2), which is close to the distinct solutions 
€, (x, y) and ¢,(x, y) of the reduced equation 


flu, x, y) =0 (8.3) 


on different sides of some closed curve I located inside Q, and thus, the 
interior transition layer occurs in a small vicinity of the curve I’. The 
location of the curve I’ is not known a priori, it is defined during the 
construction of the asymptotics. 

Condition I. Let Eq. (8.3) have three solutions u = p(x, y) (i = 1, 2, 3) 
such that 


a. p(x, y) € ex, y)<¢9,(x, y) for (x, y) eQ— Q * 90 and there are 
no other solutions of (8.3) in the intervals (q,, «,) and (p>, ¢;). 
b. Alax, y), x. y) 0, i 1,3; f. (ox, y), x, y) «0 for (x, y) EO. 


It follows from this condition that for each fixed point (x, y) € Q the 
graph of the function f(u, x, y) has the same form as in Fig. 6. 
We introduce the function J(x, y): 


e3(x. y) 
I(x, y)- flu, x, y) du 
ey (x,y) 
Condition II. Let the equation I(x, y)=0 define some closed smooth 
simple curve Y, located inside XY and let 
ð 
5 1 y)#0 for (x, y) € I, (8.4) 


where 0/dn is the derivative along the normal to [). 
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A case where condition (8.4) holds is said to be noncritical. In a 
critical case I(x, y) =0 for (x, y) € €. Such cases are discussed in Section 
VIII.B. 

The curve T, is the main “term” in the asymptotic representation of 
the above curve I’. We define the location of l by the condition 


u(x, y, €) = p(x, y) for (x, y) €r (8.5) 


The curve F (as yet unknown) divides the domain 2 into two subdomains: 
Q, (interior to T) and Q, (exterior to DI). 

The following condition is a standard one that is necessary for the 
construction of boundary functions. 

Condition III. Let 


| flux, ydu>0 for EAM selak, y), gey) 


p(x, 


Under conditions I-III, we seek an asymptotic expansion of the 
solution in the form 


ü + Q'= a e" [u. (x, y) + QLC, 0)] 
for (x, y) € 0, 


u(x, y, £) = 
u^ + Q^ *II- À e [uz (x, y) + Qr, 0) + ICP, €)] 


for (x, y)€Q, 
(8.6) 


Here a@,, 4; are the regular terms of the asymptotics, Q; and Q% are 
transition layer functions, and IJ, are boundary functions. The variables 
p.f are defined in an analogous way to that in Section VI.B. The 
variables 7, 0 are introduced as follows. First we introduce new (local) 
coordinates (r, 0) in the vicinity of the curve I, similarly to the intro- 
duction of local coordinates (r, @) in the vicinity of ðQ (see Section VI.B): 
0 plays the same role as f (we assume that 0 = 0 —- 27), r is the distance 
from given point M to the curve I, along the normal to T, with a plus 
sign if M EQ; and with a minus sign if MEQ.. 
We seek an equation for I in the form 


r= (6, €) = Eà (0) + &'A,(0)  --- 
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where the functions A,(0) must be found during construction of the 
asymptotics. Then we introduce the transition layer variable 


. r — A(0, €) 
B € 


The operator £° A in terms of the new variables 7, 0 has the form 


2 


ð oo 
ef A-(1* &€a)—; 4 2, eL 
OT j=l 


where a =a(et,0,¢) is a known function, L, are linear differential 
grees containing the differentiations 0/907, 3/30, 9^/80^; for example, 
= k(0)(0/27) and k(@) is a known function. 

“Tet us substitute series (8.6) into Eq. (8.1) and change the right-hand 
side f into an expression of type (8.6): fi +a f for Q, and f* + Q*f + If 
for Q, (see Section VILE). Now, expanding f'', Df into power series 
in € and equating coefficients of like powers “of € separately for the 
regular terms, the transition layer functions and the boundary functions, 
we obtain equations for the terms of the asymptotic expansion of the 
solution. 

For u(x, y), we have the degenerate equation: 


fluo, x, y) - 0 
We choose 


== p(x, y) for (x, ye, 


Uy = Uy = (x, y) for (x, y)EQ, 


Then it is very simple to find subsequent terms of the regular part of the 
asymptotics, for example 


“,=a°=0  ül-f.(e.x,y)Ae  U$-f, (ex y) Ag, 


For Qi (7, 8), Q(t, 09) we obtain the following problems [the functions 
v(x, y) and f(u, x, y), after changing the variables (x, y) to the variables 
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(r, 9), are denoted by ¢,(r, 8) and f(u, r, 8)] 


2 ^i 





TES = (e (0,0) + Qi, 0,6) T0 (8.7) 
Q,(0, 6) = 9,(0,0)- (0,0) | Qu(*9,0)-0 (8.8) 
she = f(e,(0,0) + Q5, 0, 6) T<0 (8.9) 
QQ(0,0) 290,0) 09,000) Q(>, 0)=0 (8.10) 


Here 0 enters as a parameter. The first conditions in (8.8) and (8.10) 
follow from (8.5). The systems (8.7), (8.8), and (8.9), (8.10) are similar 
to (5.7), (5.8) and (5.10), (5.11). 

Let us introduce the function 


p,(0, 0)  Q$(r, 0) T=0 


nue iex 0)*Qi(0) 7=0 


For this function we obtain the following problem from (8.7)-(8.10) 
26 g 
0 Y = f( Qo, 0,0) ML a 


" " (8.11) 
Q,(0, 0) = p (0,0) Q,(—-%, 8) = 9, (0, 8) Q,(~, 0) = e, (0, 6) 


It follows from the conditions I-II that for each fixed 0 in the phase plane 
(Q,. 9Q,/àr) of Eq. (8.11) there is a cell: the saddle points (0, ¢,) and 
(0, p) are connected by separatrices [see Fig. 7(c)]. Thus, problem (8.11) 
and, hence, problems (8.7)-(8.10) are solvable. The functions Q% and Q% 
satisfy the exponential estimates 


IQ». 0) = C exp{—ar} |O5(7, 8)| = C exp{ar} (8.12) 


As before, C and a denote some suitable positive constants independent 
of £. Note that 


2; ewe a0 À o, 9) = 29 








(0, 8) 


that is, the derivatives of the zeroth approximation are matched on the 
curve I. 
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For Q1(r, 0), Q1(r, 0) we have the problems 


aa’ 


ar? 





-f(0)0)*fií(0) v0 
i dg; , 
Q1(0,8) = —A, (0) = (0,0) Qi(*»,0)-0 


320: I 
— f.(r, 9)Q1 + fils, 0) T«0O 


ar’ 7 


(8.13) 





e OY, e 
Q1(0,0)- 46) 57(0,0)  Oi(-», 4) =0 


where 


fi- [1e 2 (0,0) £60) ]e «A 0» - e) = 


fi has a similar expression with o, changed to ¢,, f,(7, 0) and f(z, 8) are 
calculated at the point (Q,, 0, 8), k(0) is a known function entering the 
expression for the operator L, (see above). The solutions of these 
problems can be represented in explicit form using the function P(r, 0) = 
(8Qj,/àr)(r, 0). Write, for example, the expression for Qj 


IP 2] 
ap (0,0)b (0,0)0(7,0) 





Qi(r,0) = -A,(0) 
-4(,0)| e. 0) $ (o, 0)fi(o,0)do dë (8.14) 


The matching condition for the derivatives of the first approximation 
gives the equality 


de, yer _ 89, aQ; 
or (0, 8) + OT (0,8) — or (0,8) + ar (0, 8) 





By using (8.14), and an analogous expression for Q{(7, 0), we can reduce 
this equality to the form 


OQ, -1 * 
795 (9,9) - 2 (9,9)  & (0,6) | (656.6) dr - 0 


Next, using the expression for f,(7, 0), which is equal to f1(7, 0) for 7 z 0 
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and is equal to f (7, 0) for 7 =0, after some transformations we obtain 


the equation 
ð e»(r.8) 
=| a f(u, r, 8) du 
iV; 


= |. [k(0 D(z, 8) — f(t, 6) rt] D(z, 8) dr (8.15) 





à (0) — 


r 


The coefficient in front of A,(0) is the derivative (8/8n)I(x, y) for (x, y) € 
I, from condition (8.4). Since this coefficient is not equal to zero, A,(0) is 
defined uniquely from Eq. (8.15). All the known functions entering 
(8.15) are 2m periodic with respect to 0, therefore A,(0) is also a 
2 -periodic function. | 

In a similar way, the transition layer functions Q;, Q; can be found 
successively for k =2,3,.... While finding them, the A,(0) (k —22,3,...) 
are determined. All of the functions Q}, Q% satisfy estimates of type 
(8.12). 

For the boundary function II,(p, €) we have the following problem, 
where ¢ enters as a parameter (the notation for the functions f, o, g in 
terms of the variables p, / is analogous to the notation in terms of the 
variables 7, 0) 


2 





Il 
wi fe £) * Ii, 0, €) p>0 


IT,(0, €) = g(0, €) — (0, 4) Hœ, €) =0 


By virtue of condition III, this problem has a unique solution and 
Il, (p, €) satisfies the exponential estimate 


IIHIs(p, €)| = € exp{—ap} (8.16) 


The following II,(p, €) (k — 1,2, ...) are defined similarly to Q,(7, 0). 
Formulas analogous to (8.14) may be obtained for II,(p, €). All the 
II, (p, €) satisfy estimates of type (8.16). 

As was described in Section VI.D all of the functions Q}, Q;, II, must 
be multiplied by smoothing functions. 

Set 7 = [r — (eà (0) +--+ +e" *4,,,(0))|/e and denote the n-th partial 
sum of the series (8.6) by U,(x, y, £). It can be proved that 


Under ccnditions I—III for sufficiently small e, problem (8.1), (8.2) 
has a step-type solution u(x, y, €) for which the series (8.6) gives an 
asymptotic expansion in the domains Q, and Q, as e— +0, that is, 
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the following estimate holds: 


max lu - U,| = O(e"*!) (8.17) 


It follows from this statement that 


lim u(x £) = p(x, y) for (x, y) E 0; 
150. she? o, (x, y) for (x, y) € 0, 


This result was first obtained in [36]. Its proof is very complicated. The 
estimate (8.17) was obtained in [37] by another, simpler method. 

Remark: If instead of the Dirichlet boundary condition (8.2) we have 
the Neumann boundary condition 


Ou 


cr om 


the construction of an asymptotic expansion for the step-type solution is 
obtained in the same way. One difference is that IIj(p, €) 2 0 and 
therefore it is not necessary to impose condition III. 


B. Step-Type Solutions in the Critical Case 


Consider again problem (8.1), (8.2). We retain conditions I and III but 
replace condition II by condition IT’. 
Condition II’. 


qax. y) 


I(x, y) = ; f(u, x, y) du =0 for (x, y) e à 


g(x,y 


This case is said to be critical. Now the equation I(x, y) =0 does not 
define a curve I', in contrast to the noncritical case. 

For finding I, (the main term of curve DI), we introduce a polar system 
of coordinates (R,@) with the pole at some point inside Q and we seek 
the equation of I, in the form 


R — R(0) 0-80 2m 


For convenience, we also use the function a(0) 2 R~ '(0). 
As before, we introduce new variables r, 0 instead of x, y in a vicinity 
of I'; and we seek the equation of I in terms of the new variables: 


r= (0, €) = eà (0) + &/A,(0) ^ 


The location of F is determined by condition (8.5). 
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As in the noncritical case, the asymptotics of a step-type solution are 
sought in the form (8.6). The regular terms of the asymptotics are the 
same as in Section VIII.A. The transition layer functions Q.(r, 0) and 
Qo(r.0) are defined as before and satisfy estimates (8.12). For the 
functions Qi(r, 0) and Q1(r, 0) we again have problems (8.13) but now 
the function k(0) in the expressions for f? and f is not known. It is given 
by the following expression: 


o'+oa 


0 teor” 


(8.18) 


where o — o(0) is the as yet unknown function mentioned above. The 
matching condition for the derivatives of the first approximation on Y 
again gives Eq. (8.15). By virtue of condition II' the left-hand side of 
(8.15) is equal to zero. Taking into account expression (8.18) for k(@) we 
obtain from (8.15) the following differential equation for the function 
a(@) 


o" +a mE 
[1 + (oo) J^ 


d. $*(r, 0) dr | j . [. f.(r, 9)rd(r, 8) dr 
(8.19) 


Here ®(r, 0) 2 àQ,/àr, Q,(r, 0) is the solution of problem (8.11). Note 
that the left-hand side of (8.19) is the curvature of T, at the point 
(R(0),80) and the right-hand side of (8.19) is a function of o(8),6. 
Therefore, from the geometric point of view the problem of finding the 
curve TI is reduced to one of determining a curve when its curvature at 
each point is a given function of the point. 

Remark: If the function f depends on e, f= f(u, x, y, €), then the 
function under the integral sign in Eq. (8.19) will be ( £(v, 0)7 + f. (7, 8)) 
instead of f(r, 0)7. 

Condition IV. Let Eq. (8.19), with the periodicity condition o(0) = 
c(0 + 27), have a solution o = o(0). 

Thus, the curve I, is found. 

It can be shown that the matching condition for the derivatives of the 
(k + 1)-th approximation on T' gives a linear differential equation of 
second order for A,(8) (k 2 1,2,...): 


a(8)A7 + b@)AL + c(8)A, = F,(0) (8.20) 


where a(0) — 0, b(@), c(0), F,(0) are known 27r-periodic functions. 
Condition V. Let c(0) « 0. 
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Then Eq. (8.20) has a unique 27r-periodic solution. 

All the functions Q,(7, 0), Q,(1, 9) possess exponential estimates or 
type (8.12). 

The boundary functions II, (p, €) are the same as in Section VIII.A. 

Under conditions I, II', III-V for sufficiently small £, problem (8.1), 
(8.2) has a step-type solution, for which the constructed series (8.6) are 
asymptotic expansions in the domains Q, and Q, as e— 0. 


C. Spike-Type Solutions 


We consider again problem (8.1), (8.2) but now under different con- 
ditions than in Sections VIIT. A and B. 
Condition I. Let the equation f(u,x, y) - 0 have two solutions u = 


ex, y) and u = x(x, y). Let 


a. e(x, y) < x(x, y) for (x, y)€Q and assume that there are no other 
solutions of this equation in the interval (9, x). 


b. f(eGo y), x, y) »0, fx, y) x. y) <0 for (x, y) € 9. 


Condition II. Assume that a function (x, y) exists such that 


w(x, y) 
f f(u, x, y) du = 0 
e(x.y) 


Ja j f(u,x,y)du»0 for (x yy ED, s E(, y), px, y) 


It follows from conditions I and II that for each fixed point (x, y) € Q the 
graph of the function f(u, x, y) has the same form as in Fig. 13. 

We retain condition IH from Section VIII. A, which is required for the 
construction of the boundary functions. Under conditions I-III we 
construct an asymptotic expansion for a spike-type solution or, in other 
words, for a contrast spike-type structure. This is a solution of problem 
(8.1), (8.2), which is close to the solution u = g(x, y) of the equation 
f(u, x, y) * 0 everywhere in the domain © except in a small vicinity of 
some closed curve I' where the solution has a spike. The location of the 
curve [ is not known a priori just as in Section VIILB. This curve is 
defined during the construction of the asymptotics. 

An asymptotic expansion of the spike-type solution is sought in the 
form 


oo 


= > e^ [i, (x, y) + QO,(7, 6) + I1,(p,€)] (8.21) 


k-0 


PERTURBED PROBLEMS WITH BOUNDARY AND INTERIOR LAYERS 149 


where u,(x, y) are the regular terms of the asymptotics, Q,(z, 0) are 
the functions describing the spike of the solution in a small vicinity of the 
curve TI (the spike functions), II, (p, €) are the boundary functions. The 
variables 7, Ó are introduced in the same way as in Section VIII.B: the 
equation of I, (the main term of the curve [) is sought in the form 
R = R(0), where (R, 0) are polar coordinates with the pole at some point 
inside Q, the variables (r, 80) are local coordinates in a vicinity of I. The 
equation for I' is sought in the form 


r = A(0, e) = Eà (0) + &'A,(0) +- 


and finally 7 = (r — A(0, £))/e. The location of l' is determined now by the 
condition 


au) _ 
or m 


which shows that the solution u has an extremum on T along each straight 
line 0 = const. The variables (p, @) are the same as in Sections VIII.A 
and B. 

For u(x, y) we have the reduced equation f(u,, x, y) ^ 0. We set 


Uy T p(x, y) 


The following u,(x, y) (k z 1) are defined explicitly. 
The problem for Q,(z, 0) has the form 





2 = f(¢(0,0) + Q,,0,0) | —«r«o (8.22) 
=, 4) =0 (8.23) 
Q,(—~, 8) = Q,(+~, 0) =0 (8.24) 


Condition (8.23) is obtained from the condition (du/dr)|, = 0. As before, 
the functions g(x, y), f(u,x, y) are denoted by 9(r, 0), f(u,r, 0) after 
changing the variables (x, y) to the variables (r, @). 

By virtue of conditions I and II on the phase plane [Q,, (0Q,/07)| 
of Eq. (8.22) there is a loop on which the extreme right point is 
(0, (0, 8) — 9(0, 0)) (Fig. 18). The upper and lower parts of the loop 
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9Q, 
OT 










Qo 
1 (0,0) - @(0,8) 


Figure 18. Phase plane of Eq. (8.22). 


have the equations 


€(0,8)* Qo 1/2 
$Q» _ =|2 | flu, 0,0) au | (8.25) 


OT (0,8) 


The solution of (8.25) with the + sign for 7 - 0 and the initial condition 
Q,(0, 8) = (0, 8) — 9(0, 8) together with the solution of (8.25) with the 
— sign for 7 x0 with the same initial condition form the solution of 
problem (8.22)-(8.24). It satisfies the estimate 


|O,(7, 8)| = C exp{—a|z|} —00 «T <% (8.26) 
Note that the function R(@) describing the curve F, is not yet known. This 


function is found in the next step by considering the problem for Q,(r, 0) 
which has the form 








T - f (6,8)0, + f 0,8) SELTERS (8.27) 
900, ð 

£ (0,8) =- (0, 6) (8.28) 

Q,(79,0)- Q,(*9,0) =0 (8.29) 


Here 


56.0) - | flr, 6) * (0,6) + £60) |I 601 - 6) =? (7,8) 


f, (7, 9) and f.(7, 9) are calculated at the point (¢(0, 0) + Q,(7, 8), 0,0), 
k(@) is defined by formula (8.18), where 0(9)=R (0), that is, k(@) is 
the curvature of I, at the point (R(0), 0). 

The homogeneous equation corresponding to (8.27) with conditions 
(8.29) has a nontrivial solution P(7, 0) = (dQ,/dr)(7, 0). This fact can be 
obtained by differentiating Eq. (8.22). Hence, for solvability of the 
inhomogeneous equation (8.27) with conditions (8.29), it is necessary 
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that the function f,(7, 0) is orthogonal to the function ®(r, 0) 


r f(z, 98)(7, 8) dr 5 0 (8.30) 


This equation can be reduced to the form (8.19) with (r, 0) replaced by 
(0Q,/dr)(7, 0). 

We retain condition IV from Section VIII.B, which allows us to obtain 
the function o(@) and, therefore, to find the curve I). Since condition 
(8.30) holds, Eq. (8.27) with the conditions (8.29) has a set of solutions 


Q,= Ô, (r, 6) + a(@)P(7, 0) 


where Ô (r, 8) is a particular solution and a(@) is an arbitrary function of 
0. For 7 x 0 the solution Q,(7, 0) can be chosen in the form 


0,6) = -Y 6,6) [ Y 6.0)6,0) ds  Y460) x 


|. Y, (s, 0)f, (s, 0) ds 


where Y, = ®(7,0) and Y, =Y,(7,0) f2, Y, ^ (s,0) ds is a fundamental 
system of solutions for the homogeneous equation corresponding to 
(8.27). It is not difficult to show that Q,(, 0) satisfies the estimate (8.26) 
for 7 - 0. 

The function a(@) is chosen in order that Q,(7, 0) satisfies condition 
(8.28). Taking into account the fact that 


29 (0,6) =" (o, 6) = f(4(0,0),0, 6) #0 


we obtain 


aQ, 
9$,(0, 0) * 3 (0, 0) 


fO, 0), 0, 0) 


Thus, Q,(7, 0) is found for 7 <0. In the same way Q,(7, 0) is defined for 
T z 0. 

Next, it can be shown that the solvability condition of the problem for 
Q,.,,(7,9) gives a second-order differential equation of type (8.20) for 
A,(09) (kK =1,2,...). 





a(@)=—- 
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Condition V from Section B guarantees the existence of a unique 
2T-periodic solution A, (0). 

All of the functions Q,(r, 0) satisfy estimates of type (8.26). 

The boundary functions II, (p, €) are the same as in Sections VIII. A 
and B. 

Under conditions I-V and some other condition (see [38]), it can be 
proved that 

Problem (8.1), (8.2) for sufficiently small & has a spike-type solution 
for which the constructed series (8.21) is an asymptotic expansion in the 
domain ÎQ as £— 0. 


D. Applications 
1. Phase Transition Models 


Such models are often considered in the form 


oT ðu 
a ^a TAT + 8@) (8.31) 


ð 
e° Au — e'a = = f(u, T, €) (8.32) 


Here T is the temperature of a substance, u is the so-called structural 
parameter, which shows that the substance is in the solid phase if u is 
close to —1 and in the liquid phase if u is close to +1. The parameters e, 
A and a are a dimensionless interaction length, a latent heat, and a 
relaxation time, respectively. A physical discussion of such models is 
given in [39]. 

System (8.31), (8.32) is usually considered in some bounded domain Q 
with impermeability conditions on the boundary of Q: 


oT 


Orj 9u 
on 


ag i on 


a£ 








Here ð/ðn is the derivative along the normal to ðQ. 
Under some standard conditions e is a small parameter and f(u, T, &) is 
represented in the form 


flu, T, e) =u’ —ut+eT 


If we consider a stationary process, then du/dt = 0 and the problem for T 
is separated. Finding T' we obtain the following problem for u from (8.32) 
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(we assume that Q is a two-dimensional domain): 


& Au =u? —u eT(x, y) 
(8.33) 
buj _ 
ðN | an i 


For physical applications it is of interest to find the location of the 
interphase transition zone. 

The degenerate equation for (8.33) has three solutions: q, = —1, 
gy, —0, e, 7 1, and conditions I and II’ of Section VIII.B hold. 
. The leading term describing the interphase transition [the function 
Qr, 8)] is the solution of the problem [see (8.11)]. 


2A 
g Q, 
or^? 


O,(0, 6) =0 Q4(—9,0)- -1 O,(+~,0)=1 





~ 3 ^ 
=Q- Q TPE sse 


The solution can be found in the explicit form: 


exp( V2r) - 1 


Qs. 0) = exp( V27) +1 


The equation for the curve T, has the form [see (8.19) and the remark 
before condition IV in Section VIII.B]: 


KET f. G9) ae | fe 


oO 





ar | : T(0,0) 


Denoting 


oo 2 2 —1 
ja ( OT ar | 
by y and taking into account the fact that f”, (9 O,/ ðr) dr = 2 we obtain 
the equation 
o" + T 
g! N2132 
iC ] 
c 


Note that 7(0,0) is the temperature on the curve T, [its equation is 


—-2yT(0, 0) (8.34) 
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R-R(0)-o (0)]. Solving Eq. (8.34) we find the curve T,. The phase 
transition takes place in a vicinity of I. 

In the particular case when T depends on R and does not depend on 0 
[radially symmetric case: T= T(R)|], Eq. (8.34) may have solutions 
independent of 6, which are defined by the equation 


1 


R^?) 


In such a case the curve F, is a circle. 


2. Fisher's Equation 


Consider the equation with a quadratic nonlinearity 
€^ Au = u[a(x, y) — u] (x, YEO (8.35) 
under the boundary condition 
ulo 70 


where a(x, y) ^ 0. Equation (8.35) is often used in mathematical models 
of biology. It is called Fisher’s equation. This problem under some 
condition on a(x, y) has a spike-type solution for which (x, y) = 0 and 
Q,(7, 8) is defined as the nontrivial solution of the problem [see (8.22)- 
(8.24)]: 


2 
90 Qo 
ar’ 


dQ, 
= (0,4)=0 Qo(79,8) = Q,(+~, 6) =0 





= Q,|a(0, 89) — Qo] —00 «T «00 





The solution can be found in the explicit form 


expt Vae] 


(bep) 4499 


Qe, 0) 3 6a, 
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Using this expression we obtain 
+% 
Loy 1 
-larena (0 
J. C 3)^ 99) 


+% ð +œ à 
|. fr, 6) L dt = |. a,(0, DOr ar = —dba,(0, 0a?" (0, 0) 





Therefore, Eq. (8.19) for the curve T, has the form 


a,(0, 8) 
a(0, 0) 


g'-c-g 


2 
2 


IX. MATHEMATICAL MODEL OF COMBUSTION IN THE CASE 
OF AUTOCATALYTIC REACTION 


A. Statement of the Problem 


The system of equations describing the combustion process in the case of 
a first-order autocatalytic reaction has the form 


oT E 
Cpa T A AT = q(v, + vY(1 — v)k, exp] — RT 
(9.1) 


QU 
ar D Av = Wo * v)(1 - v)k, exp -RT 


(see, e.g., [40]). Here T is the absolute temperature, v is the depth of 
conversion of the combustible component that characterizes the relative 
amount of substance burnt (v =1-—u, where u is the relative con- 
centration of the combustible component, 0s u=1, 0sv=1), c, p, À 
are physical characteristics of the medium: the specific heat capacity, 
density of the medium in which reaction occurs and thermal conductivity, 
respectively, q is the thermal effect of the reaction, v, is the criterion of 
autocatalytic behavior (the ratio of the initial rate of reaction to the 
autocatalytic constant, 0 v, « 1), kọ is the reaction constant, E is the 
activation energy, R is the universal gas constant, and D is the diffusion 
coefficient of the combustible component. We assume that all of these 
quantities, with the exception of T and v, are constants. 

The functions v and u—1-—v are already dimensionless. Let us 
introduce nondimensional temperature 6, time t’, coordinates x’, y’, z' 
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and constants B, €, a9, by by the formulas 





RT. | 1 
0 = za lT- T.) B--—g t' = tk,exp -5 


NE: jy ^ wm _ op RTs 
vr Y=, 77, E q E 
À D 
ay = b, 


memi] "oe 


Here T, is a characteristic temperature, for example, the temperature of 
the surrounding medium, and r is the characteristic size of the domain in 
which the reaction takes place. In the new variables, system (9.1) has the 
form (we again use the notations ¢, x, y, z instead of t', x’, y', z'): 


(+ — a ao ) = (v, tj — Je gg] 


QU 0 
ru b, Av = (vy + v)(1— exp rae | 


For combustion processes, the parameters e and 6 are usually small. 
We investigate the case of a fast reaction (large kọ) such that k, X 
exp(1/8) — O(1). 

Since the dependence on f on the right-hand side of these equations is 
regular, we can simplify the system by setting B =0 (this will not have 
much impact on the characteristics of the combustion process). Further, 
we consider only the one-dimensional case, when 8 and v do not depend 
on the variables y and z (and therefore A = 47/ax7). We also assume that 
the nondimensional coefficients of heat transfer a, and diffusion bọ are 
large: ay — b, —1/e. From the physical point of view, this means that 
either the dimensional coefficients of heat transfer and diffusion are large, 
or the combustion process occurs in a thin layer (the characteristic length 
r is small). Introducing the notations a, = a/e and b, = b/e, we arrive at a 
system of singularly perturbed equations 


300 a 
d Pe (v, + v)(1 — v)exp(8) 
" (9.2) 
U U 
ET p-—-— "s = £(v, + vY1 — v)exp(0) 
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Let us consider this system in the rectangle 
QO = {(0<x<1)x(0<ts=T)} 


We impose the natural initial and boundary conditions 


O|,<9 = v|,.o = 9 0|..,70|,., 70 Ox 








The conditions for 0 mean that at the initial time t=O, and on the 
boundary of the domain (x = 0 and x = 1), the temperature is that of the 
surrounding medium: 0 =0, that is, T= T,. The initial condition for v 
shows that at ¢ = 0 the amount of burnt substance is zero (the reaction has 
not yet started). The boundary conditions for v describe the absence of a 
flow of the combustible component through the boundary (the im- 
permeability condition). 


B. Construction of the Leading Terms of the Asymptotic Expansion 


We will construct an asymptotic expansion of the solution of the problem 
(9.2), (9.3) in the form a sum of regular and boundary layer series: 


0 — 6 «Ile = 2, e[6(x, t) + I1,6(x, 7)] 
i-0 
(9.4) 


oo 


v=o + Iv = 2, e [o x, t) + Hex, 7)] 


i-0 
where 7 — t/e. Substituting (9.4) into (9.2) and (9.3), and representing 
the right-hand sides of (9.2) in the form f = f + IIf, in the standard way, 


we obtain equations for the terms of the series (9.4). 
For v, and 6,, we have the system 


2- 


1 - : av 
= — z Wo + VoM(1— Do)exp{H} a =0 


Dus 
9 0, 
ax? 








with the boundary conditions 

= 2 OU QU 

0,(0, t) = 06,(1, 1) 20 ux 0 t) 73. (0,070 (9.5) 
This implies that 


Uo = a(f) 


where a,(¢) is an arbitrary function. We can now rewrite the equation for 
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0, as 


9^0, - 


2 = ~ (a(t), a)exp(&) (9.6) 





where 6(a,, a) = (Ug + a@))(1 — a@)/a. Such an equation has been consid- 
ered in [41] and [42]. Let us use the results of [41], where the boundary 
value problem 


2 


6 exp(8) 6(—-1) = (+1) =0 (9.7) 


was discussed. It is shown in [41] that for 6 <6, = 0.878, there exist two 
positive solutions of this problem, the smaller of which is stable. Applying 
this result to the problem for 0, [Eg. (9.6) with boundary conditions 
(9.5)], whose solution depends on a,(t) and a as parameters, we find that 
when 


max (vg + a9)(1 — a) (1-4 v, 
idis im 45 ~~ 168, 


cr 


(9.8) 


there exist two positive solutions of this problem. Let us take the smaller 
solution and denote it by 6, = (x, a(t), a). It is known (see [41]) that 
the solution of (9.7), which we have chosen is an increasing function of ó 
for 6 < 6,,. Therefore, 6, decreases with growing a, and 0,— 0 for a — o. 
It should also be noted that 


max (x, as (f), a) = BCF, alt), a) 


Thus, the leading terms 6, and v, of the regular part of the asymptotic 
expansion depend on the as yet unknown function a,(t). This means that 
(9.2), (9.3) is a problem in the critical case: the corresponding reduced 
system has a family of solutions. 

Let us now define the boundary layer functions of zeroth order. For 
II,v, we have the problem 


allt o^ Tlv 
— -—b—— =0 








OT ax 


dll,v i _ ALT gv E R, 
0x (0, 7) = Ox (1,7)— 








IIjv(x, 0) = —v,(x, 0) = —a,(0) 


This implies that II,v(x, 7) = —a,(0). It is natural to demand that the 
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II-functions approach zero as 7— œ, so IIgv(x, 7) 2 0, and the initial 
condition a,(0) — 0 for the as yet unknown function o (t) has been found. 
This function is completely determined at the next step of the asymptotic 
algorithm [during the study of the equation for v,(x, t)]. 

For 11,0, we obtain the problem 


90 aO 
M a — > = 
OT ax’ 


11,6(x, 0) = —6,(x,0) — II,9(0, 7) = 11, 6(1, 7) = 0 





m volexp(65(x, 0) + 11,6} — exp(6,(x, 0)}] 
(9.9) 


Notice that initial and boundary conditions are matched so as to be 
continuous, since 6,(0, 0) = (1, 0) - 0. We should also mention that, 
though the function 6,(x, £) = 6,(x, a) (t), a) is still not defined [it depends 
on the unknown a,(f)|, its value at £—0O is known: 6,(x, 0) = 
(x, a,(0), a) = 6,(x, 0, a). Let us make the change of variable w(x, 7) = 
6,(x, 0) + IIg6(x, 7). For w(x, 7), we obtain 


ð 9* 
a= U,exp{w} w(x, 0) =0 w(0, 7) = w(1, 7) =0 
T ax 


It has been shown in [40] that under condition (9.8), a unique solution of 
this problem exists and w(x, 7) — 6,(x, 0) monotonically as 7 — o». Conse- 
quently, II960(x, 7) —^ 0 when 7— o, II,6(x, 7) <0. 

Let us prove that for sufficiently large a the function II,6(x, 7) 
exponentially approaches zero as 7 — o». We introduce II = —11,0. From 
(9.9) we obtain the following problem for II 

zs y 
Dh a rs = wexp(& x, 0)}[1 - exp(- fi] 
T ax? 


f(x, 0) = @(x,0) — ft(0, 7) = (1, r) = 0 
Let us introduce the notation 


k — ug max exp(0(x, 0)) = vyexp{O,(4, 0, a)} 


and consider the problem 


aQ Q 


T iic ox? 





-kQ  Q(0)-&0,0)  Q(0,7)-Q(1,7) = 0 


If we use a comparison theorem for parabolic equations [43] and taking 
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into account the inequality II 7 0, we obtain 
0x Il(x, T) = Q(x, 7) 


The function Q(x, 7) can be represented by the Fourier series 
Q(x, 7T) = >, q,exp( — (aA, — k)r)sin(znx) 
n-i 


1 
where A =a n g=? l 0,(x, O)sin(znx) dx 


Hence, 
Q(x, T) x Cexp(- (aà, — kr) = C exp{—ar} 
if 
k expí6, 1/2, 0, 
ace hes GERI (9.10) 
A, aT 


Since 6,(4, 0, a)—0 as a— œ, there exists an a, such that for aa, 
inequality (9.10) holds. Taking into account (9.8), we can write the 
condition on a as 


a > max(a,, a.) (9.11) 


Then, for a satisfying (9.11), the function I (and therefore I1,0) satisfies 
the exponential estimate 


III96(x, 7)| = C exp{—ar} O<x=1 T=0 (9.12) 


For v, and 0, we have the system 





9v, 1 n 
SF = le — (o, + a (Y — alep Gr, as (t), a) 
a dox, ato) 
" | (9.13) 
38, 1(2960, - 
LA = Lat - Is os (0 — a(S 


+ (1 — vo — 2a (09 Jexp( A Gc. as). 4)) } 
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with boundary conditions 
av, av, - - 
ox © t) 20 ax (0270 0 (0,4 2 06,(1,:1) 0 (9.14) 


Integrating (9.13) with the first condition of (9.14), we obtain 


uw ; Vo (Xp, Ay) dxg (9.15) 


The second condition of (9.14) is satisfied only if 


1 
f Poo, ao) dxo = 0 (9.16) 


This provides an equation for the unknown function a,(t). Taking into 
account the explicit form for (x, a), we can write this equation as 


Ag = (Vo + a9)(1— ay) go) (9.17) 


where 


1 
slam) = |. expt& Eo a, a) dro 


Since g(a,) > 0, the solution of (9.17) with the initial condition a,(0) =0 
monotonically approaches the rest point a, = 1 as t— œ. Hence, 


0xa(t) «1 for O<t=T 


Notice that Eq. (9.17) can be integrated by quadratures. 
Thus, a(t) is constructed, and hence all of the terms of the zeroth- 
order approximation are defined. 


C. Construction of Subsequent Terms of the Asymptotic Expansion 


Integrating (9.15), we obtain v,(x, t) = 0,(x, t) + a,(t) where 


& (x,t) = | tf d (x, e (0) ax | dx, 


is known and a,(¢) is an arbitrary function. 
Let us rewrite the equation for 6, in the form 
"a 
1 
ax? 





+ B(x, 1), = y(x, ta, (f) + g(x, t) 
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where 
1 x: 
B(x, t) =F Wo + o«(t))(1 — as (t))exp( sx, a(t), a)j 


lx, t) = — t (1 — vo - 2a. (D)exp(& (x, ali), a)) 


1 98, : " 
g(x, t) 4 [2% - [1 — vo - 2as(t) 6; exp( 0x, æft), a] 


are given. We seek 60, in the form 
0, = A(x, t) + B(x, t)oq(t) (9.18) 


For A and B we obtain linear equations (f enters as a parameter) 


2 2 


A. Bx DA gin, 1) 


"C 2 + B(x, t)B = y(x, t) (9.19) 


2 
X 








with boundary conditions 
A(0,t) = AC, 0) - 0 B(0,t) = B(1,t) - 0 


The question of solvability of these boundary problems arises. It is well 
known that for the existence of a unique solution of the boundary value 
problem 


u” + d(x)u = f(x) u(0) = u(1) - 0 


it is necessary and sufficient that the corresponding homogeneous prob- 
lem has only the trivial solution. Likewise, the homogeneous problem has 
only the trivial solution if and only if there exists a nonnegative function 
W(x) such that 


w” + d(x)w x0 0cx«1 
w(0) z 0 w(1)=0 


and at least one of these inequalities is strict (see [44]). For Eqs. (9.19) 
such a function w can be easily found for sufficiently large a. Let us take 
w(x) = sin mx. Then w(x) =0 for 0x <1 and, furthermore, 


w” + B(x, t)w = [^«^ + B(x, t)]sin mx <0 0cx«1 


if B(x, t) « 7^. It follows from the expression for B(x, f) that there exists 


PERTURBED PROBLEMS WITH BOUNDARY AND INTERIOR LAYERS 163 


an a, such that for a a,, B(x,t) « 7^ holds. Thus, condition (9.11) 
should be changed to 


a>max(a,, aá, 4) (9.20) 


Then the boundary value problems for A and B are uniquely solvable, 
and we obtain 6, in the form (9.18). Therefore, v, and 6, depend linearly 
on the yet unknown function a,(f). 

Let us now construct boundary functions of the first order. For II, we 
have 














oll,v Iv E - 
OT -b ox? B vlexpl6,(x, 0) - II96(x, 7)) un exp{O(x, 0j] 
= h(x, 7) 
II v(x, 0) = —v, (x, 0) = —v, (x, 0) — a, (0) 
oll,v _ allo 7 
ax (0, T)= ax (1,7) - 0 


Notice that the initial and boundary conditions are matched since 
LU es 
ax (9, 0) 77 (1,0) =0 


The function h(x, 7) satisfies an estimate of type (9.12). The solution of 
this problem can be found as a Fourier series 


Il vw, 7) = D» c, (r)cos(znx) (9.21) 


For the coefficients c,(7), we obtain equations 
cl = banc, +h, (T) n=0,1,2,... (9.22) 


with initial conditions 


1 


(0) = — | 8,60) dx — a, (0) = e, — (0) 


iu 


c, (0) = e, n-o1,2,: 


Here A, (7) and ¢, are the coefficients of the Fourier series expansions of 
h(x, 7) and [-9$,(x,0)] in cos(znx), respectively; the h,(7) evidently 
satisfy an estimate of type (9.12). 
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Solving (9.22) for n =0, we obtain 


Co(7) = Gy — a,(0) + a ho(,) dt, 


For II,v(x, 7) to approach zero as 7—9^, it is necessary that c,(~) = 0. 
This condition allows us to find the initial value a,(0) for the as yet 
unknown function o, (t) 


a,(0) = o, + f h,(r) dr (9.23) 


The function aœ; (t) is completely defined during the study of the problem 
for v, (x, t). 
The solution of (9.22) for n — 1,2,... can be written as 


c,(T) = y,exp{—ba’n’r} 4 f exp{—ba’n’? T—T))}h, (7) dt 


The exponential estimate for c,(7) follows in an elementary fashion from 
this formula. It can be easily verified that the c,(7) decay like 1/n^ when 
n — œ. Therefore, series (9.21) converges. It can be differentiated term- 
wise, once with respect to 7 and twice with respect to x, and it satisfies an 
estimate of type (9.12). 

For the II,0 we have the problem 


9ll,0 a’ T,@ " 
3. 4 p 5 = ugexp(0,(x, 0) + II50(x, 7)M1,0 + o(, 7) 
x 


11,0(x,0)=—6,(x,0) ILEO, 7) = 11,0(1, 7) =0 





Here a(x, 7) is known and satisfies an estimate of type (9.12). As for IT,0, 
an estimate such as (9.12) for II,0 can be obtained using a comparison 
theorem. 

Consider the problem for v,(x, t) 


2- 
ð V, 
ax? 





=F (ai) — los + aU- aq 0), 


+ (1— v, — 2as(t))o, (t)Jexp { A(x, t)) + F(x, 0) 
= W(x, a, (0), t) 
9v, 


0 22e =0 
ax ( ,t)= ax ( ,t)= 
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where F(x,f) is known, and 6, has the form (9.18). The solvability 
condition for this problem [analogous to (9.16)] 


f y(x, a(t), t) dx =0 


provides a linear differential equation for the as yet unknown a, (ft) 
a =k, (a, + k(t) 


where k, and k, are known. Solving this equation with the initial 
condition (9.23), we obtain a,(t). Thus, all of the terms of the first-order 
approximation have been completely determined. 

Higher order terms of the series (9.4) can be obtained analogously. 

Let 6, and V, denote the n-th partial sums of the series (9.4). 

For sufficiently small £, and sufficiently large a, there exists a unique 
solution 0, v of problem (9.2), (9.3), and the series (9.4) is an asymptotic 
series for this solution in the rectangle Q as € — 0, that is, the following 
estimates hold: 


max [8 — 8,| = O(e"*) max lv —V,| = O(e"*) 


The detailed proof of this statement is presented in [45]. It is important 
to mention that during the proof of the statement one more condition on 
a appears: 


(ETA T 
a>—zz — Max expi9(5, a(t), a)} (9.24) 


By virtue of the behavior of 6, for a— o, it is clear that for sufficiently 
large a this inequality holds. Thus, we add (9.24) to the condition (9.20) 
on a. It can be shown that (9.20) is a consequence of (9.24). It should 
also be mentioned that of all the conditions on a, only (9.8) is a necessary 
one for the solvability of problem for @(x,t). The other conditions are 
sufficient. They are associated with obtaining estimates and with the 
method of proof. Condition (9.24) on a could possibly be somewhat 
relaxed. 


D. Physical Interpretation of the Asymptotics of the Solution 


Notice that the quantity a has quite an important practical meaning. If 
the conditions on a are satisfied, a nonexplosive reaction occurs. 

The constructed asymptotics allows one to analyze the behavior of the 
temperature 0 and the degree of conversion of the combustible com- 
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ponent v. Since Il-functions satisfy an exponential estimate of type 
(9.12), the temperature 0 during a short period of time changes rapidly 
from zero to values close to 6,(x, t). This corresponds to the fast stage of 
reaction. During this stage, the value of v changes very little since 
II,v — 0. Then the slow stage of reaction begins: 0 = 6,(x, t) + O(e) and 

= a,(t) + O(e). As we mentioned earlier, the function a,(f) grows 
monotonically from zero at t=0 to one as t— . Thus, during a 
sufficiently long time, the combustible component burns out almost 
completely. The process of combustion is uniform in the domain 0x x x 1 
since the leading term a,(t) of the asymptotic expansion for v does not 
depend on x. The nonuniformity appears in the process starting with the 
terms of order €. 

As a,(t) grows from 0 to 1, the function (a (t), a) = (vy + a$(0)) (1 — 
a,(t))/a first increases (for 0<a,(t)<=(1+0,)/2), and then decreases 
(for (1 + v,)/2<a,(t) « 1). The fact that 6,(x, t) is an increasing function 
of 6 implies that the temperature 0 during the slow stage of reaction first 
grows, and then, after a,(t) reaches (1 + v,)/2, starts to decrease. 

We considered a spatially one-dimensional case. One can construct 
analogously the asymptotics of the solution for the combustion problem 
(9.1) in a cylindrical domain. See also [46] where a problem for the 
nonautocatalytic reaction is discussed. 


X. HEAT CONDUCTION IN THIN BODIES 


A. Statement of the Problem 


A body is called thin if one (or more) of its characteristic dimensions is 
much smaller than the others. A thin rod and a thin plate are examples of 
such bodies. We consider a boundary value problem describing a heat 
conduction process in a thin rod, where the ratio e of the thickness of the 
rod to its length is a small parameter. To simplify the presentation, we 
consider the problem for a planar rod, that is, in the thin rectangle 
(0zxzx1)x(0xyzs) 


ou au du 
at Va? ay’ 


ul, = (x, y) Hsc = Voy, t) ul... = u(y, t) (10.2) 


MEE 
y-0 oy 


= f(u, x, t) (10.1) 


ay EAU 





+eAu| =0 (10.3) 
y 


=£ 


The function f(u,x,t) describes the heat sources (in general, non- 
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linear) within the rod. Conditions (10.2) give the temperature at the 
initial time, as well as at the ends x = 0 and x = 1. Conditions (10.3) mean 
that on the lateral surfaces y ^ 0 and y — e, a weak heat exchange with 
the surrounding medium occurs. 

It seems possible to reason in the following way: Since the rod is thin 
(0 x y < e€) and the heat exchange through its lateral surfaces is small (the 
corresponding heat exchange coefficient is £A) the temperature in each 
cross-section x = const at every time ¢ does not depend on y, at least in 
the zeroth approximation. So, in order to obtain an approximation for the 
solution of the problem, we should omit the second derivative with 
respect to y in (10.1), as well as conditions (10.3), and solve the resulting 
truncated (one-dimensional) equation 


ou 9^u 
at 32 fx t) (10.4) 


with the additional conditions 


ul ,—o = p(x, 0) Ul yo — Vo (0, t) ul. * V (0, t) 


However, as the asymptotic analysis will show, the correct one-dimen- 
sional equation describing the temperature in the zeroth-order approxi- 
mation is different from the truncated Eq. (10.4). This correct equation is 
obtained during the construction of the asymptotics of the solution. 

By the change of variable y = ey’ problem (10.1)-(10.3) is reduced to 
the singularly perturbed problem (which we consider on the time interval 
0xtz T) 


ou ou ðu 
205 č T0 M pee 28 
e ^3 «(e m t 7) € f(u, x, t) (10.5) 


(x, y,t) eO ((0€x«1)x(0c«y«1)x(0«ts T)) 
7 = (x, ys E) u| -0 = Vy, t, €) u|- =w,(y, 6, £) (10.6) 
ðu ðU 


2 2 
c--s4u| =0 =>+e Au 
ay € u a ay € 








-0 (10.7) 


y=l 


Here we use the old notation y for the new variable y’. We assume that all 
the given functions are sufficiently smooth, that a >0, and that the initial 
and boundary values (10.6) are matched at the corner points, that is, 


e(0, y; £) = p(y, 9, €) (1, Y, £) = 4,0), 0, £) 
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B. Construction of the Asymptotics of the Solution 


We construct the asymptotics of the solution of (10.5)—(10.7) in the form 


u(x, y,t, €) = 2, e'[u,(x, y, t) + HG, y,7)+ O,(€, y, t) 


+ OF (Ex, yt) t P(E, yT) + PF (Ex, y,7)] (10.8) 


where 4; are terms of the regular part of the asymptotics; II,, Q; and Q7? 
are boundary layer functions describing the boundary layers near t — 0, 
x =0, and x = 1, respectively; P, and P? are corner boundary functions; 
T — tle, €=x/e, and £, = (1— x)/e are boundary layer variables. In the 
standard way, substituting the series (10.8) into (10.5)-(10.7) and 
representing f in the form f «^ IIf -- Qf - Q*f * Pf + P*f (see Section 
VII.E), we obtain equations for the terms of the asymptotics. We 
consider in detail only the construction of the zeroth approximation. 

We have for u, the reduced equation that is obtained from (10.5) for 
£e —0: 





with boundary conditions that follow from (10.7). 
oy 


E OU 
y-0 z dy 








yal 


The solution of this problem is an arbitrary function of x and t: à, — 
a (x,t). Therefore, (10.5)-(10.7) is a problem in the critical case. 
Analogously, we obtain 4, = o,(x,t), an arbitrary function. For u,(x, t) 
we have the problem 





2 -— 2 
uL E 79 _ fa, x, f) S h(as, x, t) 
ay! ot ax’ 079» 09 "*» 
ur A t ed: A t 
oy |g Aa, v..." Aes, 
hye A90. ay ls a(x, t) 


Integration of this equation with the first boundary condition implies 


ou h(a,, x, t)y 
D = Aa (x, t) + 
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Substituting this expression into the second boundary condition, we 
obtain 


h(a, X, t) = —2Aaa, 


Thus, the problem for u, is solvable only if the above equality holds. This 
equality provides an equation for the unknown function a,(x, t), that is, 
for the leading term of the regular part of the asymptotics. Taking into 
account the form of h(a, x, t), this relation can be rewritten as 


Qa, ^a, " 


ot q ax? 





faq, x, t) - 2Aaag (10.9) 


This equation is exactly the correct one-dimensional equation describ- 
ing the leading term of the temperature distribution in the rod. As we can 
see, Eq. (10.9) differs substantially from the truncated one-dimensional 
Eq. (10.4). We discuss in detail this difference in Section X.C. 

The initial and boundary conditions for a, are obtained during the 
construction of the boundary layer functions IIj, Qo, and Q$. Then we 
will be able to define a,(x, t) completely. 

For II,(x, y, 7), we have the problem (x enters as a parameter, 
0xxzl) 


am, oll, 
47.3 =0 0<y<1 T0 
T oy 





all, all, 
oy (x, 0, T) = “Gy © 1, T) =0 





HaC, y» 0) = Po(x, y) E a(x, 0) 


Here ¢,(x, y) is the leading term of the expansion for g(x, y, €) into a 
power series in £. Notice that the initial condition contains the as yet 
unknown function a(x, 0). Solving this problem by Fourier series, we 
obtain 


II,(x, y,7) = > b,exp(—am ^ n^rYcos(mny) 
n=0 
where 
1 
b.) =| e. ») dy - a (0) 


1 
b.) - 2| g(x, y) cos(any) dy n=1 
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The standard condition, that II-functions must tend to zero as 7— o, 
leads to b, — 0, which allows us to determine a,(x, 0): 


1 
a 0) = |. e y) dy = ob) (10.10) 
Note that ¢,(x) is the leading term of the initial temperature averaged 


over the cross-section x — const. Thus, II, is completely determined and it 
satisfies the estimate 


Hx, y, 7)| = C exp{—ar} 


For the boundary layer function Q,(€, y. t), we obtain the problem (t 
enters as a parameter, 0 - t - T): 


ae "n 
DE e a é 0 0<y<i 


ð d 
Q,(0, y, t) FT Pool Y» t) = ay (0, t) EX (€, 0, t) SES (£, m t) = 0 


where Yoo(y, t) is the leading term of the expansion for y y, f, £) into a 
power series in e. Notice that the boundary condition at £ — 0 contains 
the unknown function o4(0, t). Using the Fourier method, we find 


Q (£, y, t) = 2, d, (t)exp( —mn£)cos(mny) 


where 
1 
4,0) =| WC.) dy — as(0, t) 


1 
40-2] wooly. t)cos(wny) dy n=1 


The standard assumption Q,(, y, t) 2 0 leads to the condition d, = 0, 
which gives the value of the function a,(0, t): 


1 
(0,0) — |. sr dy = tot) (10.11) 
Thus, Q, is completely determined and it satisfies the estimate 


IQ«(£, y, t)| s C exp(- a£] 
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The boundary layer function Q5 (£., y, t) is defined analogously to the 
Q,(€, y, t) and has an exponential estimate with respect to the variable 
€,. During the construction of Q5, we find the boundary condition at 
x =1 for a,(x, t): 


a 0,0) 7 |. sr dy = dis) (10.12) 


where y44( y, t) is the leading term of the expansion of (y, t, €) into a 
power series in £. 

So, for the unknown function œ(x, t), we have obtained Eq. (10.9) 
with the initial condition (10.10) and the boundary conditions (10.11) and 
(10.12). It can be easily verified that these conditions are matched to be 
continuous at the corner points, that is, 


$0) = 4,0) Soll) = 440(0) 


These equalities follow directly from (10.10)-(10.12), and conditions 
(9, y) = Wooly, 9), HC, y) = Voy, 0). 

Suppose that Eq. (10.9) (notice, that it is in general nonlinear) with the 
conditions (10.10)—(10.12) has a solution a(x, t) for 0O<tsT. 

The corner boundary functions P,(€, y,7) and P$(£., y, 7) are needed 
to compensate for the discrepancies introduced by the boundary layer 
function I(x, y, 7) in the boundary conditions at x = 0 and x = 1, and by 
the boundary layer functions Q4(£, y, t) and Q5(£., y, t) in the initial 
condition at t =Q. 

For P (£, y, 7), we obtain the problem 


aP, | 9^P, zl 
a, a 2 t ^w 
OT o£ dy 








E>0 0<y<1 T0 


P (ë, y,0) = —O,(é, y,0)  — 2, d, (0)exp(—n£ }cos(mny) 
P,(0, y, 7) = —II,(0, y, 1) = — » b (O0)exp(—az n^rYcos(mny) 


CCP PR 
dy (€, ;T)-— ay (£,1,7) =0 


From the expressions for d,(¢) and b,(x) together with the equality 
Po(0, y) = Uo y, 0), it follows that d,(0) — 5,(0). Thus, the initial and 
boundary (at € = 0) conditions for P, are matched so as to be continuous 
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at the points (0, y, 0). We seek the solution of this problem in the form 


P(E, y, 7) = 2; [v (6,7) - d, (O)exp{— ang — am^n*r) Jcos(srny) 


Then for v,(£, 7), we have the problem 


us aes ^v, =h >0 >0 
ar a o£? am n v, = nh &> 7) é T 


v,(£,0)-0 v,(0, 7) 2 0 
where 
h,(é, 7) = —ad,(0)m^n'exp( —7n£ — am ^n^) 


The solution of this problem can be represented as 


U, -| l G,(£, £y, T — 19)h,. (£o, To) dt, dé, 


where G, is the Green’s function: 


1 
GS kT =)= 2Van(r -7,) exp{-an n (r — To)} 
0 


(pare ee CN CES 
P 4a(t — 7) P 4Aa(T — To) 
Using this representation for v,(£, 7), it is not difficult to prove that 
lv, | = Cld,(0)lexp(—a(£ + 7)). Hence, P,(é, y, 7) satisfies the estimate 


|Po(é, y, 7)| = C exp(- a(£ + 7)] 


The corner boundary function P(x, y, 7) is constructed in a similar 
way, and it satisfies an analogous exponential estimate. 


C. The Main Result 
Let U,(x, y, t, €) denote the sum of the leading terms of the series (10.8): 
U(x, y, t, €) = a(x, t) + Tox, y, t/e”) + Qo(xle, y, t) 
+ OF(01 — x)/e, y, t) + Py(xle, y, tle’) 
+ P*((1—x)/e, y, te?) 
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For sufficiently small £, problem 10.5)—(10.7) has a unique solution 
u(x, y, t, €), and the function U,(x, y, t, €) is an asymptotic approximation 
for this solution in the parallelepiped Q, as £ — 0 with an accuracy of order 
€, that is, the following estimate holds: 


max lu — U,| = Oe) 


This statement can be proved by applying the method of successive 
approximations to the equation for the remainder w = u — U, and using 
the maximum principle to estimate these successive approximations. A 
detailed proof is presented in [47]. Under more severe constraints of 
matching of the initial and boundary conditions (10.6) in the corner 
points (0, y,0) and (1, y,0), it is possible to construct asymptotic 
approximations for the solution with greater accuracy. 

By virtue of the corresponding exponential estimates, the boundary 
layer function II, and the corner boundary functions P, and P$ become 
arbitrarily small for £z ô — 0, and an approximation of the solution with 
an accuracy of order £ (such an approximation is often sufficient for 
practical purposes) is given by the sum 


ay (Xx, t) + Qo(x/e, Y, t) T Q1 ex x)/e, » t) 


The boundary layer functions Q, and Q7 describe the fast change of 
temperature near the ends x =0 and x =1 of the rod. However, inside 
the rod (for 6 =x x1-— ô) they are arbitrarily small, and the distribution 
of temperature there is approximated by the function a,(x, t), which is 
the solution of the one-dimensional heat conduction Eq. (10.9) with the 
additional conditions (10.10)-(10.12). As we can see, this equation 
differs substantially from the truncated one-dimensional Eq. (10.4), 
obtained from the original Eq. (10.1) by omitting the second derivative 
with respect to y [such a truncated version of (10.1) is often inappro- 
priately used in practical calculations]. In comparison with the truncated 
Eq. (10.4), there is an additional term —2Aaa, on the right-hand side of 
(10.9). This term has obvious physical meaning: Since the rod is thin the 
heat exchange with the surrounding medium on the lateral surface of the 
rod influences the temperature not only near the surface but also inside 
the rod. The influence is large for a large thermal diffusion coefficient a, 
and for a large coefficient A in the heat exchange term. Notice also that 
the leading term of the asymptotics a,(x, £) does not depend on y. This is 
again connected with the fact that the rod is thin, therefore the 
temperature is the same along the cross section of the rod in the zeroth 
approximation. 
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Thus, the asymptotic method allows us to construct a correct one- 
dimensional model which provides a good approximation to the two- 
dimensional problem. 


D. The Problem for a Thin Three-Dimensional Rod 


Above we considered the heat conduction problem in a thin rectangle. 
The asymptotics of the solution can be constructed similarly for the 
problem in a thin three-dimensional rod of constant cross-section S. In 
this case, by stretching the variables y and z with the coefficient e, we 
obtain the problem 


ðu ðu eu zj 

2 2 2 

E-n ale ——' Fo tena N efua 
0<x<1 (y,z)ES 0ctzT 


Ul ,-o = e(x, y» Z, E) Ul o = Voy. z. t, £) 7) ea =j) (y, z, t, £) 
ou 


2 
an € Au|, =0 


Here I is the lateral surface of the rod and d/dn is the derivative along 
the outer normal to I. 

The asymptotics of the solution can be constructed in just the same 
way as in the case of a rectangle. In particular, the equation for the 
function a(x, t) has the same form (10.9), the only difference being that 
the coefficient 2 in the term 2Aaa, should be replaced by £/s, where @ is 
the length of the boundary of the cross-section S and s is its area. 

The initial and boundary conditions for the function a,(x,t) are 
defined, as before, during the construction of the boundary layer 
functions. For example, for Q4(£, y, z, t) we obtain the problem 


a°Q, oQ, Qo 
——2 de. 4*— Se >0 wes 


dQ, 
Q,(0, y, z, t) = Bool y, Z, t) — a (9, t) on 





Pe 
The solution can be found by the Fourier method in the form 
Qu, y, z, t) = 2; d (t)exp( -A, £F, y, 2) 


where A, (02A, <A, =A, Stee Ss À, x--:-) and F,(y,z) are the eigen- 
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values and eigenfunctions cf the problem 


Pr ped s 28 29 
ay? az? = (y,z)€ an\r 


In particular, F, — 1, and 


40) = TET |; | WoC 2.8) ~ eso. 015 (Y, 2) dy dz 


The condition Q,(~, y, z, t) - leads to d,(t) 2 0, which, in turn, allows 
us to find the boundary condition for the as yet unknown function a,(x, t) 
at x =0 


1 ‘ 
a0.) =F | | r2. 0 dy dz = boot 


The initial condition at t = 0 and the second boundary condition at x = 1 
are defined analogously. Thus, the process of constructing the boundary 
layer functions is similar to that described in Section X.B. A distinction is 
that we use now expansions in a Fourier series in terms of the eigenfunc- 
tions F,(y, z) instead of cos(zny). 


E. The Case of a Small Thermal Diffusion Coefficient 


Consider problem (10.1)-(10.3) for the case when the coefficient a is 
small. More precisely, we replace this coefficient by e. In addition, 
assume that the heat exchange on the lateral surface of the rod is not 
weak, that is, the coefficient £A in conditions (10.3) is replaced by A. 

In this case, the change of variable y = ey’ leads to the following 
problem. 


oun ðu du B 
€ ot € ax? ay? i ef(u, X, L, £) 





(x, y, t) eO - ((0xx«1)x(0cyc«1)x(0crz T)j 


(10.13) 
u| -0 = (x, y, £) u| -0 = Voy, t, £) 7 = h (y, t, £) 
ou Ou 
—— — £Áu =0 — + £Au =0 
oy y=0 dy y= 


Here we once more use the old notation y for the new variable y'. The 
asymptotics of the solution of this problem can be constructed by the 
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above method. However, it has substantial differences from the asymp- 
totics considered in Sections X.B and X.C. 
The first difference is that the equation for a(x, t) now has the form 


OQ 


^at = f(a; X, t, 0) = 2AQa 


that is, it is an ordinary differential equation in which x enters as a 
parameter (0 =x = 1). As in Section X.B, the initial condition for a(x, f) 
is obtained during the construction of the boundary layer function 
I(x, y, 7). The function II,(x, y, 7) and the initial value aj(x, 0) have the 
same forms as before. 

The second difference is that the boundary layer near x = 0 (and also 
the boundary layer near x —1) has two scales. In other words, the 
boundary layer near x = 0 is described by boundary layer functions of two 
types. The function Q,(é, y, £) (£ =x/e) is determined, like that from the 
Section X.B, as the solution of the problem 


9^ ar 
M Ee iQ £50 0<y<1 
y 








oQ 
dy 





à o 0 
Q0, y, t) = Bool ¥, 2) — Polt) > (€, 0, 1) A (£,1,1) 2 0 


where 


Poolt) = | Uo y, t) dy 


The function Q, can be found by the Fourier method and it satisfies an 
exponential estimate with respect to the variable £. 

The second function, describing the boundary layer near x — 0 (denote 
it by Rọ), depends on a new boundary layer variable ¢ = x/WVe and on t. 
For this function, we obtain the problem 


2 
ƏR, ^R, 


ðt az? 
Re(£, 0) =0 R,(0, t) = Poolt) mn a,(0, t) 


where F(R,,t) = f(a,(0, £t) + Ro, 0, t, 0) — fla, (0, t), 0,2,0) - 2AR,. As 
we can see, the equation for R, is a semilinear one-dimensional parabolic 
equation. It can be proved that the function R,(@, £) satisfies an exponen- 
tial estimate with respect to variable ¢. 





= F(R,, t) 0crzT (0 
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The next term in the series of R-functions is of order ve. For the 
function R,,,(¢, t), we obtain the linear parabolic equation 


aR,, aR 
T oap CB. Ria + OE 


with the initial and boundary conditions 
R,,,(40) =0 R,,4(0, t) =0 


where 8(Z,t)=f,(a,(0,t)+ Ro(Z, t),0,t,0)-—2A, o(£,t) is a known 
function having an exponential estimate with respect to the variable £. 
The solution of this problem satisfies the same estimate as R4(Z, t). The 
boundary layer functions Q$5(£«, y,t) [£«— (1— x)/es], Ro (Z«,t) and 
Ri (£t) [£« — (1 — x)/ Ve] are constructed in a similar way, and they 
satisfy analogous exponential estimates. The corner boundary functions 
P (£, y, 7) and P$(£., y, T) are determined in just the same way as in 
Section X.B. 
The function 


U =a,(x, t) + I(x, y, t/£^) + Qo(x/e, y, t) + Ro(x/ V, t) 
+ VER, (x/ Ve, t) + QS((1— x)/e, y, t) 
+ R*((1—x)/Vé, t) + VERT (4 — x)/ Ve, t) 
+ P,(x/e, y, tle?) + PE((1— x)/e, y, tle?) 


is an asymptotic approximation for the solution of problem (10.13) in the 
domain Q with an accuracy of order e. 


F. The Problem of Thermoelasticity in Thin Bodies 


The above algorithm for the construction of the asymptotics of the 
solutions of heat conduction problems in this bodies can also be applied 
to some more complicated problems, for example, to problems of 
thermoelasticity in thin bodies. The corresponding system of equations 
for the displacement vector u(x, y, z, t) and temperature O(x, y, z, t) ina 
domain G in the linear approximation has the form (see [48]) 


3u 


p. Au + (A + w)grad div u + F = y grad 0 "gr 


1 00 , Ou f 
A0 -z ar ndy ay 
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where u and A are the elastic moduli, F is the vector of mass forces, 
y ^ (34 * 2u)/a, a is the coefficient of thermal extension, p,(x, y, z) is 
the volume density, k is the coefficient of thermal diffusion, n = y,/A,, 
Q, is the average temperature of the body, A, is the coefficient of heat 
conduction, and f represents thermal sources. In the case of a thin body 
(for a thin rod or plate), this system can be transformed to a singularly 
perturbed one by an appropriate stretching of the variables. This allows 
us to apply the boundary function method to construct the asymptotics of 
the solution. In [49] the asymptotics of the solution for a thin rod is 
constructed. Asymptotic analysis allows one to choose the correct 
simplified model of lower dimension, which provides a good approxi- 
mation to the solution of the original problem. 
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I. INTRODUCTION 


A. Model Problems: Object of the Research 


Problems of heat conductivity (diffusion and others), in which the 
distribution of the temperature (or the concentration of a substance) has a 
large gradient in thin layers, often appear in practice. Outside of these 
thin layers the temperature changes only slightly. 

For example, at the moment when a car brakes suddenly or an aircraft 
touches down on a landing strip, the temperature on the wheel surfaces 
increases sharply because of the friction of the wheels sliding over the 
supporting surface. It seems that the thickness of the layer, in which the 
temperature rises, is small. Here the principal question is, What is the 
temperature of the rubber and what is the temperature distribution as a 
function of the depth? Also, does the rubber burn away and the aircraft 
with it? Similar effects appear for all machines and mechanisms where a 
rapid sliding of their parts takes place. 

Many technological processes for the production of inflammable 
materials involve mixing, which is accompanied by intensive plastic 
deformation. For some materials local flows may occur under suitable 
conditions, namely, the relative slipping of parts of the material or 
cutting. In this case, heat is generated on the shear surface. In thin layers, 
close to the surface, the temperature rises. Here the main question is the 
determination of the temperature in the layer, and whether the tempera- 
ture reaches the point of inflammability. 

Similar effects, such as the appearance of cutting and slipping surfaces, 
are observed, for example, when working metal materials. In this case, 
the deformation heat can be produced in extremely thin layers. This 
results in changes in the structural material. For example, in these layers 
hardening of the metal may occur, which can reduce the quality of the 
product (see Section V). 
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It should be emphasized that the main variation of the temperature is 
Observed in rather narrow subregions of the material, or layers. These are 
boundary layers if the main variations are realized near the material 
surface, or interior layers if the main variations are inside the material. In 
most of the material, the temperature varies smoothly, possibly just 
slightly. 

Structural and chemical processes often proceed more intensively at 
high temperatures and/or high concentrations. Therefore, the tempera- 
ture and/or concentration distributions in a sample determine the 
character and completeness of the transformations. 

In this chapter, we will consider only such processes that can be 
accompanied by the appearance of arbitrarily narrow regions having finite 
variations of the process parameters, such as the temperature and 
concentration of the material. The temperature distribution u in a 
material is described by the heat equation expressing heat energy 
conservation 


d 
cp r =AV°u + q(u) (1.1) 


Here c and A are the known coefficients of heat capacity and heat 
conductivity, respectively; p is the mass density; q is the known density 
of distributed heat sources depending, possibly, on the solution; 


a 3? x 
v? me Wr IPES 
OX, OX, ax; 
is the Laplace operator; 


0 ð ð ð 
PT U, (x, t) a” v(x, on v(x, Dax. 


x= (x1, X5, X4) 


is the substantive derivative operator, V(x, t) = [v,(x, t), v,(x, t), v(x, 0] 
is the velocity vector for the particles of the material. 

Equation (1.1), which describes the heat conductivity process, is a 
partial differential equation of the parabolic type. When the coefficients 
of this equation do not depend on time, the solution can be independent 
of time as well. In this case, the term with the partial derivative with 
respect to time is absent from the equation. Such a differential equation is 
an equation of the elliptic type. 

Suppose that the material is fixed and undeformable, and that its 
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thickness is much less than its other linear dimensions. Assume that the 
temperature varies along the thickness, and that there are no interior 
sources. Then Eq. (1.1) can be simplified. The temperature distribution is 
described by the one-dimensional heat equation 


J ð 
a 00 — pap us 0) = 0 O<x<d OctzT (1.2) 
x 


Here a and p are coefficients which, for simplicity, are assumed to be 
constant. The value d is the material thickness, 7 is the duration of the 
process. If the temperature distribution inside the material at the initial 
instant, as well as on the sample surface at time 7, is known 


u(x, 0) e" (x) O<x<d u(0, t) = g(t) 


(1.3) 
u(d, t) = g(t) 0<t=s=T 


one can find the temperature distribution in the whole sample for the 
whole time interval by integrating Eq. (1.1) with the boundary conditions 
(1.3). 

The diffusion of a substance in a material can be described by 
equations similar to Eqs. (1.1)-(1.3). Thus, under the above-mentioned 
simplified conditions, the distribution of the substance concentrations in 
the material satisfies the equation 


2 


ð 0 
D AU ux, 1) 7 pa ule, 070 O<x<d O<t=T (1.4) 
x 


Here D and p are known constants; D is the diffusion coefficient for the 
substance; the coefficient p characterizes the mass capacity of the 
material, that is, the ability of the material to change the concentration of 
the diffusive substance by varying the quantity of the substance in this 
material. Note that the quantity 


ð 
P°(x,t)=D Em u(x, t) 


is the diffusion flux of the substance, that is, the substance flux caused by 
the concentration gradient in the material. When the diffusive substance 
is dissociated over time (in this case we have q(u) = —Cu for the sources), 
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Eq. (1.4) takes the form 


9^ ð 
D -5 u(x, t) - Cu(x,t) - p zzu(x,t) =0 
Ox ot 
(1.5) 


O<x<d OctzT 


Here the coefficient C0 characterizes the intensity of substance 
dissociation (disintegration). It is possible that the sources not only 
depend on the solution, but also include a part that is a function of the 
independent variables x, t. For example, the substance under considera- 
tion (with its concentration 4) can be formed as a by-product during the 
accompanying reaction. In this case, Eq. (1.5) becomes 


9^ ð 
D —5 u(x, t) - Cus, t) - p = u(x, t) = F(x, t) 
Ox ot 


1. 
O<x<d 0ctzT Cie 


Here F(x, t) is the known intensity of the source of incoming substance. 
Note that the term Cu(x, t) in Eqs. (1.5) and (1.6) corresponds to a 
decrease of the substance (for C>0), for example, in the reaction 
process when the reaction rate satisfies a linear law. 

To find the substance distribution in the material at the current time by 
integrating (1.5), (1.6), it is necessary to know the distribution of the 
substance at the initial instant and also the substance concentration on the 
material surface at all times preceding 7. In other words, conditions 
analogous to those in (1.3) must be fulfilled: 

u(0, t) = g(t) u(d, t) = g(t) O<tsT 
(1.7) 
u(x, 0) = p(x) O=sx=d 


The distribution of the substance in the material can be stationary. 
Then, due to the lack of sources, the process ts described by the ordinary 
differential equation 


2 


d 
D2 te) Cua) =0 O<x<d (1.8) 
X 


with the boundary conditions 
u(0) = p u(d) = p; (1.9) 


We now analyze the influence of the coefficients D and C on the solution 
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of the stationary problem (1.8), (1.9). Let us introduce the parameter e 


e =DC' 
For d=1 and g, =1, o, =9 we arrive at the problem 


2 


d 
ea u(x) - u(x) = 0 0cx«1 (1.10) 
X 


u(0) -1 u(1) — 0 (1.11) 
the solution of which is 


u(x) = [1 — exp(-2e ))] (exp(-e !x)- exp[-e (2—- x)]) (1.12) 


Its graph is given in Fig. 1 for various values of e. 

We observe that as the parameter value decreases the solution of 
problem (1.10), (1.11) tends to zero in the whole interval [0, 1] except for 
some sufficiently small neighborhood of the point x ^ 0. The size of this 
neighborhood tends to zero as the parameter tends to zero. In this case, 
the solution of the problem is said to have boundary layer. The region of 
sharp variation of the solution (temperature or concentration) in the 


0.8 

0.6 
R 
3 £z 1.0 

0.4 

O 2 £ — Q.1 

g = 0.01 
0.2 04 0.6 0.8 1 


x 
Figure 1. Solution of problem (1.10), (1.11) for & = 1.0, 0.1, and 0.01. 
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neighborhood of the boundary is called the boundary layer. Note that the 
thickness of the boundary layer is equal to £ up to a constant multiplier. 

Returning to problem (1.8), (1.9) for the stationary diffusion of the 
dissociating substance, we arrive at the following conclusion. The con- 
centration distribution of the substance depends essentially on the value 
of the parameter e: u(x) = u(x; £), where £ = e(D, C). For small values of 
the parameter e (1.e., when the diffusion coefficient is much less than the 
intensity of dissociation, or decay, of the substance) there are small 
regions in the neighborhood of the material surface where the con- 
centration is finite, and outside of these regions the concentration is 
practically equal to zero. In this case, it is said that the concentration has 
a boundary layer. 

Let us give some definitions. The parameter € in Eq. (1.10), taking 
values close to zero, can be considered as a perturbation parameter, and 
Eq. (1.10) can be viewed as a perturbed differential equation. With the 
parameter tending to zero, there appear narrow regions in the solution of 
the boundary value problem where the solution varies by a finite value. 
Moreover, the solution derivatives increase without bound as the parame- 
ter tends to zero, that is, the solution of the problem has singularities. 
Taking into account this dependence of the solution on the parameter e, 
Eq. (1.10), that is an equation with a small parameter multiplying the 
highest derivatives, is called a singularly perturbed differential equation. 
Thus, the boundary value problem (1.10), (1.11) involves a singularly 
perturbed ordinary differential equation. 

In the case when the parameter A, multiplying the highest derivative in 
Eq. (1.1), can take arbitrarily small values, Eq. (1.1) is said to be a 
singularly perturbed equation of the parabolic type (or a singularly 
perturbed parabolic equation). Singularly perturbed elliptic equations are 
obtained in a similar way. 

In the case when the substance concentration at both ends of the 
segment [0, 1] differs from zero, boundary layers appear in the neigh- 
borhood of both ends of the interval. The qualitative behavior of the 
solution for the stationary boundary value problem with distributed 
sources 


2 





L(,13u(x) = e u(x) — c(x)u(x) = f(x) O<x<1 (1.13a) 


dx? 
40)7«  u(l)=¢9, (1.13b) 


where c(x) >0 for x €[0, 1], £ € (0, 1], is depicted in Fig. 2. Here and 
below the notations Li; p> L,;,, [or f,; (X). f(; 4] indicate that these 
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x 
Figure 2. Solution of problem (1.13) for « = 1.0, 0.1, and 0.01. 


operators (or functions) were introduced first in the formula with the 
number (j.k). 

The boundary value problem (1.13) describes the stationary dis- 
tribution of the concentration of the diffusive substance subjected to 
decay, in the presence of substance sources in the interior of the material. 
The parameter £ characterizes the ratio of the diffusion coefficient D of 
the substance and some constant C representing the intensity of the 
substance decay, £= e(D, C), &' — DC ^. Here c(x)  C(X)C |, f(x) = 
F(x)C '; F(x) is the strength of the interior sources in the material. 

We are interested in boundary value problems whose solutions have 
singularities of the boundary layer type. In particular, for problem (1.13) 
we are interested in solutions for arbitrary values of the parameter € in 
the interval (0, 1] and especially in solutions for small values of e, i.e. for 
€ «« ]. 

Solutions of heat and diffusion nonstationary problems can be written 
in an analytical form, convenient for computations, only in very in- 
frequent cases. Usually in practice the solutions of these problems are 
found by means of numerical computations. For this purpose, finite 
difference schemes are often used. 

Let us write a finite difference scheme for the boundary value problem 
(1.13). The function u(x), which is the solution of the problem on the 
segment D — [0, 1], satisfies Eq. (1.13a) in the interval D [where D — 
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(0, 1)] and boundary conditions (1.13b) on the boundary. The solution of 
the boundary value problem is supposed to be sufficiently smooth (i.e., 
the solution has the necessary number of derivatives required in the 
research). 

On the segment D we introduce the grid 


3 - jj 0 i-1 „i Jit] N 
D cu iri SU. X GX aen m 


which is a set of nodes x', i-0,1,..., N on D, where N+1 is the 
number of nodes. The nodes x" and x” are called the boundary ones, and 
other nodes are called the interior ones. When the distance between the 
nodes (or the step size) is constant, the grid is said to be uniform. 

The continuous function u(x), x € D is replaced by the grid function 
z(x) defined on the grid D,. 

The second-order derivative in Eq. (1.13a) is approximated by the 
second-order difference derivative on the set D, = D N D,, which is a set 
of interior nodes in the grid D, , in the following way. On the grid D, we 
put the first-order derivative (d/dx)u(x) into correspondence with the 
first-order difference derivatives 6.z(x) and 6,z(x). Here 6,z(x) and 8,z(x) 
are, respectively, right (or forward) and left (or backward) difference 
derivatives determined by the relations 


8,26) =z,(x) = Q7 x") Ize") - zl 
8,2) = 2,0) = Gi x^) [:97) ze] 
pan xl xi it ED, 


We put the second-order difference derivative 5..z(x), determined by the 
relation 


9,,2(x) = 24,0) = 267 — x^ 7) [8,z() - 8:262] 
x=x' x ED, 


into correspondence with the second-order derivative (d^/dx^)u(x). On 
the uniform grid D, we have 


§-.2(x) = 6, zx) = z, (x) = h ^[z(x — h) - 2z(x) * z(x + h)] XED, 


where h is the step size of the uniform grid D,, h =N '. 
For the sake of simplicity, in this section we will consider uniform grids 


D, = D,114) (1.14) 
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For the boundary value problem (1.13) we obtain a difference scheme 
(i.e., the combination of the grid sets D,, depending on the value of N, 
and the system of difference equations defined on these sets). The system 
of finite difference equations is as follows: 


Aa 1z) = € zx) -cx)zx) f) — x€D, (1.15a) 
z(0—«,  z(1)7€ (1.15b) 


Thus, the boundary value problem (1.13) is replaced by a system of 
algebraic equations. The grid function z(x), x € D, is the solution of this 
system. 

The closeness of the grid function z(x), x € D, to the continuous 
function u(x), x € D is measured by the quantity 


max |u(x) ~ ze) 


that is, by the maximum of the absolute values of the difference of the 
functions u(x) and z(x) at the nodes of the grid D,. This quantity is called 
the distance between the functions u(x), x € D and z(x), x € D, in the 
uniform grid norm. 

We emphasize that z(x), which is the solution of the difference 
problem on uniform grids, depends essentially on the two parameters e 
and N, where the parameter e characterizes the physical essence of the 
boundary value problem, while N (or h) characterizes the applied 
numerical method (or the computational resources of our computer). 

Let us discuss the behavior of the grid solution for various values of 
the parameter e and the number of grid nodes N. 

Note that the boundary layer type solution of the boundary value 
problem varies by a finite value in the boundary layer, that is, in an 
interval with width of order e. For fixed values of the parameter £ and as 
N — (or as the step size h tends to zero) the step size of the grid 
becomes much less than e. In this case, many nodes of the grid are 
situated in the boundary layer region. Moreover, the grid norm |u(x) — 
z(x)|, x€D, decreases as N increases, that is, the solution of the grid 
problem [or difference scheme (1.15), (1.14)] converges to the solution of 
the boundary value problem. We wonder what will happen if the number 
of the grid nodes N is large while the parameter e takes sufficiently small 
values? It can happen that, for a chosen large number N (or small A), the 
value of £ becomes commensurable with the value of the grid step. In this 
case, the step size is commensurable with the width of the boundary 
layer. So, it is intuitively clear that the grid solution will poorly 
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approximate the solution of the boundary value problem in the vicinity of 
the boundary layer, and, hence, in the grid norm. This situation appears 
when one numerically solves the problem on a computer. The power of a 
given computer defines the maximum possible value of N and, conse- 
quently, the smallest possible grid step size. However, in the process 
under study the width of the boundary layer can become commensurable 
with (or smaller than) the grid step size. 


B. Posing a Computational Problem with Simple Examples 


Now we analyze the quality of the approximation of the boundary value 
problem solution by the grid solution. By using a simple example of an 
ordinary differential equation, we demonstrate some problems arising 
from its numerical solution. 

Suppose that it 1s required to find the solution of the following 
boundary value problem 


2 


Lc sey) =- ut) — u(x) = -1 xED (1.16a) 
u(0) = u(1) =0 (1.16b) 


where D =[0,1] and the parameter & takes arbitrary values from the 
interval (0,1]. To solve this problem we apply classical numerical 
methods, for example, the finite difference method. 

Problem (1.16) is approximated by the difference scheme 


Àq452(x) = (e 8,, -1jz(x)- -1 x€D, 
(1.17) 


z(0) = z(1) =0 
where 


D, = Dua (1.18) 


As is known (see, e.g., [1, 2]), the approximate solution error (in the 
uniform grid norm) depends on the values of the parameter £ and the grid 
step size h in the following way: 


lu(x) — z(x)| x O(e)h? x€D, (1.19) 


That is, the maximum nodal (in the grid D, nodes) deflection of the 
approximate solution from the exact one, in the uniform grid norm, is h° 
within the factor Q(e). Thus, the solution of the difference scheme 
(1.17), (1.18) at N—>œ (or h->0) converges to the solution of the 
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boundary value problem (1.16) for each fixed value of the parameter e, 
and it converges with second-order accuracy in h. However, the factor 
Q(e) depends essentially on the parameter value. 

In fact, for sufficiently small values of the parameter, namely, for 
€ = e(h) — h, this error exceeds some positive constant [3, 4] 


max|w(x)—-z(x)zm(5,70 for ^0 (1.20) 
D, 


where u(x) = u(x; €), z(x) = z(x; e, h), £ =h. That is, for any sufficiently 
small step size of the grid and an arbitrary value of the parameter e, 
€ € (0, 1], a value of & can be found (or can occur in practice) such that 
the error in the approximate solution exceeds or equals a positive 
constant. In this case, the solution of the difference scheme is said not to 
converge uniformly with respect to the parameter e (or, in short, it does 
not converge e-uniformly ). 

It would be desirable to have numerical methods for which the error in 
the approximate solution tends to zero independently of the parameter & 
as the number of grid nodes increases (1.e., at N— œ). For N— o this 
approximate solution is said to converge uniformly with respect to the 
parameter £ (or, in short, it converges £ uniformly). 

It follows from estimate (1.20) that the solution of the classical 
difference scheme (1.17), (1.18) (the scheme constructed with the 
approximation of the differential derivatives by the difference ones) does 
not converge e-uniformly to the solution of problem (1.16). In this 
connection, the following theoretical problem appears: To construct 
special numerical methods giving approximate solutions that converge € 
uniformly. The present chapter is devoted to this problem. 

Let us show by a numerical experiment, the severity of this problem, 
in particular, in the case of the boundary value problem (1.16). The 
solution of problem (1.16) is as follows: 


u(x) = u(x; €) 
-1-[L-*exp(-e ')]‘{exp(—e7 'x) + exp[-& '(1 —x)]} xED 
The function u(x) satisfies the following relations: 
O<u(x)<1 +xED 


max u(x) = u(0.5) lim u(0.5)=1 
D £— 


In Fig. 3 the graphs of the function u(x) = u(x; €) are given for some 
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Figure 3. Solution of problem (1.16) for e = 1.0, 0.1, and 0.01. 


values of the parameter e. In Fig. 4 the graphs of the function z(x; e, N) 
are given for some values of the parameter € and for the value N = 16. 
After visual comparison of the graphs in Figs. 3 and 4 one can see that 
the difference solution approximates the solution of the boundary value 
problem fairly well. 
In Table I we give the results of computing the quantity E(e, N) 


E(e, N) = max lu(x) — z(x)| = max lu(x; €) - zx; e, N)| (1.21) 


for various values of « and N, where u(x) = u(x;s) is the solution of 
problem (1.16) and z(x) = z(x; e, N) is the solution of problem (1.17), 
(1.18), 2-2 ^ —1.0, N=4+ 1024. Here the values of E(N) are also 
given. With respect to e (for £ = 2 c 1.0), the value of 


E(N) = max E(e,N)  e-2 ^-10 


is the largest error in the approximate solution for a fixed value of N, 
N = 4 + 1024. The quantity E(N) defines the best guaranteed accuracy 
that one can obtain using scheme (1.17), (1.18) to solve problem (1.16) 
for a given fixed N and various values of the parameter e. On the other 
hand, the quantity E(N) is also the worst realizable (for some value of e, 
e 22  « 1.0) error of the approximate solution. 
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Figure 4. Solution of the classical scheme (1.17), (1.18) for problem (1.16) for € = 1.0, 
0.1, 0.01, and N= 16. 


Naturally, it would be expected that the error E(e,N) behaves 
correctly (in other words, its behavior is regular). This means that, as the 
number of nodes N increases, this error should decrease for a fixed value 
of the parameter £. But it does not. 

One can see from Table I that the errors E(e, N) in the table are 
divided into two parts by the diagonal N=4 'e '. In one part of the 
table (for N 74 !e ^!) the error decreases when N increases, while in the 
other part (for N «4 'e !) it increases with increasing N. We see that 
the maximum error E(e, N) is achieved for € 22 *, N —4, and it is equal 
to 3.76 x 107. The error becomes stable along the diagonals as g 
decreases: it takes constant (the same) values for £N = const (i.e., on the 
diagonals). We see that the errors E(s, N) illustrate the theoretical 
estimate (1.20). For a fixed value of the parameter e, the solution of the 
difference scheme (1.17), (1.18) converges with the growth of N (for 
N24 'e '). However, the approximate solution does not converge 
e-uniformly. Indeed, for a fixed, arbitrarily large value of N one can find 
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TABLE I 
Table of Errors Efe, N) for the Classical Scheme (1.17), (1.18) in the Case of Problem 
(1.16) 

e\N 4 16 64 256 1024 

1 5.29e — 4 3.33e —5 2.08e — 6 1.30e ~7 8.14e —- 9 
2-* 1.99e — 2 1.33e - 3 8.34e — 5 5.2le —6 3.26e —7 
2-5 3.76e —2 1.41e - 2 9.53e — 4 5.99€ — 5 3.74e — 6 
27 3.88e — 3 3.74e - 2 1.41e - 2 9.530 — 4 5.99e — 5 
2 2.44e — 4 3.88e — 3 3.74e - 2 1.41e - 2 9.53e — 4 
2r 1.53e— 5 2.44e — 4 3.88e — 3 3.74e - 2 1.4le - 2 
a 9.54e — 7 1.53e - 5 2.44e — 4 3.88e — 3 3.74e — 2 
E(N) 3.76e — 2 3.74e —2 3.74e - 2 3.74e — 2 3.74e - 2 





a value of the parameter e, for example, € = £(N) 2 4 ! N^, such that 
the error of the approximate solution is no less than a positive constant, 
namely, this error is equal to 3.74 x 10 ^. For any large N, we cannot 
guarantee an accuracy better than 3.74 x 10 ^ (for e 2 2" + 1.0). Thus, 
for the worst realizable error E(N) the lower bound 


E(N) = 3.74 x 10 ^ 


is valid. From here and from estimate (1.20) we see that the constant 
(1 59, IS no larger than 3.74 x 10 ^. We can compute the relative worst 
realizable error for a fixed N: 


5(N) = E(N)[max Iun" (1.22) 


Since max; |u(x)| « 1, the quantity 6(N) is estimated from below by 
5(N) = E(N) 


which is independent of N and no less than 3.74%. On the other hand, 
for 6(N) the following upper bound holds: 


8(N) x 3.7696 


when N = 4", 22 7 n=1,2,...,5,k=0,1,2,...,6, that is, 6(N) is 
independent of N and is no more than 3.76%. 

Consequently, for the relative worst realizable error in the case of the 
difference scheme (1.17), (1.18), the estimate 


3.7496 = 8(N) = 3.76% (1.23) 
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is valid at N = 4", n —1,2,...,5,fore-2 ^, Kk =0,1,2,...,6. Taking 
into account the stabilized behavior of the errors E(e, N) for small € and 
large N, we see that the estimate (1.23) is fulfilled for all N —4^, 
n-1,2,...and£&-2 7, k=0,1,2,.... 

Thus, although the approximate solution does not converge € uniform- 
ly, the accuracy offered by relation (1.23) can be acceptable in some 
cases. The computed solution qualitatively represents the behavior of the 
exact solution for all the values of the parameter e. Dissatisfaction can 
arise only from the fact that the increase in the number of grid nodes does 
not guarantee a better result. 

The accuracy problem is more serious in those boundary value 
problems where, besides the solution (the values of the unknown 
function), it is also required to find the solution gradient. For example, 
suppose that in the case of problem (1.16) we want to find the gradient of 
the function u(x) on the boundary of the segment D. A problem like this 
can arise if we are interested in the diffusion or heat flux on the material 
surface. 

The derivative (d/dx)u(x) of the solution for the boundary value 
problem (1.16) is determined by the formula 


d d 
ae u(x) = FF u(x; €) 
=¢ ‘[1+exp(—e P) {exp(—£™*x) -exp[-e '(1-x)) xED 
The graph of the function (d/dx)u(x) for some values of the parameter is 
given in Fig. 5. 


The modulus of the derivative (d/dx)u(x) attains its largest values on 
the boundary of D. In particular, at the ends of the interval D we have 


d d 1 —141-1 -1 
dx HOO) = Gy uC) = € [1+ exp(-e )] [1—exp(-e )] 


Note that the derivative increases unboundedly on the boundary as the 
parameter tends to zero. However, the function 


d 
P(x) =e uu. u(x) 


remains bounded for all the values of the parameter e (i.e., it remains 
bounded «-uniformly). In contrast to the quantity P^(x) = D(d/dx)u(x), 
which is the diffusion flux of the substance, the function P(x) is called the 
normalized diffusion flux or, in short, the normalized flux. For the 
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Figure 5. Derivative of the solution of problem (1.16) for e = 1.0, 0.1, and 0.01. 


boundary value problem (1.16) we obtain 
P(x) = [1 + exp(-e )] (exp(-e !x) - exp[-e '(1—- x)]) xED 


The graph of the function P(x) is given in Fig. 6. 
Therefore it is natural to consider the following problem: 


Find the solution u(x) of the boundary value problem and the 
normalized diffusion flux P(x) for x ED 


or the simpler, particular problem: 


Find the solution u(x) of the boundary value problem for x € D 
and the normalized diffusion flux P(x) on the boundary V (1.24) 


where u(x) is the solution of problem (1.16), F = D\D. 
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Figure 6. Normalized flux P(x; £) for problem (1.16) for & = 1.0, 0.1, and 0.01. 


Note that the function P(x) = P(x; €) satisfies the relations 
max|P(x)«1  P@œ=0;£)=-P(x=1;£)>0 
D 


lim P(x =0;£)=1 


To solve problem (1.16), (1.24), we apply the difference scheme 
(1.17), (1.18). 

The quantity à, 220V) satisfies the estimate (1.23) in the case of 
problem (1.16), that is, the computed solution approximates the exact 
solution for all values of the parameter qualitatively (visually) well. 

The function P(x) = P(x; €) for x =0 is approximated by the function 
P"* (x) = P"* (x; e, N), where 


P"* (x) =£ zx)  x-0 (1.25) 
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P"* (x), x =0 is the approximation of the normalized diffusion flux at the 
point x = 0. The quantity P“*(0) will be called the computed normalized 
diffusion flux (or, in short, the computed normalized flux) at the point 
x — 0. 

The graphs of the functions P(0; e) and P^* (0; e, N) are given in Figs. 
7 and 8 respectively. From Figs. 7 and 8 it is seen that the approximate 
solution approaches the exact solution only for those values of the 
parameter which are considerably larger than the step size of the applied 
grid. 

In Table II we give the results of the computation of the quantity 


0.8 


0.6 


P(0; £) 


0.4 


0.2 


0.2 0.4 0.6 0.8 1 E 
(a) 


0.8 


0.6 


P(0; e) 


0.4 


0.2 


2 4 6 8 10 12 -log € 
(b) 


Figure 7. Normalized flux P(x; £) for problem (1.16) at x =0 with (a) natural (linear) 
scale and (b) /og;-scale. 
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Figure 8. Computed normalized flux P^'(x;e, N) for scheme (1.17), (1.18) at x =0 
and N = 16 with (a) natural (linear) scale and (b) /og,-scale. 


Q(e, N): 
Q(s, N) =|P(x 20; e) - P^* (x 20; e, N)| 


which is the error in the normalized flux on the boundary x =0 for 
various values of ¢ and N, € = 27? +1.0, N = 4 — 1024. Here the values 
of Q(N) are also given, where 


Q(N)- max Q(e, N) e-2 7-10 
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TABLE II 
Table of Errors of the Normalized Flux Q(e, N) for the Classical Scheme (1.17), (1.18) in 
the Case of Problem (1.16) 








ENN 4 16 64 256 1024 
lo 1.22e- 1 3.11e-2 7.80e — 3 1.95e — 3 4.88e — 4 
2 3.93e — 1 1.18e— 1 3.08e — 2 7.78e — 3 1.95e -3 
2 7.64e — 1 3.82e— 1 1.17e- i 3.08e — 2 7.78e — 3 
9^ 9.386 — 1 7.64e — 1 3.82e — 1 1.17e—1 3.08e - 2 
Do 9.84e -1 9.38e - 1 7.64e — 1 3.82e — 1 1.17e— 1 
gon 9.96e — 1 9.84e — 1 9.386 — 1 7.64e — 1 3.82e — 1 
225: 9.990 — 1 9.960 — 1 9.84e — 1 9.38e — 1 7.64e — 1 
Q(N) 9.99e — 1 9.96e — 1 9.84e — 1 9.38€ — 1 7.64e — 1 


The quantity Q(N) characterizes the largest (with respect to €) error in 
the computed normalized flux for x =0; this value defines the best 
guaranteed accuracy that one can obtain by scheme (1.17), (1.18), (1.25) 
to solve problem (1.16), (1.24) for a given N and various values of the 
parameter £, e=2 ^ — 1.0. 

It follows from Table II that, for a fixed value of the parameter e, the 
quantity P^'(0) = P^*(x 0; e, N), which is the computed normalized 
flux for x = 0, converges to the quantity P(0; £) as N increases. However, 
the computed flux P^' (0) does not converge e-uniformly. In fact, for any 
given value of N one can find a value of the parameter e = e(N) such that 
the error Q(s, N) is no less than some positive constant, for example, 
e(N) = const N`’. 

From the table, one can see that the error Q(e, N) can be commensur- 
able with the computed value of the normalized flux itself. For example, 
when the number of the grid nodes is N — 1024, the error is larger than 
7596 of the real value of the flux, even when the parameter e does not 
exceed 2^ ^ = 1/4096. Moreover, for any fixed N, the error Q(e, N) tends 
to the value P, as £ decreases, where | 


P, = lim P(O; e) =1 


is the limiting (for «> 0) normalized flux on the boundary x = 0. Thus, 
the error Q(e, N) becomes arbitrarily close to the value of the normalized 
flux for sufficiently small values of the parameter and for a large, but 
fixed, value of N. 

Note that, for the quantity A(e, N), where 


A(e, N) = P(0; e){P"* (0; £, N)? 
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is the ratio of the exact normalized flux and the computed flux for x — 0, 
the relation 


Me, N) = 3: u(0s €)[8,2(0; £, N)] 
is valid, that is, the quantity A(e, N) also characterizes the ratio of the 
derivative of the boundary value problem solution to the difference 
derivative of the grid problem solution for x = 0. 
In Table III the values of A(e, N) and A(N) are given. Here 
A(N)2 max A(e,N) | e-2 ^-1.0 

The values of A(e, N) tend to unity with N — o for a fixed value of the 
parameter e. The ratio of fluxes unboundedly increases for a fixed value 
of N when the parameter tends to zero. This ratio sharply increases with 
increasing N, whereas the product £N decreases (i.e., for e << N°‘). For 
example, the real diffusion flux exceeds the computed one by no more 
than 15% if e£ x 4 ' and £N — 4 (i.e., for h x4 !e, e x4 ^). However, 
even for the number of grid nodes N = 1024 and for € not exceeding 
2 121/4096, the real diffusion flux is four times as small as the 
computed diffusion flux. The real flux will be more than 1000 times the 
computed flux for e, N such that eN = 1/1024. 

Thus, in the case of the boundary value problem (1.16), (1.24), the 
use of the scheme (1.17), (1.18), (1.25) leads, for small values of the 
parameter e, to sharp underestimation of the computed normalized flux 
(and also of the solution gradient) on the boundary. Therefore, even 
qualitatively, the normalized flux cannot be approximated by the com- 
puted flux &-uniformly. 


Table III 
Table of the Ratios of the Normalized Fluxes A(e, N) for the Classical Scheme (1.17), (1.18) 
in the Case of Problem (1.16) 


E\N 4 16 64 256 1024 


1 1.36e + 0 1.07e + 0 1.02e + 0 1.00e + 0 1.00e + 0 
2-7 1.69e + 0 1.14e +0 1.03e + 0 1.01e +0 1.00e +0 
^ 4.24e +0 1.62e +0 1.13e +0 1.03e + 0 1.0le +0 
27 1.61e + 1 .4.24e * 0 1.62e + 0 1.13e + 0 1.03e + 0 
2 6.40e + 1 1.6le +1 4.24e + 0 1.62e +0 1.13e +0 
"A 2.56e + 2 6.40e +1 1.6le+1 4.24e + 0 1.62e +0 
po 1.02e +3 2.56e + 2 6.40e + 1 1.610 1 4.24e +0 
A(N) 1.02e +3 2.56e +2 6.40e + 1 1.6le+1 4.24e +0 
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It is known that, in the case of singularly perturbed elliptic equations 
for which (as the parameter e equals zero) the equation does not contain 
any derivatives with respect to the space variable, the principal term in 
the singular part of the solution is described by an ordinary differential 
equation similar to Eq. (1.162) (see, e.g., [3-6]). Thus, it can be expected 
that, when solving singularly perturbed elliptic and parabolic equations 
using classical difference schemes, one faces computational problems simi- 
lar to the computational problems for the boundary value problem (1.16). 

We pay special attention to one additional type of problem, for which 
the accuracy problem is very severe. Suppose that on the segment D it is 
required to find the solution of the differential equation 


L(aj,gux)20  x€D (1.262) 


The solution satisfies the boundary conditions 
d d 
ej, «0 7 -1 eq (1)71 (1.260) 


that is, the diffusion (normalized) flux is given at the ends of the segment. 
The solution of problem (1.26) is as follows: 


u(x) = u(x; e) -[1 - exp(-e )] (exp(-e x)*exp[-e (1-3)]) 
xED 


The graphs of the function u(x) for different values of the parameter e are 
shown in Fig. 9. For small values of the parameter € a boundary layer 
appears in a neighborhood of each of the segment ends. 

Note that the function u(x) satisfies the relations 


u(x)»0 xED 
max u(x) = u(0) = u(1) = [1 — exp(—e )]| '[1 + exp(-e )]»1 
lim u(0;2)-1 


To solve problem (1.26), we apply the classical difference scheme on 
uniform grids 
Aq 452(x) = 9 x€D, 
(1.27) 
£0,2(0) = —1 €0,2(1) = 1 


where D, — Diss 
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2.5 


u(x) 


1.5 


0.54 


| e - 0.1 22001 


0.2 0.4 0.6 0.8 1 
x 


Figure 9. Solution of problem (1.26) for e = 1.0, 0.1, and 0.01. 


The graphs of the function z(x), for different values of the parameter e 
with N — 16, are given in Fig. 10. Comparing the graphs of the functions 
u(x) and z(x), we see that the approximate solutions unsatisfactorily 
approach the exact solution, and that the accuracy is much worse if the 
value of £ is small. 

In Table IV we give the results of the computation of the errors 
Ej 2, (6; N) for u(x) = ua.) and z(x) -z,5,,í(), which are the 
solutions of problems (1.26) and (1.27), (1.18), respectively. 

From Table IV we see that, for a fixed value of the parameter £, the 
error in the approximate solution decreases as N increases, that is, the 
solution of the grid problem converges for a fixed value of the parameter. 
However, the solution of the grid problem does not converge e-uniform- 
ly. Moreover, the error in the approximate solution increases unbounded- 
ly when the product eN decreases to zero. For example, the error 
becomes more than three times as large as the real solution, even for 
eN - 4 !, and it is more than 1000 times as large for €N = 1/1024. 

Note that the computed normalized diffusion flux does not approxi- 
mate the real normalized diffusion flux e-uniformly. 

Thus, for the boundary value problem (1.26) the use of the finite 
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z (x) 





x 
. £- 1.0 
+ — ¢=0.1 
*~ j— :c2001 


Figure 10. Solution of the classical scheme (1.27), (1.18) for problem (1.26) for 
€ = 1.0, 0.1, 0.01, and N = 16. 


TABLE IV 

Table of Errors E(e, N) for the Classical Scheme (1.27), (1.18) in the Case of Problem 
(1.26) 

e\N 4 16 64 256 1024 
1 7.80e — 1 1.56e — 1 3.72e —2 9.18e — 3 2.290 - 3 
27 7.13e— 1 1.45e — 1 3.420 — 2 8.45e — 3 2.10e - 3 
23 3.24e +0 6.18e — 1 1.33e - 1 3.17e - 2 7.84e — 3 
2:29 1.5le+1 3.24e +0 6.18e —1 1.33e- 1 3.17e - 2 
a 6.30e + 1 1.51e 4 1 3.24e +0 6.18e — 1 1.33e — 1 
2” 2.55e+2 6.30e + 1 1.5le +1 3.24e +0 6.18e— 1 
27 1.02e + 3 2.55e +2 6.30e + 1 1.51e* 1 3.24e + 0 
E(N) 1.02e + 3 2.55e+2 6.30e + 1 1.51le+1 3.24e + 0 
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difference scheme (1.27), (1.18) leads (for small values of the parameter 
£) to sharp overestimation of the computed solution. The error in the 
approximate solution exceeds the required exact solution considerably. 
The approximate solution does not approach the exact solution ¢-uni- 
formly, even in qualitative terms. 

Similar computational problems arise when one solves singularly 
perturbed elliptic and parabolic equations when the flux is given on the 
domain boundary. 

The above examples illustrate the fact that, in the case of singularly 
perturbed elliptic and parabolic equations, the use of classical finite 
difference schemes does not enable us to find the approximate solutions 
and the normalized diffusion fluxes with e-uniform accuracy. To find 
approximate solutions and normalized fluxes that converge e-uniformly, it 
is necessary to develop special numerical methods, in particular, special 
finite difference schemes. 

In conclusion we may state that, if we apply classical numerical 
methods to the solution of the above problems, we cannot expect to 
obtain even the qualitative characteristics of the processes accompanied 
by heat transfer and/or diffusion, if boundary or interior layers (i.e., heat 
or diffusion layers) appear. Such processes often take place, for example, 
in catalytic reactions, burning, detonation and so on. To study these 
problems, it is necessary to use numerical methods that allow us to 
approximate both the solutions of the problems and the normalized 
diffusion fluxes uniformly with respect to the perturbation parameter. 

Now we are well motivated to study more precisely classical finite 
difference schemes for the diffusion equation and to try to develop some 
new finite difference schemes with the desired properties. 


II. NUMERICAL SOLUTIONS OF THE DIFFUSION EQUATION 
WITH PRESCRIBED VALUES ON THE BOUNDARY 


In Section I we obtained an intuitive impression of the numerical 
problems appearing when one uses classical finite difference schemes to 
solve singularly perturbed boundary value problems for ordinary differen- 
tial equations. In this section, for a parabolic equation, we study the 
nature of the errors in the approximate solution and the normalized 
diffusion flux for a classical finite difference scheme on a uniform grid and 
also on a grid with an arbitrary distribution of nodes in space. We find 
distributions of the grid nodes for which the solution of the finite 
difference scheme approximates the exact one uniformly with respect to 
the parameter. The efficiency of the new scheme for finding the approxi- 
mate solution will be demonstrated with numerical examples. 
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A. Mathematical Formulation of the Physical Processes 


We consider the simplest meaningful example leading to singularly 
perturbed boundary value problems. Suppose that we want to find the 
distributions of concentration. C of a substance in a homogeneous 
material or in a solid material layer with thickness L. Suppose that the 
quantity C depends only on the variable y, which is the distance to one 
side of the material, and that generally speaking, the quantity C varies in 
time 7, that is, C= C(y, T). Assume also that inside the material the 
distributed sources of the substance have a density F( y, 7). Suppose that 
the diffusion coefficient D is constant. In this case, the distribution of the 
substance in a material layer is described by the diffusion equation 


2 


ð ð 
D SUED ge AER 0<y<L 0<7r=<0 


(2.1) 


Here 2 is the characteristic duration of the process. Observe that the 
diffusion flux is defined by the value 


ð 
D — — 
PO =D CON 


Let the concentration of the substance in a material be known at an 
initial instant 


C(y,0-C'(y  0syszL (2.2) 


In addition, in some problems, the concentration of the substance is given 
on the material boundary 


C(0, 7) = C, (7) C(L, 7) 7 C, (7) 0c7z290 (2.3) 


In other problems, on the material boundary (or on one side of the 
material) the diffusion flux is given 


ð 0 
D ay C(0, 7) = P(T) D ày C(L, 7) = V, (7) 07-8 (24) 
In similar situations, but for the heat transfer process, the distribution of 


temperature in a material is described by Eq. (2.1), where C is 
temperature, D is the coefficient of temperature conductivity 


D-2Ac p! 
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A and c are heat conduction and heat capacity coefficients, p is the 
material density. The heat flux is defined by the formula 


ð 
P (y) =A C(y,7) 


Equations (2.2) and (2.3) are valid for the heat transfer problem while 
Eqs. (2.4) take the form 


AZ C0. T) ^ P(T) AS CQ.) = Y, (7) 07-29 (2.5) 


When we study problems (2.1)-(2.3) [or problems (2.1), (2.2), and 
(2.4) for convenience, we change to new variables in which the 
differential equations are simpler. Using the variables 


xcLoy de (2.6) 
and writing 
& =DEL*  u(x,t)-C, Cy), v(0) 
f(x, t) = -9C, FO), (t) 


we obtain the following equation 


(2.7) 


9^ ð 
ea U(x, D) — Gp u(x, 1) = f, 1) 0cx«1 0ctz1 (2.8) 
x 


Here C, is constant, which is a typical concentration of the substance in 
the process under study, for example, the maximal concentration ob- 
served during the diffusion period in the material or in part of it. The 
boundary conditions (2.2) and (2.3) take the form 


u(x,0) 2e"(x) O=x=1 (2.9) 
u(0, t) = ¢,(t) u(1, t) ^ (t) O0<t=1 (2.10) 
where 
pP =C CHO]  e(0-C; ClO] 
a=, CLO 


The diffusion flux of the substance in the new variables is defined by the 
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formula 


ð _1 ð 
P'Q,T)- Day CQ, 7)- C,DL ' > u(x,t) 


: - ð 
=C, D 0 !"g pu u(x, t) 


and the heat flux is defined by the formula 
p^ =o 
(y, T) = dy (y. 7) 
SCAD u t) - C, A "c p U2 aly t) 
E Ox í * P ox á 
where 


x=x(y) t = t(T) 


In the case of boundary conditions (2.4), we have 
ð 0 
e€ 3x 09 t) = e(t) es (b 0 = V) 0ctz1 (2.11) 
where the functions W(t) and y(t) are as follows: 
W)-c,Dp'^e' wq] — u0-6,D ^9 ^v) 

for diffusion processes and 

bolt) = C, A7 Ic 19 9 e] 

In) = CPA "c7 179 129! a) 


for heat processes. Thus, problem (2.1)-(2.3) in the new variables (2.6), 
(2.7) transforms into problem (2.8)-(2.10), and problem (2.1), (2.2), 
(2.4) transforms into problem (2.8), (2.9), (2.11). These new problems 
are considered on a unit-length segment and on a unit-time interval. Note 
that the quantity £” is dimensionless. This quantity is the diffusion Fourier 
number in the diffusion problem and the heat Fourier number in the heat 
transfer problem. 

Problems (2.1)-(2.3) and (2.8)-(2.10), in which the unknown func- 
tions C( y, 7) and u(x, t) are given on the boundary of the domain D, are 
called Dirichlet problems (or first boundary value problems). Problems 
(2.1), (2.2), (2.4) and (2.8), (2.9), (2.11), in which the derivatives of the 


210 V. L. KOLMOGOROV AND G. I. SHISHKIN 


unknown functions C( y, 7) and u(x, t) are given on the boundary of the 
domain D, are called Neumann problems (or second boundary value 
problems). Note that, on the domain boundary a linear combination of 
the values of the unknown function and its derivatives can be given (these 
problems are called Robin problems, or third boundary value problems). 
On different parts of the boundary, different types of boundary con- 
ditions may be given (these problems are called mixed-boundary value 
problems). 

For rapid processes, the value of 9 can be very small. Generally 
speaking, the diffusion coefficient varies over a wide range for different 
media (from 10? m?/s for gases to 10° '* m^/s for solid materials). The 
coefficient of temperature conductivity also varies over a wide range and 
can take very small values in the case of molecular heat transfer in gases. 
Therefore, if the sample thickness is not very small, the parameter £ can 
take very small values. Note that we cannot say in advance what lower 
bound the parameter & has, that is, the parameter £ can be arbitrarily 
small. 

For the two-dimensional! case, in the presence of distributed sources 
(sinks) of the diffusing substance, the concentration distribution is 
described under simplified conditions by the following equation of 
parabolic type 


2 


Lo 13x, t) = | e p a (x, t) n — p(x, t) 2 - c(x, à fut t) = f(x, t) 
(x, t)EG (2.12a) 
Here 
G=Dx(0,T] (2.13a) 


D = {x: dy, < X, < dis S= 1,2} (2.13b) 


1s? 


where D is a rectangular domain. 
In Dirichlet problems the function u(x, t) is given on the boundary S 
(S = GNG) 


u(x, t) = g(x, t) (x,t) ES (2.12b) 


The coefficients and the right-hand side of the differential equation are 
sufficiently smooth (i.e., they have high-order derivatives) and satisfy the 
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conditions 
a, (x, t), a(x, t) zx ag p(x,t) = Po c(x,t) z0 
(x,0€G Ay, Py > O 
In the one-dimensional case, under simplified conditions, diffusion can 
be described by the equations 


2 


Lo 14)u(x, t) x {eas t) L - px, t) n v c(x, 0 jue. t) 


=f(x,t) ENEG ey 
u(x, t) = p(x, t) (x,t) ES (2.14b) 

Here 
G=Dx(0,T] D={x:d<x<d,} (2.15) 


B. Numerical Experiments with the Classical Finite Difference Scheme 


In this section, we illustrate computational problems that arise in the 
numerical solution of singularly perturbed problems. The decrease of the 
perturbation parameter (i.e., the parameter multiplying the highest 
derivatives) to zero leads to the appearance of boundary layers, that is, 
small regions in the domain of definition of the solution where it varies 
sharply. Their width is of the same order as the parameter e. When the 
step size of the space grid (or the distance between the nodes) is 
comparable to the parameter value, the exact solution of the problem 
varies significantly between neighboring nodes. This situation causes large 
errors in the approximate solution, which is typical when the step size of 
the uniform grid and the parameter value are comparable. As is known, 
according to the natural formulation of the problem, we are interested in 
the solution corresponding to an arbitrary value of the parameter in the 
interval (0, 1]. 

Let us formulate the problem for which we study a classical finite 
difference scheme and also newly constructed ones. 

suppose that it is required to find the solution of the Dirichlet problem 
for the singularly perturbed heat equation 


3 ð | 
Lo iux, t)= e aj “e t) — Or u(x, t) = f(x, t) œ, t)e&G 


u(x, t) = (x, t) (x, HES e 
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Here the domain of definition of Eq. (2.16) is as follows: 
G-Dx(0,T] (2.17) 


where D —(0,1), that is, G = ((x,ty: xe(0,1), t€ (0, T]}, S is the 
boundary of the set G, S = GG, f(x, t), (x, D) € G, e(x, f), (x, t) ES are 
given functions. Let us define these functions by the relations 


fæ, N=- (x NEG 
g(x, t) = sin(7x) xED (2.18) 
e(0,)2t-t o(1l,j= O<tsT T=1 


Now we discuss some properties of this problem. Problem (2.16), 
(2.18) is linear. According to the theory of partial differential equations, 
the solution can be represented as a sum of two functions 


u(x, t) -U(x,t) +V,  Q,0€G (2.19) 


Here, together with its partial derivatives with respect to both x and f, the 
function U(x, t) is bounded e-uniformly, while the other function V(x, t) is 
bounded e-uniformly together with its partial derivatives only with 
respect to t. However, the derivatives with respect to the space variable x 
are not bounded e-uniformly. Therefore the functions U(x, t) and V(x, t) 
are called the regular and singular parts of the solution, respectively. The 
functions U(x, t) and V(x, t) are the solutions of the problems 


L5 16) U(x, t) = —2t (x, t)hEG 


E (2.20) 
U(x, t) = ~ xED t=0 
x=0,1 O0<t<1 
"0n t) 20 (x,t)& G 
2.21 
V x x0 Q=r=1 ( 
(x, t) = 0 (x, HES x 7 
The solution of problem (2.20) is as follows: 

U(x, t) = t^ + sin(rx)exp(—& r’ t) (x,t)€G (2.22) 


the graph being given in Fig. 11 for & — 1.0, 0.1, and 0.01. The graph of 
the solution of problem (2.21) is given in Fig. 12 for & — 1.0, 0.1, and 
0.01. 
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(b) e= 0.1 





(c) e= 0.01 


Figure 11. Regular part of the solution U(x, t) of problem (2.16), (2.18) for £ = 1.0, 
0.1, and 0.01. 


214 V. L. KOLMOGOROV AND G. I. SHISHKIN 





(a) £2 1.0 





le) e= 0.0] 


Figure 12. Singular part of the solution V(x, t) of problem (2.16), (2.18) for € = 1.0, 
0.1, and 0.01. 
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It is convenient for the research to represent the function V(x, t) as the 
sum of the functions 


V(x, t) = W(x, t) + v(x, t) (x,t)€ G 


where 





2 2 
X X 1 xvt ( X ) 
W(x, t) = (4 T (Jerte( 5) -zz eXpU- PCS 


2.23 
0zx«o (xm l ) 


The function W(x, t) is called the main term of the singular part of the 
solution, and the function v(x, t) is called the remainder term of the 
solution expansion. It is known from the theory [4] that for the function 
v(x, t) the estimate 


max lu(x, t)| = Me" 


is valid, where the integer n can be chosen very large, as large as desired, 
and the constant M, which is independent of x, t, does not depend on the 
parameter £. A similar estimate holds for the derivative (9/0x)u(x, t) 


0 | : 
== < 
max | D» u(x, t) | = Me 


Thus, the function V(x,:) approximates the function W(x,t) to an 
accuracy of Me”. As one can easily verify, the function W(x, t) is the 
solution of the problem 


Loio Wa, t) = 0 0 cx «v t=0 
W(x,0)=0 OSx<m W(0,t)=t tz 


and it satisfies the relations 


ð 
max W(x, 0) =t =~ W(x, t)=0 O=x<a t=0 
0xx«o, Ox 

0=3<=1 


max € 


Oxx«o 








E | 9 | = m2 172 
ax Ws, t) <e 3x WO, 1) —-2m t t=0 


For x zx,» m, 0t-1, as e decreases, the function W(x, t) tends to 
zero more rapidly than any power of the parameter € 


Wa, D| Ms" xexyj»m  Oxtz1 
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Taking into account the analysis given above, we arrive at the following 
representation of the function u; is, (x, f) 


u(x, t) = U(x, t) -W(x,t) +u, A) œ, 0)&eG (2.24) 


We have explicit analytical representations for the functions U(x, t), 
W(x, t), that is, for the regular and singular parts of the solution. These 
functions are defined by the formulas (2.22) and (2.23). The function 
v(x, t) and its derivatives are small for small values of the parameter. The 
function U(x, t) is the solution of problem (2.20), the function W(x, t) is 
the solution of the problem 


Loi Wa, t) - 0 (x,t)€G 


= (2.25) 
0 xED t=0 
W(x, th= it x=0 0crzx1 HES 
W(1, t) -1 0ctz1 
and the function v(x, t) is the solution of the problem 
Loit, t) = 0 (x, t)EG 
(2.26) 


0 xED t=0 
u(x, t)= 10 x=0 0<r<1 (x,t) ES 
—Wt(1, t) x1 0<t=1 


Here the function W(1, t), 0<t<1 is defined by formula (2.23). 

Recall that we are interested in the behavior of the error in the 
approximate solution for various values of the parameter e. To compute 
the solution of the boundary value problem (2.16), (2.18), we use a 
classical finite difference scheme. We now describe this scheme. On the 
set G the uniform rectangular grid 


G, = à, X © (2.27a) 
is constructed. Here c, and @, are uniform grids on the interval D on the 
axis x and on the interval [0, 7] on the axis t, respectively. Suppose that 
N+1 and N,+1 are the number of nodes in the grids œ and œ, 
respectively, and h = N !, h, = N; ' are the step sizes of the grids, that is, 

G, =G,(N, No) (2.27b) 


On the grid G,, the problem (2.16), (2.18) is approximated by the system 
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A 2g) Z(x, t) = e8 z (x, t) — 6;2(x, t) = f(x, t) (x,t) EG, 


z(x, t) = ex, t) (x,0)€ S, (2.28) 


Here G, = GN G,, S, =S N G,, 6,z(x, t) and 6;z(x, t) are, respective- 
ly, the central finite difference derivative on the grid œ, and the first 
backward finite difference derivative on the grid w,. As is known, the 
combination of the grid (2.27) and Eqs. (2.28) on these grids is called the 
finite difference scheme (2.28), (2.27). 

The scheme (2.28), (2.27) allows us to find the grid function z(x, t), 
(x, t) € G,, which is the approximate solution of the original problem 
(2.16), (2.18). We are interested in examining the quantity 


max |u(x, t) — z(x, t)| 
G, 


which is the error in the approximate solution. Moreover, we are 
interested in examining the behavior of the quantity 


E(e, N, N,) = max |u(x, t) — z(x, t)| = max |u(x, t; ©) — z(x, t; €, N, N,)| 
Ga Ga 
(2.29) 


depending on the value of the parameter e for N, N,— o. 

It is known (see, e.g., [1]) from the theory of finite difference schemes 
that for N, N,— o, and for a fixed value of the parameter e, the solution 
of the finite difference scheme (2.28), (2.27) [or, as is usually said in 
short, the finite difference scheme (2.28), (2.27)] converges to the 
solution of the boundary value problem. In the case of sufficiently smooth 
solutions for problem (2.16), the following estimate is fulfilled 


max lu(x, t) — zx, D= O(e)[N ^ + NS] 


where the constant Q(s), a quantity depending on the smoothness of the 
solution (i.e., depending on the maximum of the absolute values of the 
solution derivatives), increases when e decreases. 

To show the influence of & on the behavior of the quantity E(e, N, N,), 
we perform a numerical experiment. The quantity E(e, N, Nọ) depends 
on three parameters that make the analysis more difficult. Therefore, we 
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set N = N, and we consider the quantities E(e, N) and E(N) where 
E(e,N)=E(e,N,N)  E(N)SE(N,N) (2.30) 
and 
E(N, N,) = max E(e, N, N,) 


is the maximum (with respect to the parameter =) of the error 
E(e, N, N,). 

Unfortunately, we have no analytical representation of the function 
(5 i) (X, t) to compute the value E(e, N, No; Ug 16)(- )) directly. In the 
representation (2.24), we know only the formulas for the functions 
U(x, t) and W(x, t), but not for the function v(x, t). 

Therefore, to analyze the quantity E(e, N, No; Uaa C )), we use the 
technique described below. 

For the function uc 4, (x, t) we apply the representation in the form of 
Eq. (2.24). Then we use the fact that the error in the approximate 
solution for problem (2.16), (2.18) does not exceed the sum of the errors 
in the approximate solutions for problems (2.20), (2.25) and (2.26): 


E(e, N, No; ETSI : = E(e, N, Ny; U, soy ( p + Ele, N, Ny; Wi 5s y 
+ E(e, N, No; Uca 2X -)) (2.31) 
Here E(e, N, Ni; uoo)? )) is determined by relation (2.29), where 


u(x, t) = Uy 46), and z(x, t) is the solution of the corresponding difference 
problem (2.28), (2.27). In a similar way the quantities 


E(e, N, No; Ui 5» ) E(e, N, Na; Wo 55, » 
and Ete, N, Ng; Uto 3e) y 


can be determined. It is obvious that the following finite difference 
schemes correspond to the boundary value problems (2.20), (2.25) and 
(2.26), respectively: 


Aa 38 Z (X, t) — f(x, t) (x, f)€ G, 
(2.32) 
z(x, t) = U(x, t) (x,.1)€5, 
A(2 28 2(X, t) = 0 (x, t) € G, 


(2.33) 
z(x,t) = W(x, t) (x, HES, 
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TABLE V 
Table of Errors E(s, N) for the Classical Scheme (2.32), (2.27) in the Case of Problem 
(2.20) 

e\N 4 16 64 256 1024 
1 2.360e — 1 9.698e — 2 2.795e — 2 7.288e — 3 1.842e - 3 
ES 2.423e — 1 6.182e — 2 1.546e — 2 3.864e — 3 9.659e — 4 
2-1 2.515e — 1 6.266e — 2 1.564e — 2 3.910e — 3 9.773e — 4 
2-0 2.501e— 1 6.251e — 2 1.563e — 2 3.906e — 3 9.766e — 4 
277 2.50006 — 1 6.250e — 2 1.563e — 2 3.906e — 3 9.766e — 4 
2 2.500e — 1 6.250e — 2 1.563e - 2 3.906e — 3 9.766e — 4 
oe 2.500e — 1 6.250e — 2 1.563e — 2 3.906e — 3 9.766e — 4 
E(N) 2.515e - 1 9.698e —2 2.795e — 2 7.288e — 3 1.842e — 3 
z(x, t) = v(x, t) (x, HES, ) 


where G, = Gren: i 

In Tables V and VI, the values of E(e, N), E(N), which are calculated 
for problems (2.20) and (2.25) for various values of & and N, with 
N, =N, are given. To solve the problems, we use the finite difference 
schemes (2.32) and (2.33) on the grid (2.27). 

From Table V, one can see that, as N increases, the error E(e, N) 
vanishes both for a fixed value of the parameter e and for all the values of 
e. Letting E(N) denote the maximum of the error E(e, N) for & varying 
from 10 ^ to 1.0, we see also from Table V that E(N) decreases as 
N, = N— c, Thus, as N and N, =N increase, the approximate solution 
Z(5.33) (X, t) converges to the function U; 55, (x, t), which is the solution of 
problem (2.20), both for a fixed value of the parameter e and uniformly 
in E. 


TABLE VI 
Table of Errors E(e, N) for the Classical Scheme (2.33), (2.27) in the Case of Problem 
(2.25) 

e\N 4 16 64 256 1024 
1 1.630e — 2 6.144e — 3 1.780e —3 4.651e — 4 1.176e — 4 
z 4.374e —2 8.624e —3 1.960e — 3 4.769e — 4 1.184e — 4 
274 3.601e — 2 2.558e — 2 3.131e - 3 5.507e — 4 1.230e — 4 
2s 2.432e - 3 3.095e — 2 2.061e — 2 1.728e —3 1.968e — 4 
2-8 1.526e — 4 2.069e — 3 2.966e — 2 1.934e — 2 1.376e — 3 
2 9.537e — 6 1.297e — 4 1.978e —3 2.934e — 2 1.902e — 2 
295 5.960e — 7 8.106e — 6 1.240e — 4 1.956e — 3 2.926e — 2 
E(N) 4.374e — 2 3.095e ~ 2 2.966e — 2 2.934e — 2 2.926e — 2 
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TABLE VII 
Table of Errors E(e, N, N,) for the Classical Scheme (2.32), (2.27) in the Case of Problem 
(2.20) at 222 * 


NN 4 16 64 256 1024 
1 2.515e — 1 2.503e — 1 2.502e — 1 2.502e — 1 2.502e — 1 

16 6.432e — 2 6.266e — 2 6.255e — 2 6.255e — 2 6.254e — 2 
64 1.748e — 2 1.576e - 2 1.564e - 2 1.564e — 2 1.564e — 2 
256 5.774e — 3 4.028e — 3 3.916e — 3 3.910e — 3 3.909e — 3 
1024 2.846e — 3 1.096e —3 9.847e — 4 9.777e — 4 9.773e — 4 


In Table VII, the values of E(e, N, N,) for problem (2.20) and the 
finite difference scheme (2.32), (2.27) are given for £ — 2 * and different 
values of N and N,. From the table, we see that the errors vanish as the 
values of both N and WN, increase. Similar behavior of the error 
E(e, N, Nọ) is observed for other values of the parameter e. Conse- 
quently, 

E(e, N, Na) x E(e, N) at NQzN 
It follows from this relation and from the results in Table V that the 
approximate solution z,; 5;)(x, t) converges to the function U,, ;,, (x, t), as 
N and N, increase, both for a fixed value of the parameter & and 
€-uniformly. 

As is obvious from Table VI, the behavior of the error E(e, N) as a 
function of e and N is rather complicated. In the case of problem (2.25), 
and the corresponding scheme (2.33), (2.27), the behavior of the error 
E(e, N) is similar to that in the case of problem (1.16) and scheme (1.17), 
(1.18) (see Table I). When N increases, the error E(e, N) decreases only 
for N 24 '!e '; and it increases, as N increases, for N «4 !e !. We can 
see that the approximate solution z,, ,3)(x, t) converges to the solution of 
problem (2.25) for a fixed value of the parameter e. However, the 
approximate solution does not converge € uniformly, while the value of 
E(N) is bounded from below 


E(N) = 2.92 x 10? 
that is, the value of 6(N), where 


&(N) = ECN) [max |u(x, £)|] 


is the worst realizable relative error for fixed N and N, = N, is guaranteed 
to be no smaller than 2.9%. 
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This means that, for any large N, N,, one can find a value of the 
parameter € such that the difference is 100% — 6(N), that is, the 
guaranteed accuracy of the approximate solution, does not exceed 97.1%. 

One should bear in mind that we cannot compute the values of 
E(e, N, Ny; v(*)) and E(N, Ny; v(- )), since we have no analytical repre- 
sentation of the function v(x, t). Note that the behavior of the functions 
u(x,t) and U(x, t) is roughly similar. Consequently, the function v(x, t) 
and its partial derivatives, as well as the function U(x, t), are bounded 
e-uniformly. Moreover, the maximum of the absolute value of the 
function v(x, t) and its derivatives on the set G tends to zero as e— 0. In 
this case, it follows from the theory of finite difference schemes that the 
solution of the finite difference scheme (2.34), (2.27) converges for 
N, Nọ >œ to the function v(x,t) [the solution of the boundary value 
problem (2.26)] e-uniformly. Therefore, the quantities E(e, N, No; v(- )) 
exhibit the natural behavior, that is, they tend to zero with the growth of 
N, N,. 

Thus, in order to evaluate E(e, N, N; v(- )) and E(N, N,; v(- )) for the 
function v(x, t), instead of these values we compute the quantities 


Ey. nile N, No) = max [Zy« ve(x, t) — 2(x, £)] 
(x, NEG, 0 


Ey. we(N, No) = max Ey. ye(e, N, No) 


Here zy. y+(x,¢) is a continuous function defined on the set G. The 
function Zy. +(x, £) is constructed by linear interpolation with respect to 
the variables x and t from the values of the grid function zy. PAS t). 

The function Zy», N . (x, t) is the solution of the finite difference scheme 
(2.34) on the grid 


G,(N*, N*) 


where G,(N*, N*) = GN. N% ), provided that the values N* and 
Nj are chosen so that they considerably exceed N and N,, respectively. 
We set 


Ey» nl, N)=E ACE N, N) Ey. y. (N) = Ey. ye(N, N) (2.35) 


In Table VIII, the values of E,5,, ,5:, (e, N), Ei024.1024(N) are given. 
They are calculated for the finite difference scheme (2.34), (2.27) 
corresponding to the boundary value problem (2.26) for different values 
of e and N, with N, =N. For values of € smaller than 2 * the errors 
E1024.1024(£, N) become equal to zero up to the computer accuracy. From 
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TABLE VIII 
Table of Errors E,,4,, ,,4,,(€, N) for the Classical Scheme (2.34), (2.27) in the Case of 
Problem (2.26) 


ENN 4 16 64 256 

i 4.609e — 03 1.273e - 03 3.114e — 04 6.275e — 05 
25 9.645e — 05 3.058e — 05 6.804e — 06 1.330e — 06 
2 2.561e — 33 9.477e — 33 1.616e — 32 3.497e — 33 
1s 0.000e — 00 0.000e — 00 0.000e — 00 0.000e — 00 
E(N) 4.609e — 03 1.273e — 03 3.114e — 04 6.275e — 05 


the table one can see that, as was predicted above, the error E(s, N) 
tends to zero, when N increases, both for a fixed value of the parameter € 
and e uniformly. 

Note that for the solutions u(x,t), Z(5 54555, (x, £) of the boundary 
value problem (2.26), and the finite difference scheme (2.34), (2.27), the 
following estimate is fulfilled: 


max |v(x, t)|, max |z(»54 2.276 t)| = max W(1, f) xW(1, T) 
G Gh : OstsT 
max |P, t; vC ))| S PA, T; WC ))] 
G 


0 d 
where P(x, t;v(-))= € àx v(x, t) P(x, t; W(-)) =€ ay W(x, t) 


In Table IX, the quantities W(1, T) -W(1, T;s) and P(1, T)- 
P(1, T; W(-)) are presented for different values of the parameter e. The 
values of W(1, T;s) and P(1, T; W(-)) tend to zero rapidly as the 
parameter tends to zero. 

From Tables V, VI, and VIII we see that the function W(x, t), that is, 
the singular part of the solution, makes the greatest contribution to the 
error when one solves the boundary value problem (2.16), (2.18) with the 
use of the difference scheme (2.28), (2.27). From the results in Tables V, 








TABLE IX 
Table of Values W(1, T; €) and P(1, T; W(- )) for Various Values of the Parameter e; T=1 
E 1 ae "d a 
W(1, T= 1, €) 2.799e — 01 5.679e — 02 7.656e — 04 8.401e — 10 1.690e — 31 


P(1, T -1,W(-)) —3.993e-01  -1.005e— 01 —1.956e-03  —3.644e— 09 —1.382e — 30 
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VI, IX, and the inequality 
E(e, N, No; Wo 1s -)) S Ele, N, No; WC )) + Ele, N, No; UC )) 


+ max |u(x, t)| + max IZ (2.34) t) 
G G, 


it follows that the solution of the finite difference scheme (2.28), (2.27) 
converges for a fixed value of the parameter e when N and N, increase. 
However, it follows from the inequality 


E(e, N, No; taio C )) = Ele, N, No; W(*)) - Ele, N, Nos UC: )) 


— max |v(x, 1)| — max IZ¢2 say (x, t) 
G G, 


and from the results in Tables V, VI, and IX that the solution of the 
difference scheme (2.28), (2.27) does not converge e-uniformly. 

The error E(e, N; uz 16)(- )), obtained from (2.31) as the sum of the 
errors of the components in the representation (2.24), can be overesti- 
mated. Let us point out a recipe for computing a more accurate estimate 
for the quantity E(e, N; uoa )). 

We determine the quantities E. «(5 N,NUG,,0)) and 
Ey» «QN, No; u(; 4, (: )) by the relations 


E. v; (5, N, No; A 1s) - cn lu(x, [) — Z (2.385 t) 
EN, No; Uo 1s) C D= max Ew. ws (5, N, No; Uo 1g C ) 


where 


u(x, t) = u(x, t) 
E (2.36) 
u(x, t) = U(x, t) + Wx,t) + Zye ws (x, t) (x,t) € G 


Further, we assume that 
Ey vs (6s Ni as C) = Et wales N.N uo ag) 
Ew. (Ni Uo iC) = En nm N, N; uo iC) 
The quantities Ey. y. (e, N; Uo 1, (^ )) and E ees Na U2 1g )) approach 
the quantities E(e, N; U(5 4.) C )) and E(N; TERN te ) fairly well when N*, 


N exceed the number N. - 
In Table X we give the values of E aime M); E 1924 1024 (N ) 
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TABLE X 
Table of Errors Ej, y24(€, N) for the Classical Scheme (2.28), (2.27) in the Case of 
Problem (2.16) 


e\N 4 16 64 256 

1 2.485e — 1 1.010e — 1 2.712e - 2 5.782e — 3 
2-* 2.783€ - 1 6.816e — 2 1.612e — 2 3.215e — 3 
2S 2.773e- 1 7.816e — 2 1.635e — 2 3.140e — 3 
a 2.509e — 1 9.048e — 2 3.064e — 2 4.069e — 3 
2 2.491e—- 1 6.346e — 2 4.382e — 2 2.066e — 2 
Qo 2.490e — 1 6.165e —2 1.660e — 2 3.214e - 2 
2e 2.4900 — 1 6.153e — 2 1.477e — 2 4.878e — 3 
E(N) 2.783e — 1 1.010e — 1 4.382e — 2 3.214e - 2 


computed for different values of the parameter e and the number of 
nodes N. From the table it is seen that, as N increases, the errors 
E ere ce N) converge for fixed values of the parameter £ and do not 
converge e-uniformly. 

In conclusion, following the results of Tables V and VI, we may state 
that, for N, N,— œ, the approximate solution converges e-uniformly in 
the case of the smooth solution of the boundary value problem, for 
example, for u(x, t) = U(; .9)(x, t). When the solution of the boundary 
value problem is singular, for example, u(x, t) = Vo ;4, (x, t), the approxi- 
mate solution converges for a fixed value of the parameter e, however, it 
does not converge e-uniformly. Therefore, the solution of problem 
(2.28), (2.27) does not converge e-uniformly either. 

Now we analyze the behavior of the error when the derivative with 
respect to x is being approximated. We consider the function 

ð z 
P(x, th=e E u(x, t) (x,t) € G 
called the normalized diffusion flux (or, in short, the normalized flux, or 
the flux). According to the analytical form of the function U(x, t), we see 
that the quantity 


0 
P(X, t;U 2.) =e ox U,, ;oy (x, t) 


satisfies the relations 


n |P(x, t; Uo -))|=M 


lim a" |P(x, t; Uo» C ))| =0 
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Taking into account the estimates for the functions W(x, t) and v(x, t) and 
for their derivatives with respect to x, we come to the relations 


may IP t; Vo 3409s M 


lim e |P(x, t; Vaan D| =|P@ =0,1=1, W(-))| = goo 
Hence, for the function P(x, t; uo ,&,(* )) the following relations hold 
max |PG, t; uo ig C) 5 M 
lim nes |P(x, t; Lo 46 C D| = [Pœ 20, = 1, W(-))| 


In Figs. 13 and 14 the graphs of the functions P(x,t;U(-)) and 
P(x, t; V(: )) are given. 
We approximate the normalized diffusion flux by the function 


P'""(xrss&z(x,t  (x0€G, 


which is the computed normalized diffusion flux (or, in short, the 
computed normalized flux, or the computed flux), where G, = {(x, t): 
(x, t) € G,, x « 1) and 8,z(x, t) is the first (forward) difference derivative 
on the grid G,, G, = G,.25. 

To evaluate how the function P"'(x,t) approximates the function 
P(x, t), we use the quantities Q(e, N, Nọ) and Q(N, N,) 


Q(s, N, N) = max |P(x, t) - P"* (x, t)| 
h 
= max |P(x, t; €) - P** (x, t; €, N, No)| 
h 
Q(N, No) = max Q(e, N, No) 
which are the errors in the normalized fluxes. We define 


Q(e,N)=Q(e,N,N) Q(N) = Q(N, N) 


Since the analytical representation of the function u(;,4,(x,1) is 
unknown, and, consequently, the flux P(x, t; Uz 16)(- )) is unknown, in 
order to analyze the quantities Q(e, N; u;; ,4,7 )) and Q(N; uc 16)(- )) we 
use the same method that we used to analyze E(e, N;u(;,4:)) and 
E(N; uc , (7 )). In this connection we start from an inequality similar to 
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TABLE XI 
Table of Errors of the Normalized Flux Q(e, N) for the Classical Scheme (2.32), (2.27) in 


the Case of Problem (2.20) 


e\N 4 16 64 256 1024 

1 7.240e — 1 3.218e - 1 9.282e — 2 2.413e - 2 6.095e — 3 
22 2.729e - 1 7.402e — 2 1.909e — 2 4.807e — 3 1.204e — 3 
2 9.706e — 2 4.590e — 2 1.587e —2 4.295e — 3 1.095e — 3 
pe 2.505e —2 1.576e —2 1.098e — 2 3.937e — 3 1.072e — 3 
27 6.276e — 3 4.055e — 3 3.797e — 3 2.740e — 3 9.841e — 4 
279 1.569e — 3 1.016e —3 9.771e — 4 9.473e — 4 6.853e — 4 
2" 3.923e — 4 2.540e — 4 2.447e — 4 2.437e — 4 2.368e — 4 
O(N) 7.240e — 1 3.218e — 1 9.282e — 2 2.413e — 2 6.095e — 3 


inequality (2.31) 


Ole, N, No; Uie C ) = Q(e, N, Ny; UC oC D + Qe, N, No; Wio.25)6 ”)) 


+ Q(e, N, No; U(3.3e)( : )) 


In Tables XI and XII the results of the computed values of Q(e, N) 
and Q(N) for problems (2.20) and (2.25) are presented. 
From the results in Table XI, it is obvious that, as N increases, 


provided that N, = N, the computed normalized flux converges to the 
exact normalized flux P(x,t;U,..)(:)) both for fixed values of the 
parameter and e-uniformly. 

The behavior of the errors in the normalized flux is more complicated 
in the case of problem (2.25). It is similar to the behavior of the errors in 
the normalized diffusion flux in the case of boundary value problem 
(1.16) for an ordinary differential equation, when the difference scheme 


TABLE XII 
Table of Errors of the Normalized Flux Q(e, N) for the Classical Scheme (2.33), (2.27) in 
the Case of Problem (2.25) 


e\N 4 16 64 256 1024 

1 1.620e — 1 6.123e — 2 2.362e — 2 9.946e — 3 4.496e — 3 
2 4.516e — 1 1.328€ — 1 4.345e — 2 1.535e — 2 5.904e — 3 
27" 8.876e - 1 4.3320 — 1 1.228e — 1 3.321e - 2 1.086e — 2 
2:5 1.066e + 0 8.863e — 1 4.2822e — 1 1.21le — 1 3.111e - 2 
2n 1.113e +0 1.066e + 0 8.860e — 1 4.270e — 1 1.207e — 1 
22 1.124e 4 0 1.113e + 0 1.066e + 0 8.859e — 1 4.267e — 1 
277 1.127e + 0 1.124e + 0 1.113e + 0 1.066e — 0 8.859e — 1 
Q(N) 1.127e + 0 1.124e + 0 1.113e +0 1.066e + 0 8.859e — 1 
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(1.17), (1.18) is used (see Table II). From the results in Table XII one 
can see that, as N increases, the computed normalized flux converges to 
the real flux for a fixed value of the parameter e. However, the computed 
normalized flux does not converge e-uniformly. Moreover, the error in 
the computed flux tends to the maximum modulus of the unknown 
function P(x, t; e, V(- )) on the set G, as the parameter e decreases, that 
is, it tends to a constant greater than 1 


P(x =0,t=1; €, W(-)) 22m 1? = 1.128 


We know that we are not able to compute the quantities Q(e, N; u(- )) 
and Q(N;v(:)) because an analytical formula for v(x, t), which is the 
solution of problem (2.26), is unknown. Since the derivatives of the 
function u(x, t) decrease rapidly with «— 0, the errors Q(e, N, Nj; v(*)) 
and Q(N, N,;v(- )) are well approximated by the corresponding values of 


Qu. ws (6, N, NS) = max |Py. y. (x, t) — P^" (x, t)| 
0 0 


(,0€6; 
Qu. y. (N, Ny) = max Q y-n (E, N, No) 
where 
Py» sx; 0) e yey le’ th — (x,0€G,(QN*, NT) 

Exx FR") h* =(N*) ` 
We define 

Qu. nile, N) = Qu. nle N, N) 

Qu. we(N) = Qu. v (N, N) 


In Table XIII we give the errors in the normalized diffusion fluxes 
Q 1004. 102a(€, N) and Q,,,4 1924(N) for the classical finite difference scheme 
(2.34), (2.27) related to problem (2.26). These errors are computed for 
different values of the parameter € and the number of nodes N. For 
values of e smaller than 2 * the errors Q 024.1024 (€; N) are equal to zero 
up to the computer accuracy. From Table XIII it follows that, as N 
increases, the error Q5, 1904(€, N) tends to zero for a fixed value of the 
parameter € and e-uniformly. 

From the results in Tables XI-XIII we see that the greatest error in 
computing the normalized flux for problem (2.16) is the error in the 
singular part of the solution of the boundary value problem. 
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TABLE XIII 
Table of Errors of the Normalized Flux Q,,,, 1924, N) for the Classical Scheme (2.34), 


(2.27) in the Case of Problem (2.26) 





ENN 4 16 64 256 

1 3.934e — 02 1.176e — 02 3.268e — 03 1.033e — 03 
2-4 4.771e — 04 3.054e — 04 1.066e — 04 3.701e — 05 
23^ 4.161e — 32 1.591e — 31 3.514e — 31 2.499e — 31 
a 0.000e — 00 0.000e — 00 0.000e — 00 0.000e — 00 
Q(N) 3.934e — 02 1.176e — 02 3.268e — 03 1.033e — 03 


Having analyzed Tables XI-XIII, we conclude that, for a fixed value 
of the parameter, the function PUE s ) approximates the 
function P(x, t; u; ,4,(:)) with N, N,— o. Nevertheless, the computed 
normalized flux does not;approach the real one e-uniformly, even 
qualitatively. 

Thus, by numerical experiments we verify that the approximate 
solution of the Dirichlet problem (2.16), found by the classical finite 
difference scheme (2.28), (2.27), and the computed normalized diffusion 
flux converge for N, N,— o, respectively, to the solution of the boundary 
value problem and the real normalized diffusion flux for fixed e. 
However, we can also see that they do not converge e-uniformly. The 
solution of the grid problem approaches the solution of the boundary 
value problem uniformly in e qualitatively well. The normalized flux 
computed according to the solution of the difference problem does not 
approach e-uniformly the real normalized flux (i.e., the flux related to the 
solution of the boundary value problem) even qualitatively. Nevertheless, 
if the solution of the singularly perturbed boundary value problem is 
smooth and e-uniformly bounded, the approximate solution and the 
computed normalized flux converge e-uniformly (when N, N,— o) to the 
exact solution and flux. 

The computational example described in this section is not far-fetched. 
The power of a computer is characterized by the value N. From the 
numerical experiment under consideration it follows that, for any large N 
and N, =N, a value of the parameter £ (corresponding to the physical 
process under study) can be found such that the error of the approximate 
solution is no smaller than 2.9%. Although the maximum error is not so 
large (at most 4.4%), the situation is unsatisfactory when we cannot 
guarantee the error to be less than 3.0% for arbitrarily large N and 
N = N. But, it is obvious from the computational results that, for any 
large N and N, = N, a value of e can be found for which the magnitude of 
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the real normalized diffusion flux on the material surface exceeds many 
times the magnitude of the computed flux. 


C. Principles for Constructing Special Finite Difference Schemes 


In this section, using an example of a boundary value problem for a 
singularly perturbed ordinary differential equation, we discuss some 
principles for constructing special finite difference schemes. In Section 
II.D, these principles will be applied to the construction of special 
schemes for singularly perturbed equations of the parabolic type. 

Now we consider some ideas that will be applied to the construction of 
é-uniformly convergent finite difference schemes. From the results of 
Section II.B we obtain the following. When the parameter & is of the 
order of unity, the solution of the boundary value problem varies 
smoothly in the whole domain of integration. Therefore, partial deriva- 
tives in the differential equations are well approximated by the corre- 
sponding difference derivatives, and the finite difference equation ap- 
proximates the differential one. Here grids with an arbitrary distribution 
of nodes can be used (in particular, uniform grids). It is important that 
the domain does not contain parts where grid nodes are absent. It 1s clear 
that the use of uniform grids is preferable here because these grids are the 
simplest, and a better approximation of the differential derivatives by 
finite differences can be achieved on them. 

As the parameter e tends to zero (and in this case the thickness of the 
boundary layer tends to zero), parts of the domain with sharp variations 
of the function appear in a neighborhood of the boundary. Their width is 
comparable to the parameter e. The solution varies sufficiently smoothly 
outside of these parts. The partial derivatives are well approximated by 
the difference derivatives on regions of smooth variation of the solution. 
On these regions, the use of grids with an arbitrary distribution of grid 
nodes is admitted. As a consequence, the differential equation is well 
approximated by the finite difference equation on the regions of smooth 
variation of the solution. 

However, on the parts with sharp variation of the solution, that is, in 
the neighborhood of the boundary layer, the following situation is 
realized. The parameter & can take arbitrarily small values. Therefore, 
for the chosen grid with very condensed nodes (or for the chosen step size 
in the case of uniform grids) a value of the parameter & can be found that 
is comparable to the distance between neighboring nodes in the boundary 
layer. In this case, the exact solution of the problem varies considerably 
between the nodes mentioned. With this argument we cannot expect that 
the finite difference equation and the grid solution approximate well the 
differential equation and the exact solution, respectively, at these nodes. 
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Thus, here, the accuracy of the approximate solution is lost for small 
values of the parameter e. 

We recall that the interval with sharp variation of the solution, where 
we refine the grid, decreases as £ vanishes. We may try to use grids with a 
small step size in a neighborhood of the boundary layer. The following 
question arises: is it possible to redistribute a given number of nodes N so 
that the nodes in the boundary layer are sufficiently densely distributed, 
while outside the boundary layer the nodes are not too sparse, and, as a 
result, the finite difference equation and the grid solution on those grids 
will approach well the differential equation and the exact solution, 
respectively? Note that such grids with a special distribution of nodes 
satisfying the above-mentioned conditions and providing e-uniform con- 
vergence of the approximate solution for increasing N do exist. A 
rigorous justification of this statement is given below. 

If the reader is not interested in the detailed justification, he can pass 
on to the description of the special piecewise uniform grid D, so) at the 
end of this section. 

We consider the Dirichlet problem for the ordinary differential 
equation (1.13a) on the unit segment D, D = [0, 1]: 

2 


Lo snu) = e < u(x) — c(x)u(x) = f(x) xED (27a) 
u(x) = v(x) xer (2.37b) 


where Lo 37) = La.) the functions c(x), f(x), x € D are assumed to be 
sufficiently smooth, moreover, c(x) zc, 0, x€ D; the function f(x) 
corresponds to the density of the substance sources in the diffusion 
problem, and the function c(x) corresponds to the substance dissociation 
rate. 

For this problem, we give a finite difference scheme on a grid with an 
arbitrary distribution of grid nodes for a fixed number of nodes N + 1. 
Then we analyze the behavior of the error in the grid solution corre- 
sponding to the distribution of the grid nodes. Further, we show that the 
nodes can be distributed in such a way that the errors in the grid solution 
tend to zero e-uniformly when N tends to infinity. 

First we estimate the solution of problem (2.37). Intuitively, it is clear 
that for f(x) 20, x € D the following inequality is fulfilled 


min e(£)-u(x)- max olé) xED (2.38) 


that is, due to the lack of sources the substance concentration inside the 
sample is no smaller than the minimal concentration and no greater than 
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the maximal concentration on the boundary I of the set D (or, equiva- 
lently, on the sample surface). It is also clear that for p(x) 20, x ET the 
solution of problem (2.37) satisfies the inequality 


min [-c CEACE su) = max [-c '(é)f(E)] x€D (2.39) 


This means that, indeed, when the concentration on the sample surface is 
equal to zero and there is no diffusion (i.e., for e = 0), the concentration 
u(x) inside the sample is defined by the relations 


u(x) =- Ofa) xED 
min [~c (COf(£)] S0) = max [= HAE xED 


In this case, in the presence of diffusion, relation (2.39) is valid. Similar 
arguments lead to the estimate 


min[min [^c (£)f(£)], min e(£)] 
= u(x) = max[max [7c (£)f(£)], max e(£)] 


for x € D. Consequently, for the solution of problem (2.37) the following 
estimate is true: 


Ec Iu(x)| = M 4o; (2.40) 


where 
M5 40) = max le(£)| + (co) m IAE) 


That is, the solution of the problem is bounded by the quantity M, ,,, 
independent of the parameter e. Note that the smaller the values of 
max,|e(£)| and maxg|f(£)|, the smaller is the value of the quantity 
M, 40); the solution u(x) is equal to zero if p(x) 20, x ET and f(x) —0, 
x € D. 

Here and below, we denote by M (and by m) sufficiently large (and, 
respectively, small) positive constants independent of the small parameter 
€. Generally speaking, such constants appearing in different formulas are 
different. 

As is known from the theory of differential equations [7,8], the 
solution of the boundary value problem (2.37) can be represented as a 
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sum of two functions 
u(x) = U(x) + V(x) xED (2.41) 


Here the function U(x) (called the regular, or smooth, part of the 
solution) and its derivatives are bounded by a constant independent of 
the value of the parameter e (alternatively, they are bounded ¢-uniform- 


ly) 


k 


d 
ae) 








<M x€D O0sk=4 (2.42) 


The function V(x) (the singular part of the solution) is bounded e- 
uniformly; however, its derivatives increase unboundedly in the neigh- 
borhood of the ends of the segment D when the parameter & tends to 
Zero. 

When the point x moves away from the ends of the segment D, the 
function V(x) itself and its derivatives decrease rapidly for small values of 
the parameter. For the function V(x) and its derivatives the following 
estimate is fulfilled: 


k 


d 
ae) 








<Me “exp(—m,e r(x) | xeD OSk<4 (2.43) 


where r(x) is the distance from the point x to the ends of the segment D, 
= 1/2 
Mo < m 43), Plo 43) = (co) *. 
For example, in the case of problem (1.16) we have 


U(x)-1 V(x) = -[1 + exp(—e ')|“[exp(—e !x) + exp(—e ‘(1 — x))] 
xED 


For problem (2.37), we write the classical difference scheme on a grid 
with an arbitrary distribution of nodes. On the set D we introduce the 
grid 


D, = 9, (2.44) 


where o, — (x: x? 2 0, x’ ext ovteeq m) Ts N is a grid with an 
arbitrary distribution of nodes. Set h = max, h’, where h' =x" — x', x’, 
x Eo. Let h be the maximum step size of the grid satisfying the 
condition 


h= MN (2.45) 
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On the set D, = D N D, (interior nodes of the grid) the second-order 
derivative (d^/dx^)u(x) is approximated by the second difference deriva- 
tive 0,.u(x) 


5.,u(x) -2(h + hY [&u(x) -ó,u(x)) = x =x’ ED, 


Here 6,u(x) and 6-u(x) are the first difference derivatives, forward and 
backward, respectively 


sulx) = (h) "ux ^) u) 


5.u(x) = (hT [ux)-ux )] | x-x,x ,x,x"' SD, 


Note that the quantity 


2 


n(x) = mesa) màu) - ue) x ED, 


which is the approximation error for the second-order derivative by the 
second difference, depends on the value of the parameter & and on the 
node distribution in the grid D,. 

Now we discuss the behavior of n(x). For the function n(x) we have the 
estimate 


i41 ii 
x -x ) x=x ED, 





n) «3^ EA 
= ma 
IN Jd dx 





On the uniform grid D, we obtain 


4 








x=x'ED, 





mx) = 127° , max - 


legexí 


where h 2 N ' is the step size of the grid D,. 
When the parameter e is not too small, for example, £ = m, it follows 
from estimates (2.42) and (2.43) and the inequality 











d? 
xi^ E M 1 | dx FE PPM i un “us| 
3 å — 
d Jd: d "LOI pum 
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that the quantity n(x) is small for a sufficiently large N 


max (x)| x MN ' 
D, 


However, the function n(x) may take large values as & decreases. In 
particular, on the uniform grid D, [e.g., when £ = e(N) = h] for problem 
(1.16) we have 


mæ) = n(x; u.s D| = mN* x=x =h 
On the grid D, we consider the finite difference scheme 


Aaso) = e'àgz() — cz) -f() xED, — (2.462) 
Z(x) = v(x) yell, (2.46b) 


We are interested in the behavior of the function 
w(x) = z(x) — u(x) xED, 


which is the error in the approximate solution [or, in other words, the 
error in the solution of the finite difference scheme (2.46), (2.44)]. We 
would like to construct a difference scheme the solution of which 
converges to the solution of the boundary value problem e-uniformly. 

In the case of the boundary value problem (2.37) the solution of the 
finite difference scheme (2.46), (2.44) converges e-uniformly for N — œ, 
if the estimate 


max |z(x) — u(x)| = A(N) (2.47) 


is valid for the difference of the functions z(x) — u(x) = w(x), where the 
function A(N) does not depend on the parameter £ and tends to zero for 
N-> o. 
Now we construct an e-uniformly convergent finite difference scheme. 
The arguments that lead to estimate (2.40) for the solution of the 
boundary value problem (2.37) make it possible to find a similar estimate 
for the solution of grid problem (2.46), (2.44) 


max Iz(x)| = M as (2.48) 
h 
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where 


M 48) = mex le(£)| + (me ag |f(E)| 


This estimate means that the solution of grid problem (2.46), (2.44), as 
well as the solution of the differential problem (2.37), is bounded 
e-uniformly. 

One can easily see that 


Agasou) — Losu) = e^n(x) x€D, (2.49) 
Alternatively, we have 


A (2 4g) (X) — L5 4;,u(x) S — A g.a WO) m A (2. 45)U(X) — f(x) = - B(x) 
XED, (2.50) 


The quantity B(x) is called the approximation error of Eq. (2.46a) for the 
solution u(x) of Eq. (2.37a). From Eqs. (2.49) and (2.50) it follows that 


Bx)--e&«-x) x ED, 
Thus, the function w(x) is the solution for the following problem: 
A 4s W(X) = —e(x) x€D, 
(2.51) 
w(x) = 0 x €T, 


For the function w(x), x € D,, which is the solution of grid problem 
(2.51), (2.44), the following estimate is valid 


Sa [w| = Mo 52) (2.52) 
h 


where 
M52 = (cy) € Eo In(é)| 


Thus, in order that the solution of the finite difference scheme (2.46), 
(2.44) converges e-uniformly, it suffices that the function n(x) satisfies the 
inequality 


e max [n(x)| = MA(N) (2.53) 
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From the results in Section I we know that even when the coefficient 
c(x) and the right-hand side f(x) are constant, the solution of the finite 
difference scheme on a uniform grid [namely, scheme (1.17), (1.18)] does 
not converge e-uniformly to the solution of the boundary value problem 
(1.16). Therefore, we will try to find a distribution of the nodes of the 
grid D 544 so that inequality (2.53) is valid for the function m(x). 

For the function n(x) = n(x; 4; 4;,(: )) the following estimate is fulfilled 


In; Uo 3C »! = n(x; U(- ))| i In; V(- ))| x€D, 


According to estimate (2.42), for the function n(x; U(- )) we have 





d | " E 
Mæ; UC | =37° , max Duple- h < MN 


lag <xzitl 
x=x'ED, 
where D, = D,(; 44. Consequently, 


g^ max im; UC |= MN 
h 


that is, in the case of the smooth part of the solution (in short, the 
smooth solution) inequality (2.53), where A(N) = N '!, is satisfied for any 
distribution of the nodes in the grid D,,, 44). 

According to estimate (2.43), for the function n(x; V(-)) we have 


IG; VC | Me max exp(mye "r(£)) — x") 
xi^ l!zxgpxy!i*! 


= Me "[exp(—m,e ‘x’ ') + expl -mae (1- x ^ y] ^! —-x' !) 
x=x ED, 
It can be easily verified that 


max — exp(—mye ‘r(£))= O(1) (2.54a) 


xiTleg arit 
in a neighborhood of the ends of the segment D, and the quantity 


max — exp( -mE 'r(£)) 


i 


decreases rapidly (exponentially) when the nodes x' !, x''! are shifted far 
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from the ends of the segment. Thus, we obtain the inequality 


max — exp(—m,e 'r(£)) x Me" for r(x'*), ra’ )zm 


xi~leg<y! 
| (2.54b) 
xen 


where the integer n can be chosen sufficiently large, M = M(n), D, = 


D, 44) 
In the case of the boundary value problem (1.16), we have a lower 
bound for the function n(x; V(- )) on the uniform grid D, 


2 


d 
z V(x) - 6, V(x) 
dx 


=24 e N *exp(—e !x) x=x ED, D,=D 


NC 





>24 '! 





In(x; V(-))| = 











d 

dx? V(x) 
h(2.44) 
(2.55) 


On piecewise uniform grids, which are uniform in neighborhoods of 
the ends of the segment D, we obtain an estimate similar to (2.55) 


In(x; VC) z me "hiexp(-e x) x=x' ED, 


where A, is the step size in the neighborhoods of the segment ends. 
Suppose that the node x' of the grid D, satisfies the relation 


exp(—e x )- O(1) x ED, 
Then, for the inequality 
&n(x;VC» = MA(N) x ED, 


to be valid for some function A(N), the following condition should be 
fulfilled: 


e “hi < MA(N) 
that is, the step size between the nodes should satisfy the condition 
h, = 60(N |) (2.56) 


that is, the step size A, should be much smaller than the parameter e. 
If at the point x' near the segment ends the step size satisfies a 
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condition similar to (2.56) 
x^ —x,x' —x"2so(N )) (2.57) 


then, at the node x', in virtue of relation (2.54a), the following inequality 
holds for a certain function A,(N) 


e"n"; VC ))| = MA, (N) 


According to inequality (2.54b), in the nodes x' € D, for which r(x' ^), 
r(x'*') z m we have the inequality 


en; VC D| = MAN) 


where A(N) 2 N '. In this case no restrictions connected with the value 
of £ are imposed on the values A 2 x'*! — x‘, h ! 2x' - x' ^. Thus, the 
grid step size should satisfy the condition (or restriction ) (2.57) in a small 
neighborhood of the ends of the segment D; outside of this m-neigh- 
borhood of the ends of D no restrictions are imposed on the distribution 
of the nodes in the grid D,,, ,,,. 

It would be interesting to find a grid that satisfies the above mentioned 
conditions in a class of the simplest grid, namely, in the class of piecewise 
uniform grids. 

We now describe such a grid. Suppose that 


à, (o, N,, N, d,, d) (2.582) 


is a piecewise uniform grid on the segment [d,,d,| condensing in 
neighborhoods of both the ends of this segment. The grid œ, is uniform 
on each of the subintervals [d], d, + a], [d, + o, d, — o], [d, — o, d,] with 
the grid-step size h,,) on the segments [d,, d, + a] and [d, — e, d;] with 
N, + 1 nodes on each of them and with the grid-step size ha) on the 
segment [d, - o, d, — e]; N- 1 is the overall number of the w,-grid 
nodes and ø x 4^ (d, — d,). The value ø is determined by the relation 


o —o(s, N, d,,d,, m) - min[4 (d; —d,),m 'eln N] (2.58b) 
where m = m; 5g) < m; 44. Suppose that 
Dy = o, (00, sy (e, N, 0, 1, m), N,, N,0, 1) (2.59) 


where N, =4 `N. This is the required special grid D}. 
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In the case of the grid Dj? for the function n(x) we have the estimate 


g^ may m(x; RETA ED) IES MN ‘InN D, = D? (2.60) 


The proof of this estimate is given in [4]. 
By virtue of estimate (2.52), we obtain 


max |u(x) — z(x) x MN ‘InN (2.61) 
D, 


where D, = D" and z(x) is the solution of scheme (2.46), (2.59). That is, 
the solution of the finite difference scheme (2.46), (2.59) for N—o 
converges e-uniformly to the solution of the boundary value problem 
(2.37). Moreover, the function A(N) in the right-hand side of estimate 
(2.47) is defined by the relation A(N) = Mo sN In N. 

A rigorous analysis of convergence for the finite difference scheme 
(2.46), (2.59) leads to the estimate 


max lu(x) — z(x)| = MN * In? N (2.62) 
D 


if the following condition holds 


TI sg) <2 modu (2.63) 


Thus, we have constructed the grid D? on which the solution of 
the finite difference scheme (2.46), (2.59) converges e-uniformly. For the 
approximate solution the estimate (2.61) for m; 54, < m; 44, and the esti- 
mate (2.62) for m; 5s) «9 ^ Huan are valid. 

As we know, for the solution of the grid equations (2.46) on the 
uniform grid D, the following estimate is true 


max lu(x) — z(x) x Q(eyN ? (2.64) 


This inequality means that, for a fixed value of the parameter e, the 
classical finite difference scheme on the uniform grid converges with 
increasing N with practically the same order of convergence (with respect 
to N) as the special finite difference scheme (2.46), (2.59), (2.63). Note 
that in the case of the classical scheme on a uniform grid the rate of 
convergence [more precisely, the constant Q(s) in estimate (2.64) called 
the convergence constant] depends essentially on the value of the 
parameter € (see the results in Section II.B). However, in the case of 
the special finite difference scheme, the rate of convergence [namely, the 
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convergence constant M in inequality (2.62)| is independent of the value 
of the parameter e. 

Note that in [9] a special grid is constructed where the distance 
between the neighboring nodes depends on the parameter £ and on the 
number of nodes N, and varies gradually. The approximate solution on 
that grid satisfies the estimate 


max lu(x) ^ z(x)| x MN? (2.65) 


The right- -hand sides of estimates (2.62) and (2.65) differ only in the 
multiplier In^N and constant coefficients M (we remember that the values 
of M in these estimates are different). But piecewise uniform grids are 
considerably simpler to use than grids with a gradually varying step size. 
It is obvious that for large N the value In^N is small in comparison with 
the value N”, where v0 is an arbitrarily small quantity. Hence, it 
follows that the orders of convergence in estimates (2.62) and (2.65) are 
close. 


D. Special Finite Difference Schemes for Problems (2.12), (2.13) and 
(2.14), (2.15): Numerical Experiments with the Special Difference Scheme 


First, we give a special finite difference scheme for the one-dimensional 
boundary value problem (2.14), (2.15). A special piecewise uniform grid 
for problem (2.14), (2.15) is constructed, which is rectangular and 
condensing with respect to the variable x in a neighborhood of the 
boundary layers, that is similar to the grid for problem (2.37). The grid is 
uniform with respect to the time variable. In the case of the two- 
dimensional boundary value problem (2.12), (2.13) the special grids are 
rectangular, piecewise uniform with respect to the variables x, and x, and 
uniform with respect to the time variable. The distribution of nodes with 
respect to x for a one-dimensional problem, and with respect to both x, 
and x, for a two-dimensional problem, is similar to that for an ordinary 
differential equation. We describe special grids for problems (2.12), 
(2.13) and (2.14), (2.15), and then, we give theoretical estimates for the 
approximate solutions. 
On the set G ,,,, we introduce the rectangular grid 


G, = 9, X à (2.66) 


where œ, is a grid on the segment Du» generally speaking, a 
nonuniform grid, «, us a uniform grid on the segment [0, T]. We denote 
the number of nodes in the grids e, and «oy by N+1 and N,+1, 
respectively. We set h = max, h’, h'=x'*'—x', x', x "ea, hxMN 5, 
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ho is the step size of the grid ©, hy = TN, '. On the grid G, we consider 
the difference equation corresponding to differential equation (2.14a) 


A 67)2(X, t)= {e°a(x, t)6.. — p(x, t); — c(x, t)) z(x, t) = f(x, t) 


(2.672) 
(6 0cG. 
The function z(x, t) takes the given values on the boundary S, 
z(x, t) = (x,t) (x, thE S, (2.67b) 


Here G,=GNG,, $, =SOG,, 5,,2(x, t), 6;z(x, t) are the second and 
first (backward) difference derivatives. 
We want to know the behavior of the function 


w(x, t) = z(x, t) — u(x, t) (x,t) € G, 


with N, N,— « for different values of the parameter e; the function 
W(x, t) is the error in the approximate solution. 

According to the definition, the solution of finite difference scheme 
(2.67), (2.66) with N, N,— © converges to the solution of the boundary 
value problem (2.14) e-uniformly if for the difference of the functions 
z(x, t) — u(x, t) = w(x, t) the estimate 


max |z(x, t) — u(x, t)| S A(N, No) 
G, 
is satisfied, where the function A(N, N;) does not depend on the 


parameter £ and tends to zero for N, N,— o. 
The function w(x, t) is the solution for the grid problem 


A (5 S, WO; t) = B(x, t) (x, t)€ G, 
(2.68) 
w(x, t) =0 (x, thE S, 


where B(x, t) is the approximation error of Eq. (2.67a) for the solution 
u(x,t) of Eq. (2.14a) 


B(x, t) = L( 4y¥x, i= A (2 sz, Ux, t) 
2 


= e'a(x, t) E u(x, t) — 0..u(x, | + p(x, D| Su, [= z u(x, p 
= B(x, t) + Box, t) 
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It is known that, for the solution of the grid problem (2.67), (2.66), 
the estimate 


max Iz(x, A)| = Mq.ss (2.69) 
h 


is valid, where 
M 2.69) = bou le(£, 7)| + (p) T Ter C£, 7) 


This estimate can be derived similarly to estimate (2.48). Hence, for the 
function w(x, t) which is the solution of Problem (2.68), we arrive at the 
estimate 


max |w(x, t)! = M max |B(£, 7)| (2.70a) 
Gn Gh 
It is known from the theory of differential equations that the solution 
of problem (2.14) can be represented as a sum of two functions 
u(x, t) = U(x, t) + V(x, t) (x,t) € G 


For the functions U(x,t) and V(x,t) (i.e., for the regular and singular 
parts of the solution) and their derivatives the following estimates are 
fulfilled 








gktko 
E U(x,t)| x M (2.70b) 

kt kg 
TT V(x, t) | x Me *exp[^me 'r(x)] (2.70c) 








(x,t)€G 0x k, ko k x2 k x4 


where r(x) is the distance from the point x to the boundary I of the set D, 
T= DVD and m is a sufficiently small arbitrary number. 

We see that the partial derivatives with respect to time are bounded 
e-uniformly for both of the functions U(x, t) and V(x, t), while the partial 
derivatives with respect to the space variable x are bounded e-uniformly 
only for the function U(x, t). 

Hence, we obtain the following inequality for the second-order 
derivative of the problem solution with respect to time 


2 


2 à 
—7; V(x,t 
at? ( ) 


a 2 
— u(x,t 
n 


ð 
S009) =M 




















max < max + max 
Gh C, G, 


NUMERICAL METHODS FOR PROBLEMS MODELING DIFFUSION PROCESSES 245 


and, consequently, for the function B,(x, t) we have 








9^ - 
max |B,(x, t)| = M max| —z uf ë, 7) | Ny; = MN. 
Gy G, lot 


Taking into account the latter inequality and estimates (2.70), we 
arrive at the following conclusion. For the construction of an e-uniformly 
convergent finite difference scheme it is enough to construct the grid D, 
so that the following inequality is satisfied 


max |B, (x, 0| = ACN, N,) (2.71) 


We also see from (2.70) that the estimates of the derivatives with 
respect to x of the functions U(x, t) and V(x, t) are similar to estimates 
(2.42) and (2.43) of the components in the representation (2.41) of the 
solution of problem (2.37). To construct the special grid D;" and, 
consequently, the grid Gj? where the inequality (2.71) is fulfilled, we 
take advantage of the results in Section II.C. 

- We construct the special grid 


Gi? =D? x © = @* X @ (2.72a) 
as follows. We define the grid D}? by the relation 
D? = D?*(e, N, dy, dy, m) 
= 4¢2.58)1F (2.58) (Es N, do, d1; M), Ng 24 "IN, N, da, d] (2.72b) 


where m — m, 72) is an arbitrary number; à = o»; ec. 
On the grid G7 the function B(£, 7) satisfies the inequality 
MIN "In N +N] (&-)€G7?7  &£dy*o,d,-o 


IC, n) = pubes +No'] (&7)EGP  é-dtod,-e 


Hence, by virtue of estimate (2.70a), we obtain the e-uniform conver- 
gence of the finite difference scheme (2.67), (2.72). Thus, we arrive at 
the error estimate 


max |u(x, t) - zx, | = M[N "In^N + N3'] 
Gap 


In the case of the boundary value problem (2.12), (2.13) on the set 
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Gio.43), we construct the rectangular grid 
G, = D, X à = à, X ©, X © (2.73) 


where œw, is a grid on the segment [d,,,d,,| on the axis x,, s= 1,2, 
generally speaking, a nonuniform grid; œ is a uniform grid; N, + 1 and 
N, +1 are the number of nodes in the grids œ, and @,, respectively; 
h, = TN,’ is the step size of the grid ©; h, = max, hi, hi —- x; — xi, xi, 
xi" Eö, h= max, h,, s=1,2; N= mi, N,, s=1,2, AE MN |. For the 
approximation of problem (2.12), on the grid G,, we use the finite 
difference scheme 


A 24)2(X, t) = f(x, t) (x, the G, 


z(x,t) 2 o(x,t) (06s, (2.74) 


Here, G, =GNG,, $, - 5G, 


Rare = fe? D a Qo D s =pl 09; — etx, 1) os n) 


s=İ, 


The analysis of convergence for the finite difference scheme (2.74), 
(2.73) is similar to that for the finite difference scheme (2.67), (2.66). We 
have the estimate 


max lu(x, t) — z(x, t) = Q(S)[N T + No’ | 


for the solution of the finite difference scheme (2.74), (2.73). Even if the 
grid 


G, (2.75) 
is uniform with respect to all the variables, we have the estimate 


max |u(x, t) - z(x, 0] = QON? + No '] 


To construct the special grid so that the solution of the finite difference 
scheme converges e-uniformly, we use grids that are piecewise uniform 
with respect to the variables x, and x,. Remember that the estimates for 
the derivatives (with respect to the space and time variables) of the 
regular and singular parts of the solution for problem (2.12) are similar to 
the estimates of the derivatives for problem (2.14). 

Now we describe a special grid for the finite difference scheme (2.74). 
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With this aim in view we define 
G, =D? X @)=0% X 0% X @) (2.76a) 
where 


"TES 104-1 
wo; = (2.58) 0 (2.58) (E> N,, dos» dis» m), N. =4 N,, N,, dos» d,.| 


ue (2.76b) 


m is an arbitrary number. 

Suppose that the solution of problem (2.14), (2.13) is sufficiently 
smooth. In this case, the finite difference scheme (2.74), (2.76) converges 
e-uniformly, and we obtain the estimate 


max lu(x, t) — z(x, t)| = M[IN "In^N + N; '] 
h 


We examine the efficiency of special finite difference schemes for the 


model boundary value problem (2.16), (2.18). On the set G,,;, we 
construct the special grid 


— 


GPa Dp? <a, (2.77a) 
where 
D; = Dio. hE N, d, = 0, d, =1, m) Oo = Dq2.66) (2.77b) 


Problem (2.16) is approximated on this grid by the finite difference 
scheme 


Aa 792, t) = f(x, t) (x, EG; 
(2.78) 
z(x, t) = p(x, t) (x, t) E Sy? 


Here f, t) = fcis 06 t), p(x, t) = (2 13) 6 t), 
A78) 2(X, p) — GOF — 0;jz(x, t) 


We know that the solution of problem (2.16) can be represented in the 
form (2.24). We used this representation when analyzing the classical 
finite difference scheme. Here we also use representation (2.24) for the 
analysis of the special finite difference scheme. 

When one studies the errors in the approximate solution obtained by 
scheme (2.78), (2.77), it is convenient to consider the finite difference 
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TABLE XIV 
Table of Errors E(e, N) for the Special Scheme (2.79), (2.77) in the Case of Problem (2.20) 
e\N 4 16 64 256 1024 
1 2.360 — 1 9.698e — 2 2.795e — 2 7.288e —3 1.842e - 3 
27 2.423e - 1 6.182e - 2 1.546e — 2 3.864e — 3 9.659e — 4 
2t 2.526e — 1 6.266e — 2 1.564e — 2 3.910e — 3 9.773e — 4 
275 2.504€ — 1 6.252e - 2 1.563e - 2 3.906e — 3 9.766e — 4 
235 2.500e — 1 6.250e — 2 1.563e — 2 3.906e — 3 9.766e — 4 
27 2.500e — 1 6.250e — 2 1.563e — 2 3.906e — 3 9.766e — 4 
245 2.500e — 1 6.250e — 2 1.563e — 2 3.906e — 3 9.766e — 4 
E(N) 2.526e — 1 9.698e — 2 2.795e — 2 7.288e — 3 1.842e —3 
schemes 
A (2.782 (X, t) = f(x, t) (x,0)€G;? 
" (2.79) 
z(x, t) = U(x, t) (x, t) E S} 
Aoz, t) = 0 x,t) EG? 
, (2.80) 
z(x, t) = W(x, t) (x, t) E S; 
AgaZ, t)=0 x,t) EGF 
" (x. D) e s? : (2.81) 
At) C Xo 
z(x, t) = í (x, t) ES? 
—Wt(1, t) x-1 0üctz1 


Here U(x, t), W(x, t), v(x, t) are the components from the representation 








TABLE XV 
Table of Errors E(e, N) for the Special Scheme (2.80), (2.77) in the Case of Problem (2.25) 
ENN 4 16 64 256 1024 
1 1.630e — 2 6.144e — 3 1.780e — 3 4.651e — 4 1.176e — 4 
a 4.374e — 2 8.624e — 3 1.960e — 3 4.769e — 4 1.184e — 4 
2-7 3.976e — 2 2.558e — 2 3.131e — 3 5.507e — 4 1.230e — 4 
JR 4.494e — 3 4.156e — 2 7.214e — 3 1.076e — 3 1.772e — 4 
Dra 9.440e — 3 4.156e — 2 7.214e — 3 1.076e — 3 1.772e — 4 
Tis 1.207e — 2 4.156e — 2 7.214e — 3 1.076e — 3 1.772e — 4 
QN 1.273e - 2 4.156e — 2 7.214e —3 1.076e — 3 1.772e — 4 
E(N) 4.374e - 2 4.156e — 2 7.214e - 3 1.076e — 3 1.772e — 4 
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TABLE XVI 
Table of Errors E1954 :924(€, N) for the Special Scheme (2.81), (2.77) in the Case of Problem 
(2.26) 
e\N 4 16 «64 256 
1 4.609e — 03 1.273e — 03 3.114e — 04 6.275e — 05 
27 9.645e — 05 3.058e — 05 6.804e — 06 1.330e — 06 
2 3.683e — 33 9.477e — 33 1.616e — 32 3.497e — 33 
2-7 0.000e — 00 0.000e — 00 0.000e — 00 0.000e — 00 
E(N) 4.609e — 03 1.273e — 03 3.114e — 04 6.275e — 05 


(2.24) of the solution of problem (2.16). The finite difference schemes 
(2.79), (2.77); (2.80), (2.77), and (2.81), (2.77) [we denote their 
solutions by 2,2 39)(X, t), Z( soy (x, £), and z( 4, (x, f), respectively] approx- 
imate the boundary value problems (2.20), (2.25), and (2.26). 

In Tables XIV and XV we give the values of E; 30)(€, N), E 39 0N) 
for finite difference schemes (2.79), (2.77), and ‘0. 80), (2.77) corre- 
sponding to problems (2.20) and (2.25), respectively, which are com- 
puted for different values of € and N with N, = N. From the tables one 
can see that, as N increases, the functions z(,;9,(x, f) and z(5 ao, (x, t) 
converge e-uniformly to the functions U(x, t) and W(x, t), respectively. 

To analyze the convergence of the function z,, 4, (x, £) to the function 
u(x,t), we have computed the values of E;g,1540,55(6. N) and 
Edna 3; ). The results are given in Table XVI. Tables XVI and 
VIII differ only in the value of E 024, o2al€ N) for e -2 *, N= 4 because, 
for the other £ and N, the special grid is uniform. From Table XVI we 
can see that the error E, ,9,, (e, N) converges to zero e-uniformly. 

From the results given in Tables XIV-XVI it follows that the error in 
the solution of the finite difference scheme (2.78), (2.77) does not exceed 
the sum of the errors in the solutions of the finite difference schemes 
(2.79), (2.77); (2.80), (2.77), and (2.81), (2.77). Therefore, the solution 
of the special scheme (2.78), (2.77) converges e-uniformly to the solution 
of the boundary value problem (2.16). Thus, numerical experiments 
illustrate the efficiency of the constructed finite difference scheme. 

In Section III we will see that the new finite difference schemes allow 
us to find the normalized diffusion fluxes with an e-uniform accuracy. 


Ill. NUMERICAL SOLUTIONS OF THE DIFFUSION EQUATION 
WITH PRESCRIBED DIFFUSION FLUXES ON THE BOUNDARY 


In Section IL. A, the problem of the diffusion of a substance in a layer of 
some material was considered. The determination of the substance 
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concentration was reduced to the solution of a one-dimensional singularly 
perturbed diffusion equation (2.8). The substance concentration at the 
initial instant is known, that is, the unknown function is given by 
condition (2.9). On the domain boundary, depending on the physical 
conditions, one of two sharply differing laws for mass exchange between 
the boundary and the surrounding medium is imposed. In the first case, 
the substance concentration on the material surface is known for all 
times, that is, the unknown function takes given values, and this function 
satisfies condition (2.10). In the second case, the diffusion flux on the 
surface is known for the current time, that is, the space derivative (or 
gradient of the unknown function) is prescribed, and this derivative 
satisfies condition (2.11). As we will see later, the approximate solutions 
obtained with classical finite difference schemes differ sharply in the first 
and second cases. 

In Section II (see Sections I.B, I.D) we considered finite difference 
schemes in the case when the unknown function takes given values on the 
boundary. The boundary value problem for the singularly perturbed 
parabolic equation on a rectangle, that is, a two-dimensional problem, is 
described by Eqs. (2.12), while the boundary value problem on a 
segment, that is, a one-dimensional problem, is described by equations 
(2.14). In Section II.B classical finite difference schemes were analyzed. 
It was shown that the error in the approximate solution, as a function of 
the perturbation parameter, is comparable to the required solution for 
any fine grid. For the above mentioned problems special finite. difference 
schemes were constructed. The error in the approximate solution ob- 
tained by the new scheme does not depend on the parameter value and 
tends to zero as the number of grid nodes increases. 

In this section, we consider singularly perturbed diffusion equations 
when the diffusion flux is given on the domain boundary. We show (see 
Section III.B) that the error in the approximate solution obtained by a 
classical finite difference scheme, depending on the parameter value, can 
be many times greater than the magnitude of the exact solution. For the 
boundary value problems under study we construct special finite differ- 
ence schemes (see Sections II.C and I.D), which allow us to find the 
solution and diffusion flux. The errors in the approximate solution for 
these schemes and the computed diffusion flux are independent of the 
parameter value and depend only on the number of nodes in the grid. 


A. Mathematical Formulation of the Problems 


On the set 


G — D x (0, T] (3.1) 
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where D is the segment [d,, d,] on the x axis, we consider the singularly 
perturbed equation of parabolic type [see Eq. (2.14a)] 


Lou, f) = [ra t) 5 = p(x, t) S- e(x, 9 duc. t) = f(x, t) 


«NEG (3.2a) 


Here a(x, t)2=a)>0, c(x, t) z0, p(x,t) xpo 0, f(x, t) are sufficiently 
smooth functions on G; the parameter & takes arbitrary values in the 
interval (0, 1|]. The following condition is given on the lateral boundary 
S' = {x: x =d,,d,} x (0, T] of the set G 


lo sux, t) = e L u(x,t)- (1) KANES (3.2b) 


Here ð/ðn is the derivative with respect to the outward normal to the set 
G 


ð ð 
m u(x,t) ^ — m u(x, t) fo x=d, 
ð ð 
on u(x,t) = E u(x, t) for xd, 


and wv(x,t) is a sufficiently smooth function. Thus, the first space 
derivative of the unknown function is given on the domain boundary by 
condition (3.2b). At the initial instant, that is, on the set $"— D x 
{t = 0}, which is the lower base of the set G, the function u(x, t) is known 


u(x, t) = g(x) (x,t) € S" (3.2c) 


Here ¢(x) is a sufficiently smooth function. 

We want to find the solution of problem (3.2), (3.1) (a Neumann 
boundary value problem), that is, the function u(x, t), (x, t) € G, which 
satisfies Eq. (3.2a) on the set G and the boundary conditions (3.2b), 
(3.2c) on the boundary S = S° US". 

We discuss the motivation for including the parameter e in the 
boundary condition (3.2b). For the Dirichlet problem (2.14), when the 
parameter tends to zero, boundary layers appear in a neighborhood of 
the lateral boundary. In this connection, the derivatives with respect to x 
increase unboundedly [see, e.g., estimates (2.70c)]. However, the prod- 
uct e(d/dx)u(x, t) is bounded uniformly with respect to the parameter € 
for all e E€ (0, 1]. Therefore, when studying the Neumann problem (3.2) 
and considering the derivatives (d/dx)u(x, t) (e.g., when analyzing the 
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diffusion fluxes), we consider it natural to introduce the function P(x, t) = 
e(0/àx)u(x, t). Note that, if the parameter € does not appear in the 
boundary condition (3.2b), then (3.2b) is practically equivalent to the 
absence of flux exchange between the surface and the surrounding 
medium for small values of the parameter. A boundary layer does not 
appear in practice in this case. 

The function 


d 
P(x, th=e ax u(x, t) 


in contrast to the function 


å 
P?”(y,t)=D ay C07) 


which is the diffusion flux considered in problems (2.1)-(2.3) and (2.1), 
(2.2), (2.4), is called the normalized diffusion flux (or, in short, the 
normalized flux, or simply, the flux). The variable y is the distance from 
the point x to the material surface, x is a dimensionless space variable, 
x =x(y), t is a dimensionless time variable, t = :(7); the functions P(x, t) 
and PP(y, 7) are related to each other as follows: 


P'(y,r)- C,D?^8 "^ P(x, t) x = x( y) t = t(7) 


For details see, for example, Section II. A. 

Problem (3.2) for a(x, t) = p(x, t) ^ 1, c(x,t) =0 and d, =0, d, =T=1 
reduces to problem (2.8), (2.9), (2.11). 

It should be noted that, generally speaking, the function P(x, t) is not 
continuous on the set G. It can have discontinuities on the set S} =T x 
(1 20). For example, since the function u(x,t) is known at the initial 
instant 


u(x, 0) = g(x) xED 

we can find the function 
ð 1 
Ea P(X) (x,t)€ S, 


for t=Q, that is, the normalized diffusion flux at the initial instant. 
Generally speaking, 


ð 1 
£ 3n p(x) ~ W(x, t) (x, HES, 
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that is, the normalized flux found at the initial instant is not equal to the 
normalized flux prescribed on the boundary S' for 1t 2 0. Therefore, we 
consider the function P(x, t) on the set G, = GVS,. The function P(x, t) is 
continuous on G if the data of probie (3. 2) [more precisely, the 
functions f(x, D, p(x), w(x, t)] satisfy a special condition of compatibility 
on the set Sọ (see, e.g., [10]). This compatibility condition guarantees 
sufficient smoothness of the solution of the problem on G. For example, 
in the case of problem (3.2), (3.1), in order that the function P(x, t) 


should be continuous on G, the following condition is sufficient 


eSa) (Nes! 


As the parameter & tends to zero in Eqs. (3.2a), (3.2b), boundary 
layers appear in a neighborhood of the set $'. The first space derivative 
of the solution tends to infinity in a neighborhood of the set S ! however, 
the function P(x,t) remains bounded uniformly with respect to the 
parameter e. 

Besides the one-dimensional problem (3.2), (3.1), we consider a 
two-dimensional problem on a rectangle. On the set 


G=D x (0, T] (3.3) 


where D = Do; ,4,, is a rectangular domain, we consider the following 
singularly perturbed equation of parabolic type [see Eq. (2.12a)] 


L4 pul, TZ >. a.(x, cs — p(x, s 3f — c(x, D ue t) = f(x, t) 


(x, t) € G (3.42) 


On the lateral boundary $' =T x (0, T], T = DVD the following condition 
is given: 


ð 
Is ux t)m 6 ux, t) d) NES (3.4b) 
where 
ð ð 
an 0 E 7a UO £) tor X, = dos X3-s € (dy 35,4; 3-5) 
k ð 
3, UO, t)= ax, 6 t) for x,=d,, 


25 € (dg... dy 4-;) $12 
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On the set S" = D x (t—0) (the lower base of G) the function u(x, t) 
takes the given values 


ux, t) =x) (nes? (3.4c) 


The coefficients and the right-hand side of the equation and also the 
initial function are assumed to be sufficiently smooth, a,(x, t) = ag > 0, 
c(x, t) x0, p(x, t)=p,>0, S= S! U S°, S=G\G. The boundary function 
w(x, t) is sufficiently smooth on each side of the set S'. However, this 
function is discontinuous on the set S^ =I‘ x (0, T], where [°° is a set of 
corner points of the rectangle D. 

We want to find the solution of problem (3.4), (3.3). 

In the case of problem (3.4), we can find the derivatives (9/0x,)u(x, t) 
and (d/dx,)u(x, t). The functions 


ð 
P (x, t)= ex UM t) s=1,2 


are called the normalized diffusion fluxes with respect to the variables x,. 

Generally speaking, the functions P (x, t) can have discontinuities on 
the set Så =T x (t =0}. Therefore, we consider these functions on the set 
G, = GNSL The functions P,(x, t) are continuous on G if, on the set S3, 
the data of problem (3.4) [namely, the functions f(x, t), e(x), w(x, t)] 
satisfy special compatibility conditions that ensure sufficient smoothness 
of the problem solution on G. 

When the parameter ¢ tends to zero in problem (3.4), a boundary 
layer appears in a neighborhood of the set S'. 

Many applied problems often require that one should find the dis- 
tribution of diffusion fluxes in a material at a certain time. Therefore, 
together with the principal problem 

P the function u(x, t), (x, t) € G, that is, 4.5 
the solution of the boundary value problem, C2) 


we also consider the following problem: 


find the function u(x, t), (x, t) € G, that is, 
the solution of the boundary value problem, (3.6) 
and also the normalized diffusion fluxes. 


We say that the finite difference scheme solves the Neumann problem 
(3.5), if the grid solution converges to the solution of the boundary value 
problem, and for problem (3.6), if, in addition, the grid solution allows 
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us to construct approximations that are convergent to the normalized 
diffusion fluxes. 


B. Numerical Experiments with the Classical Difference Scheme 


In Section II.B we saw that for any small step size of the grid a value of 
the parameter e could be found such that the error in the approximate 
solution became comparable to the exact solution. In principle, we 
surmise that computational problems can arise also in the case of 
singularly perturbed equations, when the flux is given on the domain 
boundary. 

We state a problem and thereafter study classical and new special finite 
difference schemes to solve it. 

suppose that we want to find the solution of the Neumann problem for 
the singularly perturbed diffusion equation 


so à 
Lanu, Dee a HG t) — 3, ux, t) =f(@,t)  (Qote€G (3.73) 
ð 
lo U(x, t) =e E" u(x, t) = w(x, t) (x, t)ES* (3.7b) 
u(x, t) = e(x) (x, t) ES’ (3.7c) 
Here the domain of definition for Eq. (3.7a) is established by the relation 
G-Dx(0,T] (3.8) 


where D = (0, 1), S is the boundary of the domain G, S = G\G, S! and 
S" are the lateral and lower boundaries of the set G, f(x, t), (x, t.) EG, 
u(x,t), (x,0) € S', gx), x€ D are given functions. We define these 
functions as follows: 


fx,t)2-2t  (x,t))eG 


8 312 
P(O, t) "amt V(1,t) - 0 t € [0, T] (3.9) 
e (x) = cos(mx) xED T=1 


Note that the function P(x, t) is continuous on the set G in the case of 
problem (3.7), (3.9), (3.8). 

According to the theory, the solution of the above problem can be 
represented as a sum of two functions 


u(x, t) = U(x, t) + V(x, t) (x, t)EG 


256 V. L. KOLMOGOROV AND G. I. SHISHKIN 


One of them, U(x, t), is the regular part of the solution and the other, 
V(x,t), is the singular part. The functions U(x,t) and V(x,ft) are the 
solutions of the following problems: 


L4 ;U(x, t) = —2t (x,t)EG 

l44U(, 0-0 DES’ (3.10) 
U(x, t) = cos(mx) (x, t) e S" 

L4 V(x, t) - 0 (x,t) EG 


8 p 
la 4, V(x, t) = 3v 
0 xc 


Vx,t)20 HES” 


pos (x, t) € S! (3.11) 


The solution of problem (3.10) is as follows: 
U(x, t) = t^ + cos(zx)exp(—&^ar^t) (x,t)€G 


Its graph is shown in Fig. 15 for € = 1.0, 0.1, and 0.01. The graphs of the 
solution of problem (3.11) for £ = 1.0, 0.1, and 0.01 are given in Fig. 16. 

It is convenient to represent the function V(x,f) as a sum of two 
functions 


Vix, t) = W(x, t)+ v(x, t) (x, NEG 


where 


4 2 
x x x 
(x, t) (= + zi t ) erfc FF 
] rd PS. DL 315 x^ 
ves Ta VAN ME oe Pm 


(3.12) 





For the function v(x, t) (i.e., the remainder term) and its derivative the 
following estimates are fulfilled 


ð 
max lv(x, t)], max | v, n| <= Me" 


where the integer n can be chosen arbitrarily large and the constant M is 
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ic) e= 0.01 


Figure 15. Regular part of the solution U(x, t) of problem (3.7), (3.9) for e = 1.0, 0.1, 
and 0.01. 
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(c) e= 0.0] 


Figure 16. Singular part of the solution V(x, t) of problem (3.7), (3.9) for € = 1.0, 0.1, 
and 0.01. 
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independent of x, t, and e. Thus, the function V(x, t) approximates the 
function W(x,t) with an accuracy bounded by the value Me”. The 
function W(x, t) is the solution of the half-line problem 


L(4 4W(x, t) - 0 0 «cx «o t0 
9 = 8 32 
ezz W(0, t) =- 3721 t20 
W(x, 0) =0 0<x<0 


This function satisfies the relations 


jmax W(x, 8) 2W(0,r) =t 


0x29 =t 


ð 
x Ww )0s0 Osx<o tz0 


ð DEM NES P 9 352 
max e|—we,1)| - «|: wt. 0| 23v: t=0 


O<x =m 


As € decreases, the function W(x,t) and the product s(9/0x)W(x, t) 
vanish, for x zx, zm, 01-1, more rapidly than any power of the 
parameter £ 


ð 
We. nl, e| az wes 0| = e" 


Thus, we get the representation 
u(x, t) = U(x, t) + W(x, t) + v(x, t) (x,t) EG (3.13) 


for the function u, ;,(x, t). There are explicit analytical representations 
for the functions U(x, t) and W(x, t); the function v(x, t), together with its 
derivatives, is small for small values of the parameter. The function 
U(x, t) is the solution of problem (3.10), while the function W(x, t) is the 
solution of the problem 


Lo 4W(x, t) - 0 (x,t) € G 


A p x —0 
: 3V ir i 
ls W(x, t) = (x, AES! (3.14) 


ð 
€x WA, t) x71 


W(x,t)20 |. (es? 
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and the function u(x, t) is the solution for the problem 
L4 50(x, t) - 0 (x, t)€G 
0 x —0 
l x,t)= ð x,t) ES’ (3.15 
anth ) -e — W(, f) | (x, t) ( ) 
x 
v(x,f)20 . (x,t)es? 


Here the product e(d/dx)W(x, £) can be defined according to formula 
(3.12) 


ð x 2x x 
Ea Wi, t) = (5 +2) erfc( ==) 
1 2x° 2, 8 " ( x ) 
te (He tae exp Ld 0xx«eo t=0 


Now we study the behavior of the error in the approximate solution for 
various values of the parameter e. To solve the boundary value problem 
(3.7), (3.9) numerically, we apply a classical finite difference scheme. On 
the set Gs) we introduce the uniform rectangular grid 


G, = à, X à (3.16) 


where o, and & are uniform grids with the step sizes h = N ' and 
h, = N, , respectiveiy, N+ 1 and N, +1 are the number of nodes in the 
grids @, and @,. On the grid G, the problem is approximated by the finite 
difference scheme 


Agan, t) = e°6, .z(x, t) — à;z(x, t) = f(x, t) (x, t)EG, 
Agin, =y, HES, (3.17) 
z(x,t) 2e(x) (DES? 
Here 
G,-GnG,  Si-S'nG,  ÁS?-S"nG, 


|f —£6,2(%, t) x=0 
Acan) =] saza) — x-1 
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0,z(x, t), 0;z(x, t) are the first forward and backward difference deriva- 
tives. 
To approximate the function P(x, t), we use the grid function 


P^* (x, t) = &,z(x, t) (x,t)€G, (3.18) 


where G, =@, Xa, is a grid on G, o, = œw, U (x =0}. 

The finite difference scheme (3.17), (3.16) allows us to find the 
function z(x, t), (x,t)€G,. Therefore, from formula (3.18), we can 
compute an approximation of the normalized flux P(x, t). 

From the theory of finite difference schemes it is known that, for a 
fixed value of the parameter, the solution of the difference scheme 
(3.17), (3.16) converges to the solution of the boundary value problem 
(3.7) when N, N,—» o. For sufficiently smooth data in problem (3.7), for 
example, under condition (3.9), the following estimate is valid 


max Iu(x, t) — z(x, t)| x Q(O[N + NS] 


We are interested in problem (3.5) for the boundary value problem 
(3.7), more precisely, we want to know the behavior of the quantities 
E(e, N) and E(N), where 


E(e, N) = E(e, N;u(- )) = Ele, N, N) 
E(N) = E(N; u(-)) = E(N, N) 
E(e, N, Na) = E(e, N, Na; uC: )) = max lu(x, t; €) — z(x, t; e, N, N,)| 


E(N, No) = E(N, Ny; u(: )) = max E(e, N, No) 


u(x, t) = u(x, t; €) and z(x, t) = z(x, t; e, N, Nọ) are the solutions of prob- 
lems (3.7), (3.9), and (3.17), (3.16), respectively. We are also interested 
in the behavior of the errors E(e, N) and E(N) for each component in the 
representation (3.13) of the solution of the boundary value problem 
(3.7), (3.9). We want to analyze the values E(e, N; U(-)), E(N; U(-)), 
E(e, N;W(-), E(N;W(-)), E(e,N;v(-)), E(N;v(-)). Note that we 
construct the difference schemes 


Agiz t) 2 fi t) NEG, 
Àaa520,0-70 (HES, (3.19) 


z(x,t) 2e(x) | (0€S;, 
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As 17)2(x, f) = 0 (x, 1) € G, 


ÀZ, t) = la 4W(x, t) (x, t) ES, (3.20) 


(x, t) e S? 
(x,t)€ G, 


z(x,t) - 0 
Again, t) = 0 


À(s 152 t) = La 4,0, t) (x,t)€ S, (3.21) 


z(x, t) =0 (x, t) € 5; 


to problems (3.10), (3.14), and (3.15), respectively. One can easily see 
that we obtain 
Zi y 06 0) = Zt 4906 t) + (5906 f) + zi 21, Q0 t) (x,0eG, 

In Tables XVII and XVIII we give the values of E(e, N) and E(N) 
computed for problems (3.10) and (3.14) for different values of ¢ and N, 
and N, = N. 

From Table XVII it is obvious that, as N increases, the error E(e, N) 
decreases for every fixed value of the parameter e, and the value of E(N) 
also decreases. This type of behavior means that, for N,=N, as N 
increases, the approximate solution Z,; ,9)(x, t) converges to the function 
U(x, t) both for a fixed value of the parameter & and e-uniformly. 

In Table XIX the values of E(e, N, N,; U(- )) are given for e = 2^ ^ and 
for various N and N,. The errors E(e, N, N,) decrease when both N and 
N, increase. Similar behavior of E(e, N, N,) can be observed for other 
values of the parameters e. Thus, as N and N, increase, the solution 


TABLE XVII 
Table of Errors E(e, N) for the Classical Scheme (3.19), (3.16) in the Case of Problem 
(3.10) 

ENN 4 16 64 256 1024 

1 2.511e- 1 6.265e — 2 1.636e — 2 4.259e — 3 1.076e — 3 
2€ 5.000e — 1 1.175e — 1 2.882e - 2 7.168e — 3 1.790e — 3 
art 5.476e — 1 9.389e —2 2.149e — 2 5.264e — 3 1.309e — 3 
DI 5.4320 — 1 8.282e —2 1.767e — 2 4.284e — 3 1.064e — 3 
2-5 5.429e— 1 8.179e — 2 1.690e — 2 4.034e — 3 1.000e — 3 
279 5.429€ — 1 8.172e — 2 1.683e — 2 3.986e — 3 9.846e — 4 
"o 5.429e — 1 8.171e —2 1.683e — 2 3.982e — 3 9.816e — 4 
E(N) 5.476e — 1 1.175e — 1 2.882e — 2 7.168e — 3 1.790e — 3 
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TABLE XVIII 
Table of Errors E(e, N) for the Classical Scheme (3.20), (3.16) in the Case of Problem 


(3.14) 
ENN 4 16 64 256 1024 
1 4.736e — 1 9.723e — 2 2.3320 - 2 5.77le —3 1.439e — 3 
P 1.098e + 0 2.347e - 1 5.581e - 2 1.377e - 2 3.431e — 3 
2-5 5.213e + 0 1.014e + 0 2.1l4e -1 4.994e — 2 1.230e - 2 
a 2.312e +1 5.177e +0 9.935e — 1 2.056e — 1 4.848e — 2 
a 9.530e + 1 2.31le +1 5.169e + 0 9.884e — 1 2041e— 1 
2 3.842e + 2 9.530e + 1 2.31le +1 5.167e + 0 9.87le — 1 
2 1.540e + 3 3.842e + 2 9.530e + 1 2.31le4 1 5.166e + 0 
E(N) 1.540e 4- 3 3.842e +2 9.530e + 1 2.31le +1 5.166e + 0 


Z(3.19)(x, t) converges to the function U(x, t) both for a fixed value of the 
parameter & and e-uniformly. 

From Table XVIII we can see that, as N increases, the error E(e, N) 
decreases for every fixed value of the parameter e. However, this error 
grows for a fixed value of N when e decreases. The error E(e, N) grows 
when the product £N decreases, moreover, the error exceeds the value 
max, W(x, t) 2 1 for eN <1. Thus, for Ny = N, the approximate solution 
Z(3.59) (X; t) does not converge to the function W(x, t) -uniformly when N 
increases. Consequently, as N and N, increase, the function z,, 59)(x, t) 
does not converge to the function W(x, t) e-uniformly. 

From Table XVIII we see that the error E(e, N) grows without bound 
when the product £N tends to zero, for example, E(e, N) = 1000 [i.e., the 
error is more than 1000 times the maximum value of the solution W(x, t) 
itself] for eN « 2? = 1/1024. 

Note that we cannot compute the values of E(e, N, Nọ; v(- )) and 
E(N,N,;v(-)) because we have no analytical representation of the 
function v(x, t). As the derivatives of the function v(x, t) vanish rapidly 
when £0, the errors E(e, N, Nj;v(*)) and E(N, N4;v(*)) are well 


TABLE XIX 
Table of Errors E(e, N, N,) for the Classical Scheme (3.19), (3.16) in the Case of Problem 
(3.10) with e22* 


NAN 4 16 64 256 1024 


4 5.476e — 1 2.809e — 1 2.9996 — I 2.51le— 1 2.501e — 1 

16 3.603e — 1 9.389e — 2 6.830e — 2 6.381e — 2 6.279e — 2 
64 3.1358 .— 1 4.715e —2 2.149e — 2 1.697e —2 1:5956 = 2 
256 3.018e — 1 3.547e — 2 9.792e =3 5.264e — 3 4.237e — 3 
1024 2.989e — 1 3.29962 6.866e — 3 23918 —3 1.309e — 3 
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approximated by the values of Ey. AG N, N,) and Ey. Nt (N, N,), where 
Ens nh, N,N)-E «v; GC: N, No; Ux wel :) 


h 


Ey- UN, No) = E SAU No; Ux» nel y) 
= max Ey. nhe, N, No; Une y. C )) 


Here 


Dye n, t) (x,t) EG (3.22) 
is a continuous function constructed by linear interpolation with respect 
to x and ¢ from the values of the function z(x, t; e, N*, N% ), that is, the 
solution of problem (3.21), (3.16) for N=N*, N= N$; z(u t) = 
Z(x, t; £, N, N,) is the solution of problem (3.21), (3.16); the values of 
N*, N* exceed N, No substantially. We define 

Ey. nife, N)- Ew» y» (E, N, N) Ey» N.N) = Eys we N, N) 

In Table XX we give the computed values Ejgo4 jo24{€, N) and 
E34 .1024(N) for different values of the parameter £ and the number of 
nodes N. It follows from Table XX that, as N increases, the error E(e, N) 
decreases for every fixed value of the parameter e, and the error E(N) 
decreases too. That is, for N, — N, when N increases, the approximate 
solution z(4 51)(%, t) converges to the function v(x, t) both for a fixed value 
of the parameter € and e-uniformly. As N and N, increase, the solution 
Z(5.31, (X, f) also converges to the function v(x, t) both for a fixed value of 
the parameter & and e-uniformly. 


TABLE XX 
Table of Errors Ey, :924{€, N) for the Classical Scheme (3.21), (3.16) in the Case of 
Problem (3.15) 


e\N 4 16 64 256 

1 1.260e — 01 2.511e — 02 5.713e — 03 1.130e — 03 
2-7 4.944e — 04 1.043e — 04 2.295e — 05 4.485e — 06 
20 1.565e — 31 3.698e — 32 7.664e — 33 1.315e — 33 
QS 0.000e — 00 0.000e — 00 0.000e — 00 0.000e — 00 
E(N) 1.260e — 01 2.511e — 02 5.713e — 03 1.130e — 03 
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It follows from the analysis of the tables that the largest part of the 
error in the approximate solution 2z,, ,7)(x,¢), that is, the solution of 
problem (3.17), (3.16), is the error in the singular part of the solution. 
The function z,,5,(x, t) converges to the solution of problem (3.7), 
(3.9), as N and N, grow, for fixed values of the parameter e. However, 
the function z(, ,;,(x, ?) does not converge e-uniformly. Moreover, the 
error in the approximate solution can be many times the maximal value of 
the exact solution. The error in the approximate solution increases 
unboundedly when the product £N (for N, = N) tends to zero. Thus, in 
the case of classical difference schemes, the approximate solution does 
not approximate the unknown solution e-uniformly even qualitatively. 

In the case of problem (3.6), we are interested in the approximation of 
the normalized diffusion flux P(x, t). It is known from the theory of finite 
difference schemes that, for a fixed value of the parameter € and 
N, N,— co, the discrete normalized diffusion flux Poo t) converges to 
the function P(x, t) [for a sufficiently smooth solution of problem (3.7)]. 
Under condition (3.9) the following estimate is valid 


max |P(x, t) = P", 0| s QGIN * + No") 


According to the explicit form of the functions U(x, t) and W(x, t) and 
the estimates for the function v(x,t) and its derivatives, the following 
estimates and relations hold 


max |P(x, t; U(-))], max Pc, t; WC), max |PCx, t; vC |= M 
E € G,E 


lim |P(x, t; UCD), lim |IPx,5v(-)| 20 @oEG 
8 3/2 
max |P(x, 5 WC D| = |Px 206,5 WCDI =a et 0xtzT 


Taking into consideration the above relations, we obtain the following: 
yis IPQ, t; us 540) s M 


8 a 
lim max |P(x, t; ugn D| = avt Q=t=T 


TT 


Graphs of the functions P(x,t; U(-)) and P(x,t;V(-)) are shown in 
Figs. 17 and 18. 
To estimate the closeness of the functions P(x, t) and P"* (x, t), we use 
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(5) e= 0.] 





(c) £ = 0.01 


Figure 17. Normalized flux P(x, t; U(-)) for problem (3.7), (3.9) for e = 1.0, 0.1, and 
0.01. 
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(6) €= 0.1 





(a) e= 1.0 





(ce) € = 0.01 


V(- )) for problem (3.7), (4.9) for e = 1.0, 0.1, and 0.01. 


. 
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d flux P(x, t 


*. 


1Ze 


Normal 


Figure 18. 
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TABLE XXI 
Table of Errors of the Normalized Flux Q(e, N) for the Classical Scheme (3.19), (3.16) in 


the Case of Problem (3.10) 


e\N 4 16 64 256 1024 

1 3.773e — 1 3.307e — 1 1.321e - 1 3.709e — 2 9.546e — 3 
ds 4.760e — 1 1.474e -1 3.817e - 2 9.615e — 3 2.408e —3 
23 1.375e — 1 3.821e - 2 9.629e — 3 2.409e — 3 6.024e — 4 
5-5 3.469e — 2 9.575e — 3 2.409e —3 6.024e — 4 1.506e — 4 
25 8.677e — 3 2.394e — 3 6.001e — 4 1.506e — 4 3.765e — 5 
a 2.169e —3 5.985e — 4 1.505e — 4 3.765e — 5 9.412e ~ 6 
2: 5.423e — 4 1.496e — 4 3.763e — 5 9.412e — 6 2.353e —7 
O(N) 4.760e — 1 3.307e - 1 1.321e - 1 3.709e — 2 9.546e — 3 


the quantities Q(e, N) and Q(N), where 


Q(e,N) = Q(s, N;u(-))=Q(e,N,N) O(N) = O(N; u(- )) = QN, N) 
Q(e, N, No) = Q(e, N, No; u(- )) = max |P(x, t; e) - P”* (x, t; e, N, N,)| 


Q(N, Ng) me ON, No; u( ' )) = max Oe, N, No) 


Here the functions P(x, t) = P(x,t; e) and P** (x, t) = P^* (x,t; e, N, No) 
are found from the solutions of problems (3.7), (3.9) and (3.17), (3.16). 

The results of computing the values of Q(e, N) and Q(N) for problems 
(3.10) and (3.14) are given in Tables XXI and XXII. 

It is clear from Table XXI that, with N, = N, as N increases, the 
computed diffusion flux P”*(x,t;U(-)) converges to the real flux 
P(x, t; U(- )) for fixed values of the parameter e and e-uniformly. 

We see from Table XXII that, with N, — N, when N increases, the 
diffusion flux P"* (x, t; W(- )) converges to the real flux P(x, t; W(-)) for 


TABLE XXII 
Table of Errors of the Normalized Flux Q(e, N) for the Classical Scheme (3.20), (3.16) in 
the Case of Problem (3.14) 


ENN 4 16 64 256 1024 

1 1.675e — 1 3.658e — 2 8.844e — 3 2.193e —3 5.470e — 4 
^aa 8.878e — 2 1.728e —2 3.903e — 3 9.482e — 4 2.353e — 4 
257 4.679e — 2 5.094e — 2 6.211e — 3 1.095e —3 2.444e — 4 
x 3.116e — 3 3.844e — 2 4.071e —2 3.421e - 3 3.910e — 4 
or 1.954e — 4 2.531e —2 3.642e — 2 3.813e - 2 2.722e — 3 
2m 1.221e — 5 1.585e — 4 2.39le — 3 3.591e - 2 3.749e — 2 
M 7.633e — 7 9.911e — 6 1.498e — 4 2.357e ~ 3 3.579e —2 
O(N) 1.675e — 1 5.094e — 2 4.071e —2 3.813e - 2 3.749e — 2 


NUMERICAL METHODS FOR PROBLEMS MODELING DIFFUSION PROCESSES 2690 


fixed values of the parameter. However, the function P"* (x, t; W(- )) 
does not converge to P(x,t;W(-)) e-uniformly. The function 
P"* (x, t; W(-)) reflects qualitatively and e-uniformly the behavior of the 
function P(x, t; W(- )). 

The analytical representation of the function v(x, t) is unknown to us, 
therefore, in order to analyze the convergence of the fluxes, we use the 
quantities Q y. y. (e, N, No) and One wi(N, N,), where 

On nfe, N, No) = Q ww; (e, N, Ns; Ux» nel ° » 


= max [P(x, t; £, vy. w.(* )) — P^ (x, t; e, N, No)| 
G; i 


Qy- n (N, N) = One ni (N, No; Uy» nal ‘)) 
— max Quy C8 N, Ns; Uu» wel y 


Here vy. yx, f) = Uy. ys TE 22), t) and the function P(x, t; £, Vy», Ne «(vy 
(x, t) € G are defined by the relations 


P(x, t; £, Uy» wel -)) 


(h*) [Oye we(h*, t) — Une w (0, 0] O<x<2 h* 
(h*) "pos wal t2 h*,t)— Une (X -2 !h*,t) 

2 h*zx«1-2 h* 
(h*) "[oy- (1, t) — o (17 8*0]. 1— 2 '!h*zxz1 


(x,t) € G 


where h* is the step size of the grid œ defining the grid Grato tN): 
We define 


Q y» ws (e, N)- Q y» v; N; Ux wel e Q y nle, N,N) 
Qu. NUN) = One NS Uns nel e Qu. we(N, N) 


In Table XXIII we give the errors in the normalized diffusion fluxes 
Q 024104 (5, N) and Q 024.1024(N) for problem (3.17) computed with the 
finite difference scheme (3.21), (3.16) for various values of the parameter 
e and the number of nodes N with N, = N. One can see from the table 
that, as N increases, the error Q,,, E N) tends to zero (while the 
computed flux P^* (x, IU. nn ) converges to the function 
P(x, t; uy. x )) for a fixed value of the parameter € and e-uniformly. 
When N and N, increase, the computed flux P"*(x, t; Uns TAG )) also 
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TABLE XXIII 
Table of Errors of the Normalized Flux Q;,;, ,924(€, N) for the Classical Scheme (3.21), 


(3.16) in the Case of Problem (3.15) 


ENN 4 16 64 256 

1 1.258e — 01 3.549e — 02 9.153e — 03 2.306e — 03 
a 5.353e — 04 2.816e — 04 8.831e — 05 2.342e — 05 
27 3.980e — 32 3.979e — 32 3.464e — 32 1.585e — 32 
a 0.000e — 00 0.000e — 00 0.000e — 00 0.000e — 00 
Q(N) 1.258e — 01 3.549e — 02 9.153e — 03 2.306e — 03 


converges to the function P(x,t;uy. ni )) for a fixed value of the 
parameter and e-uniformly. 

It follows from the results given in Tables XXI-XXIII that the largest 
error in the computed flux arises from the approximation error for the 
singular part of the problem solution. We see that, as N and N, increase, 
the computed diffusion flux P"* (x, t; z. ,;,(* )) approximates the real flux 
P(x,t;u454,€)) for a fixed value of the parameter. However, the 
computed flux does not converge e-uniformly. Nevertheless, the com- 
puted flux qualitatively well approximates the actual flux e-uniformly. 

The foregoing analysis shows that, using the classical finite difference 
scheme (3.17), (3.16) for the solution of the Newmann boundary value 
problem (3.7), (3.9), the approximate solution z,, ,)(x,f) converges to 
the solution u,, 7)(x, t) for a fixed value of the parameter £ and N, N, — o 
(as was predicted by the theory). The function z,3 ,,)(x,t) does not 
converge to the function 4(,;,(x,f) e-uniformly. The error in the 
approximate solution can be many times the magnitude of the actual 
solution. The error in the approximate solution increases without bound 
under the conditions £ x N ', eN — 0 for N, Ny— v. For small values of 
the parameter the approximate solution does not approximate the actual 
solution qualitatively, even roughly. Consequently, the approximate 
solution does not qualitatively approach the actual solution e-uniformly 
even roughly. 

The approximate solutions obtained by the classical difference schemes 
(3.17), (3.16) allow us to approach the normalized diffusion flux for a 
fixed value of the parameter, as was predicted by the theory. The 
computed flux P^*(x, t; Z(4415,€ )) does not approximate the actual flux 
P(x, t; úg. (t )) &-uniformly. The functions Pt Z(4175,€C)) quali- 
tatively well approximate the function P(x, t; u4 ;,(: )) e-uniformly. 

Thus, classical finite difference schemes are not appropriate for the 
solution of problems (3.5) and (3.6) in the case of the singularly 
perturbed Neumann problems (3.2), (3.1) and (3.4), (3.3). 
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C. Principles of Constructing Special Finite Difference Schemes 
for the Neumann Problem 


Using the example of a boundary value problem for a singularly 
perturbed ordinary differential equation with Neumann boundary con- 
ditions, we discuss some principles of constructing special finite difference 
schemes. These principles will be used in Section III.D to construct 
special finite difference schemes for singularly perturbed equations of the 
parabolic type. 

In the case of Dirichlet problem (2.37) considered in Section 2.3, the 
unknown solution and the solution of the finite difference scheme take 
the same given values on the boundary. Thus, in the Dirichlet problem no 
error appears on the boundary. The error is generated only by an error in 
the approximation of the differential equation by the difference equation. 

We consider the Neumann problem for the ordinary differential 
equation (1.13a) on the unit segment D, D = [0, 1]: 


2 


L(453u(x) = g^ P u(x) — c(x)u(x) = f(x) xED (323a) 


d 
=e Un) x=0 
ð dx 
lazua) = € an u(x) = 2 = (x) xE 
Eq”) xsl (3.23b) 


For this problem, we use a finite difference scheme on a grid with an 
arbitrary distribution of N + 1 nodes and with fixed N. We show that the 
nodes of this grid can be distributed in such a way that the error in the 
approximate solution tends to zero -uniformly when N increases. 

We obtain estimates of the solution and its derivatives for problem 
(3.23). Similarly to (2.40) we arrive at the estimate 


max [u()| = Ma 24 = (co) "^ max [WCE)| + (4) max IHL (3-24) 


According to the theory of differential equations, the solution of a 
boundary value problem can be represented as a sum of two functions, 
that is, 


u(x) = U(x) + V(x) xED (3.25) 


Here U(x) and V(x) are the regular and singular parts of the problem 
solution. The following estimates are fulfilled for the functions U(x) and 
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V(x) and their derivatives: 


k 


i 


dx* M 








- Me "exp(—mge !r(x)) xe€D O=<=k=4 





d* 
| ve 
where r(x) is the distance from the point x to the ends of the segment D, 
My «a5, (3.26) = (c,)''*. Note that, for the Neumann problem 
(3.23), the estimates of the solution and the components U(x), V(x) from 
representation (3.25) are like those for the Dirichlet problem [see 
estimates (2.40), (2.42), and (2.43)]. 

For problem (3.23), we use a classical finite difference approximation 
on a grid with an arbitrary distribution of nodes. On the set D we 
introduce the grid 


D=a, (3.27) 


where c, is the grid «&,(; 44) with an arbitrary distribution of nodes. On 
the grid D, we consider the finite difference scheme 


A(3.28)Z(X) = & 0,.z(x) — c(x)z(x) = f(x) x€D, (3.282) 
— £0,z(x) x=0 
A(3.28)2(%) = | £8,z(x) um | = (x) x€IL,  (3.28b) 


Here A (3.28) = A 2.46)" 

We can obtain an estimate for the solution of the discrete Neumann 
problem (3.28), (3.27) that is similar to the estimate (2.48) for the 
solution of the discrete Dirichlet problem (2.46), (2.44). For the nodes of 
the grid (3.27), let us assume that the condition 


x! —x° x — x^^! « Me x' =0 x = xx" "ED, (3.29) 


is fulfilled. Then the following estimate is valid for the solution of 
problem (3.28), (3.27), (3.29): 


uu Iz(x)| = Mo) M3 30) = M '[max lu(£)| + n^ IAE] (3-30) 


where the constant M! is independent of £ and the functions y(x), f(x), 
but it can be defined only by the value of Mj, 5), M' = M" (M5 5,). 
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We are interested in the function 
w(x) = z(x) — u(x) x€D, 


which is the error in the solution of the finite difference scheme (3.28), 
(3.27). In the case of the boundary value problem (3.23), according to 
the definition, the solution of the finite difference scheme (3.28), (3.27) 
converges e-uniformly as N — o if the following estimate is fulfilled 


max |z(x) — u(x)| x AQN) 


where the function A(N) is independent of the parameter & and tends to 
zero when N— o. 
The function w(x) is the solution of the discrete problem 


As 28) W(X) = -en(x) x€D, 


(3.31) 
A(3.28) W(X) = &v(x) x€l, 


Here n(x) is the error in the approximation of the second-order derivative 
by the difference derivative inside the domain (see Section II.C), and 
v(x) is the error in the approximation of the first-order derivative by the 
difference derivative on the boundary 


| 
© 


ô u(x) 2 (x) x 
U(x) — Feu 
v(x) = r(x3u(-))  ¥@)= ; 
1 


li 


— ô u(x) + < u(x) x 


Thus, the function w(x) is the solution of the discrete problem similar to 
problem (3.28), (3.27). 

The estimate of the function w(x) [the solution of problem (3.31), 
(3.27)| follows from the estimate (3.30) 


max |w(x)| x M[e max |v( £)| + £7 max [n £)]] (3.32) 
D, I, Dy, 
In this way, for the solution of the finite difference scheme (3.28), (3.27) 


to converge e-uniformly, it is sufficient that the functions v(x) and n(x) 
satisfy the inequality 


e max |v(x)|, £ max |n(x)|  A(N) 
lh D, 


In Section II.C the special grid &,(; ;4, was constructed. On this grid 
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the estimate (2.60) is valid for the function n(x) in the case of the 
Dirichlet problem. On the same grid «,,; 5g), in the case of the Neumann 
problem, a similar estimate is true for the function n(x) 


&'max[Gussy4C)|IsMN^"IN D=? (3.33) 
h 


where 
D; = Dc so) (3.34) 
On the grid Dj? the following estimate is also valid: 


e max I»(x;u 25, C) MN MN  D-D7 (3.35) 
h 


The e-uniform convergence of the solution for the finite difference 
scheme (3.28), (3.34) is established from the estimates (3.32), (3.33) and 
(3.35) 


max lu(x) — z(x) x MN ‘InN (3.36) 
h 


where D, = D^, 44. z(x) is the solution of the finite difference scheme 
(3.28), (3.34). Thus, in the case of the Neumann boundary value problem 
(3.23), we have constructed a special finite difference scheme to solve 
problem (3.5) e-uniformly. 

Now we turn to problem (3.6). Taking into account Eqs. (3.23a), 
(3.28a) and the «-uniform convergence of the solution of the finite 
difference scheme (3.28), (3.34), we find that the product &/8,,z(x) 
converges to the product e^(d^/dx^)u(x) e-uniformly 


2 


uU nox 
e! max qd UO) 7 9320) MN ‘InN D=D/? (337) 
h 


Using estimates (3.36), (3.37), we establish that the function P** (x) = 
P''(xiz(-)) where z(x) is the solution of problem (3.28), (3.34), 
approximates the function P(x) = P(x;u(4 54,(- )) €-uniformly, that is, the 
computed diffusion fluxes approximate the actual diffusion fluxes e- 
uniformly 


max |P(x)— P(x) MN nN | D-D;? 
D, 
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The estimate 


max max |P(x)- P''(x")| MN !In N 
x!xx xx!*! xie DP 
is also fulfilled. 

Thus, for the Neumann boundary value problem (3.23), a special finite 
difference scheme has been constructed. Its solution z(x), x € D,, and the 
function P''(x), x€ D, allow us to approximate the solution of the 
boundary value problem and the normalized diffusion flux e-uniformly. 
In other words, they solve problem (3.6) e-uniformly. 


D. Special Finite Difference Schemes for Problems (3.2), (3.1) and (3.4), 
(3.3): Numerical Experiments with the Special Finite Difference Scheme 


We construct a special finite difference scheme for the one-dimensional 
problem (3.2), (3.1). On the set G,; ;, we introduce the rectangular grid 


G, = Gi(3.38) x Gi(2.66) E O1(2.66) X Op(2 66) (3.38) 


where «c, is a grid with an arbitrary distribution of nodes. On this grid we 
consider the set of difference equations corresponding to problem (3.2) 


A(5 392 (X, t) = (e a(x, t)z: — p(x, t)ó; ul c(x, t) z(x, t) = f(x, t) 
(3.39a) 
(x,t) EG, 


= { —€6,2(x, t) x=d, : 
À3.39)2(X, f) = See) ecu w(x,t) (&,t1)ES, (3.39b) 


z(x,t) e(x) DES? (3.39c) 


The difference scheme (3.39), (3.38) allows us to find the function 
z(x, t), (x, 1) € G,. The approximation of the normalized diffusion flux 
P(x, t), when the function P(x, t) is continuous on G, can be computed, 
for example, by the formula 


P*’* (x, t)=66,2(x,t1) DEG; 


where G, is a set of nodes from G,, = G, N G, for which the operator 8, 
is defined, that is, the node (x,t) = (x', t) belongs to Gj, if the nodes 
(xi, t), (x'* , f) belong to Gon- 

As is known from the theory of finite difference schemes, the solution 
of the finite difference scheme (3.39), (3.38) for N, N,— © converges for 


276 V. L. KOLMOGOROV AND G. I. SHISHKIN 


a fixed value of the parameter e as follows: 


max [u, ) - zG, 0| s QN ^ N,'] NEG, 


If the grid 
G, = ©, X ày (3.40) 


is uniform with respect to all its variables, then, when the function P(x, t) 
is sufficiently smooth on G, we obtain 


max |P(x, t) — P"* (x, t)| s QENT + No] 
Gh 
that is, the computed diffusion flux converges to the actual flux for a fixed 
value of the parameter e. 


The function w(x, t) 2 z(x,t)— u(x,t), (x,t)€ G, (the error in the 
approximate solution) is the solution of the grid problem 


Ag.39 W(x, t) = B(x, t) (x, NEG, 
À(s 39) WO, t) = (x, t) (x, HES; 
w(x, t) 2 0 (x, t)€ S; 


Here B(x,t), y(x,t) are truncation errors for Eq. (3.39a) and the 
boundary condition (3.39b) 


B(x, t) =f, t) — Apa 39) u(x, t) = Li; u(x, t) 7 Aq 39) 4, t) 
2 


ð ð 
= e'a(x, t) |2 u(x, t) — 6.,u(x, 9| + p(x, t) | «us, i= ET u(x, p | 
x 
yx, t) = Vx, t) v À(3.39)U(X, t) 
d 
7 e(d,utx, t) — pes u(x, n) x=d, 
i ð 
e(-8,utx, t) + Ox u(x, n) x=d, 
When the condition 
x'—x° x" x" ! « Me xx a edd 


is fulfilled for the grid Gaag the following estimate is valid for the 
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function w(x, t) 


max |w(x, r)| = M[max |y(é, 7)| + max |B(é,7)]] (3.41) 


Thus, for the e-uniform convergence of the solution of the finite 
difference scheme (3.39), (3.38) it suffices to construct the grid G, so that 
the inequalities 


max |y(é, 7), max |B(é,7)| = ACN, No) 


are fulfilled, where the function A(N, Nj) does not depend on the 
parameter £ and tends to zero when N, N,— o. 

It is known from the theory of differential equations that a sufficiently 
smooth solution of problem (3.2) can be expressed as a sum of the two 
functions U(x, t) and V(x, t), which are the regular and singular parts of 
the solution 


u(x, t) = U(x, t) + V(x, t) (x,t) € G 


For the components U(x, t), V(x, t) a priori estimates similar to estimates 
(2.70b), (2.70c) are valid. 
Let us construct the special grid 


Gy = Cis - G 102.12) (3.42) 


For the Neumann problem, we obtain estimates of the functions 8(£, 7) 
and y(£,7) that are similar to the function 8(£,7) in the case of the 
Dirichlet problem (2.14) (see Section II.D) 


max |y(£, 7)|, max |B(£, 7) = MIN "In N + N5 '] 
si h 
where G, — Groa From these, by virtue of estimate (3.41), we can 


establish the s-uniform convergence of the solution for finite difference 
scheme (3.39), (3.42) 


max lu(x, t) - zx, D| MIN InN + N, |] 
GH 


The computed normalized diffusion flux P"* (x,t), &,t)€G, approxi- 
mates the actual flux P(x, t), (x, t) € G e-uniformly 


max |P(x, t) - P" (x,0)| MIN IN + N,] 
GSP- 


278 V. L. KOLMOGOROV AND G. I. SHISHKIN 


Now we construct a finite difference scheme for the boundary value 
problem (3.4), (3.3). On the set G,, 3) we introduce the rectangular grid 


G, = G raai i 655 = D, X Wy = W, X W, X Wy (3.43) 


where @,,@, are grids with an arbitrary distribution of nodes. To 
approximate probiem (3.4) on the grid G,(,,,,, we use the difference 
scheme 


A (s aa) Ze, t) = fix, t) (x, t) EG, 
AgaZ £) 2 VG, t) (x, 0) € S,NS, (3.44a) 
z(x, t) = g(x) (x, t) € S, 
Here, $, = S°NG,, 
Aa a4)2 (6, t) = Ao 74) 2X, f) 


- fe 2, a(x, Doge — P(x, t)8; — ck, ane t) 


s=1,2 


A th= Eô, Zx, t) for X; = dos» X3 s € 03s 
(3.4426 ) EE £Ó zz(x, t) for X; = d,» X3 š E 04 _ 30$ 1 p 


The set of finite difference equations (3.442), (3.43) allows us to find the 
function z(x, t) for (x, t) € G,VS,. We write down a relation that allows us 
to determine the function zr ) for (x, t) € $,. Let the node (x^, d = 
(xj. x3 x3» Í t) € $; be one of the following four nodes: (xj, x5, t), (x1 ^, x5, t), 
(X1,X, t), (x! 1 x5 1, t). Suppose that 


z(xi, x5, t) t zx xs =z» xd, t) zli, xs, t) 
(x^,t)€S, (3.44b) 
x° € (65, x5). G1 x2), Qs x$ S0 sx 


that is, the values of the function z(x, t) at these nodes lie on a plane. The 
finite difference scheme (3.44), (3.43), that is, the set of finite difference 
equations (3.44), (3.43), allows us to find the function z(x, t) for (x, t) € 
G,. 

To approximate the normalized diffusion fluxes P,(x,t), we use the 
formulas 


P^* (x, t) = €6,,2(x, t) (x, NEG s=1,2 
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if the functions P (x,t), s — 1,2 are continuous on G. Here 
G, =D; Xo,  s-12 


D, =, Xo, D, =0,X 03 w, =, U {x, = dos? 
If the functions P,(x,t), s=1,2 are continuous only on G,, then we 
suppose that 


P"* (x, t) = €6,,z(x, t) (x,t) E Go, s=1,2 


where Gô, is a set of nodes from G,, = G N G, for which the operator 6,, 
is defined, that is, the nodes (x1, x,, t) and (x, x", t) belong to the sets 
G,, and G;,,, respectively, if the nodes (x1,x,,£), (x1  ,x,, t) and 
(x,, x5, £), (x1, x5, t) belong to the set G,,. 

The inecstisa th of convergence for the finite difference scheme 
(3.44), (3.43) is similar to the investigation for the finite difference 
scheme (3.39), (3.38) for problem (3.2), (3.1). We know from the theory 
of finite difference schemes that, if the solution of the boundary value 
problem (3.4), (3.3) is sufficiently smooth (e.g., if it has continuous 
derivatives up to fourth order in x, and x, and up to second order in ¢ on 
the set G) for each fixed value of the parameter, then the solution of the 
finite difference scheme (3.44), (3.43) converges for N, N,— œ (where 
N = min[N,, N,]) to the solution of the boundary value problem (3.4), 
(3.3) for a fixed value of the parameter, and the estimate 


max lus, t) = zG, D| = OANT + No’) 


is valid. If the grid 
G, = @, X @, X à (3.45) 


is uniform in all of its variables, and the functions P,(x,£), s — 1,2 are 
sufficiently smooth on G, the following estimate holds 


max |P (x, ) — P^ (x,0| Q(O[N HN] s=1,2 
Gi- 


where G, = G,( 45)- 
On the set G we introduce the special grid 


Gi = Gi ran en Gd (3.46) 
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Taking into account the estimates of the solution and its derivatives for 
problem (3.4), (3.3), we establish the e-uniform convergence of the 
solution of the finite difference scheme (3.44), (3.46) 


max lu(x, t) - zx, t) x MIN In N + N,] 
h 


as well as the -uniform convergence of the discrete diffusion fluxes 


max |P,(x, t) — P'"(xo0zMIN"InN-*N,] s-212 
GjPs- 


Thus, the finite difference schemes (3.39), (3.42) and (3.44), (3.46) 
and, respectively, the grid fluxes P'*(x,t) and P^'(x,t) allow us to 
approximate e-uniformly both the solutions of the boundary value 
problems (3.2), (3.1) and (3.4), (3.3) and the corresponding diffusion 
fluxes, that is, these schemes and grid fluxes solve problem (3.6) e- 
uniformly. 

Now we return to the study of the normalized diffusion fluxes for 
boundary value problems with Dirichlet boundary condition. In Section 
II.D the e-uniformly convergent finite difference schemes (2.74), (2.76) 
and (2.67), (2.72) were constructed for the Dirichlet problems (2.12), 
(2.13) and (2.14), (2.15), respectively. For these problems, we now 
construct and analyze the approximations of the normalized diffusion 
fluxes. We consider the normalized diffusion fluxes for problem (2.14), 
(2.15) in the form 


ð 7 
P(x, t)=e ax u(x, t) (x,t)€ G5 15) 
and for problem (2.12), (2.13) in the form 
ð = 
P(x, D$ uoo t) (x, t) € G5 s=1,2 


that is, fluxes with respect to the variables x, and x,. To approximate 
these fluxes, we use the discrete fluxes 


P''(x,t)esbBz(, t) Œ, DE Gio 
where z(x, t) is the solution of the difference scheme (2.67), (2.72), and 
P^* (x, t) = €6,,z(x, t) (060/5585 s=1,2 


where z(x, t) is the solution of the difference scheme (2.74), (2.76). For 
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the discrete diffusion fluxes (on the special grids) the following estimates 
are satisfied in the case of problem (2.14), (2.15): 


max PG, n - PG, )| S MIN MNN] GF = G7 
h 


and in the case of problem (2.12), (2.13) 
max [P,(x, 1) - PG, 0| = MIN In N + NS] 
h 
scd GP = Gas 


That is, for the Dirichlet boundary value problems (2.12), (2.13) and 
(2.14), (2.15), respectively, finite difference schemes (2.74), (2.76) and 
(2.67), (2.72), and the grid fluxes P"* (x, t) and P^" (x, t) solve problem 
(3.6) e-uniformly. 

Now we study the efficiency of the special finite difference scheme in 
the case of the Neumann boundary value problem (3.7), (3.9). On the set 
G5.) we introduce the special grid 


GF —Gg4san = Gam (3.47) 
To solve the problem, we use the finite difference scheme 
As agyZ Q5 t) = f(x, t) (x, t)E G;? 
Agaa t 76,0) (x, ESP (3.48) 
z(x, t) = g(x) (x, t) E SP’ 
Here 
fœ t) — fus 050) PEt) Jas051) pa) = ¥3.9)(*) 
A(s48) = A278) — A348) FÀG) 
In order to analyze the error in the approximate solution, we find the 


errors in each component of the representation (3.13) of the boundary 
value problem solution. The boundary value problems (3.10), (3.14), and 


282 


V. L. KOLMOGOROV AND G. I. SHISHKIN 


Table of Errors E(e, N) for the Special Scheme (3.49), (3.47) in the Case of Problem (3.10) 


os 
E(N) 


4 


2.51le— 1 
5.000e — 1 
3.965e — 1 
2.590e — 1 
2.506e — 1 
2.5000 — 1 
2.500e — 1 


5.000e — 1 


TABLE XXIV 
16 64 
6.265e — 2 1.636e — 2 
1.175e — 1 2.882e — 2 
9.389e — 2 2.149e — 2 
6.577e —2 1.650e — 2 
6.270e — 2 1.568e — 2 
6.251e — 2 1.563e — 2 
6.250e — 2 1.563e — 2 
1.175e — 1 2.882e — 2 


256 


4.259e =3 
7.168e — 3 
5.264e — 3 
4.160e — 3 
3.9228 73 
3.907e —5 
3.906e — 3 


7.169e — 3 


(3.15) are approximated by the finite difference schemes 


A3 ag) Z(X, D) = f(x, t) 


Àz agyZ(X, t) = 0 


z(x, t) = e(x) 
As agyZ(X, t) = 0 


(x, thE Gi 


(x, t) E SP 


(x, t) E SP 


(x,t) EGF 


X(3.48)2(%, D) = la ;,W(x, [) 


z(x,t) - 0 


As ag) Z(X, t) = 0 


(x, t) E S7? 


(x, t) € S?! 


(x, DEG? 


Às 48) Z(X, [) — RENIE t) 


z(x,t)=0 


(x, t) E S; 


(x,t) E S 


1024 


1.076e — 3 
1.790e — 3 
1.309e — 3 
1.052e — 3 
9.813e — 4 
9.769e — 4 
9.766e — 4 


1.790e — 3 


(3.49) 


(3.50) 


(3.51) 


In Tables XXIV and XXV we give the values of the errors E(e, N) and 


Table of Errors E(e, N) for the Special Scheme (3.50), (3.47) in the Case of Problem (3.14) 


4 


4.736e — 1 
1.098e + 0 
3.367e + 0 
3.221e + 0 
3.184e + 0 
3.175e +0 
3.172e + 0 


3.367e + 0 


TABLE XXV 

16 64 
9.723e — 2 2.332e —2 
2.347e — 1 5.581e — 2 
1.014e + 0 2.114e — 1 
1.492e + 0 4.650e — 1 
1.492e + 0 4.650e— 1 
1.492e + 0 4.650e — 1 
1.492e + 0 4.650e — 1 
1.492e + 0 4.650e — 1 


256 


5.77le — 3 
1.377e — 2 
4.994e — 2 
1.398€ — 1 
1.398€ — 1 
1.398€ — 1 
1.398€ — 1 


1.398€ — 1 


1024 


1.439e — 3 
3.431e — 3 
1.230e — 2 
4.196e — 2 
4.196e — 2 
4.196e — 2 
4.196e — 2 


4.196e — 2 
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TABLE XXVI 
Table of Errors Ei, ,,,,(e, N) for the Special Scheme (3.51), (3.47) in the Case of Problem 
(3.15) 
ENN 4 16 64 256 
1 1.260e — 01 2.911e — 02 5.713e — 03 ].130e — 03 
a= 4.944e — 04 1.043e — 04 2.295e — 05 4.485e — 06 
29 1.076e — 31 3.698e —32 7.664e — 33 ].315e — 33 
2r? 0.000e — 00 0.000e — 00 0.000e — 00 0.000e — 00 
F(N) 1.260e — 01 2.511e — 02 5.713e — 03 1.130e — 03 





E(N) computed for problems (3.10) and (3.14) with various values of € 
and N and N) =N. It is seen from the tables that, as N increases, the 
functions Z(5 49), f) and z(4 ;o(x, t) converge e-uniformly to the func- 
tions U(x, t) and W(x, t), respectively. 

The values of E,5,, :o24(€, N) and E,,, ,4,,(N) for problem (3.15) are 
given in Table XXVI. Note that the special grid is uniform for the 
particular values of £ and N given in the table (except for e 2 2 *, N = 4). 
Therefore, this table and Table XX differ only in the result for € = "AE 
N —4. We see from the results given in Table XX that the error 
E 954 1024 (8 N) tends to zero e-uniformly and, consequently, the function 
Zi s, (X, £) converges to the function v(x, t) e-uniformly. 

The results given in Tables XXIV-XXVI lead to the conclusion that 
the solution of the finite difference scheme (3.48), (3.47) converges to the 
solution of the boundary value problem e-uniformly. 

For the discrete problems (3.49), (3.47); (3.50), (3.47) and (3.51), 
(3.47) the discrete diffusion fluxes were computed and their convergence 
was studied. The results of computing the values of Q(e, N) and Q(N) for 
problems (3.10) and (3.14) are given in Tables XXVII and XXVIII. It is 


TABLE XXVII 
Table of Errors of the Normalized Flux Q(e, N) for the Special Scheme (3.49), (3.47) in the 
Case of Problem (3.10) 


e\N 4 16 64 256 1024 

1 3.773e - 1 3.307e —1 1.321e- 1 3.709e — 2 9.546e — 3 
2st 4.760e — 1 1.474e - 1 3.817e - 2 9.615e —- 3 2.408e —3 
2s 1.007e - 1 3.821e - 2 9.6290 — 3 2.409e — 3 6.024e — 4 
2:7 2.722e —- 2 7.376e — 3 1.620e — 3 4.]75e — 4 1.305e — 4 
2-7 7.563e — 3 2.253e — 3 5.5820 — 4 1.361e — 4 3.308e — 5 
2 1.938e — 3 5.870e — 4 1.479e — 4 3.680e — 5 9.149e — 6 
2 4.873e — 4 1.482e — 4 3.746e — 5 9.360e — 6 2.337e - 7 


4.760e — 1 


3.30Je-—1 


i2le-—-l 


35/0962 


9.546e — 3 
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TABLE XXVIII 
Table of Errors of the Normalized Flux Q(e, N) for the Special Scheme (3.50), (3.47) in the 


Case of Problem (3.14) 


e\N 4 16 64 256 1024 
1 1.675e — 1 3.658e — 2 8.844e — 3 2.193e — 3 5.470e — 4 
2c 8.878e - 2 1.728e — 2 3.903e — 3 9.482e — 4 2.353e — 4 
2 2.524e — 2 5.094e — 2 6.211e — 3 1.095e — 3 2.444e — 4 
2y* 9.9220 - 3 7.228€ - 2 1.431e - 2 2.137e — 3 3.520e — 4 
2s 1.153e - 2 7.228e —2 1.431e - 2 2.137e - 3 3.520e — 4 
ane 1.163e - 2 7.228e —2 1.431e - 2 2.137e - 3 3.520e — 4 
2e 1.163e - 2 7.228e — 2 1.431e - 2 2.137e — 3 3.520e — 4 
Q(N) 1.675e — 1 7.288e — 2 1.43le - 2 2.193e - 3 5.470e — 4 


Obvious from the tables that the discrete diffusion fluxes converge to the 
actual fluxes P(x, t; U(- )) and P(x, t; W(-)) when N increases and N, = 
N. 

In Table XXIX the errors Q 024,1024(€, N) and Q,,,4 1924(N) are given 
for problem (3.15). We see from this table that, as N increases and 
No -N, the error Q5, 1024(€, N) tends to zero, and the discrete diffusion 
flux P"* (x, t; vy. PAG )) converges to the flux P(x, t; Vy» nA ) e-uni- 
formly. The analysis of Tables XXVII- XXIX demonstrates the e-uniform 
convergence of the grid fluxes for each component of the representation 
(3.13) and, consequently, for the total grid flux for the boundary value 
problem (3.7), (3.9). 

Finally, we have also analyzed the convergence of the discrete fluxes 
for the Dirichlet boundary value problem (2.16). Here we used the 
special finite difference scheme. The grid fluxes were considered separ- 
ately for each component in the representation (2.24). In Tables XXX 
and XXXI, we give the errors Q(e, N), Q(N) computed from the 
solutions of the difference schemes (2.79), (2.77) and (2.80), (2.77) 
corresponding to problems (2.20) and (2.25). Table XXXII shows the 


TABLE XXIX 
Table of Errors of the Normalized Flux Q;,,,;5,(e, N) for the Special Scheme (3.51), 
(3.47) in the Case of Problem (3.15) 


e\N 4 16 64 256 

1 1.258e — 01 3.549e — 02 9.153e — 03 2.306e — 03 
324 5.353e — 04 2.816e — 04 8.831e — 05 2.342e — 05 
23 3.980e — 32 3.979e — 32 3.464e — 32 1.585e — 32 
2s 0.000e — 00 0.000e — 00 0.000e — 00 0.000e — 00 
Q(N) 1.258e — 01 3.549e — 02 9.153e — 03 2.306e — 03 
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4 


7.240e — 1 
2.1296 —1 
1.024e — 1 
8.890e — 2 
8.983e — 2 
9.009e — 2 
9.015e — 2 


7.240e — 1 


TABLE XXX 
Table of Errors of the Normalized Flux Q(e, N) for the Special Scheme (2.79), (2.77) in the 


Case of Problem (2.20) 


16 64 
3.218e— 1 9.282e — 2 
7.402e - 2 1.909e — 2 
4.590e — 2 1.587e — 2 
3.619e — 2 1.385e — 2 
3.612e — 2 1.384e ~ 2 
3.611e - 2 1.384e — 2 
3.611e — 2 1.384e — 2 
3.218e — 1 9.282e — 2 

TABLE XXXI 


256 


2.413e — 2 
4.807e — 3 
4.295e — 3 
4.077e — 3 
4.075e — 3 
4.075e — 3 
4.075e — 3 


2:4136 -2 


1024 


6.095e — 3 
1.204e —3 
1.095e — 3 
1.076e — 3 
1.076e — 3 
1.076e — 3 
1.076e — 3 


6.095e — 3 


Table of Errors of the Normalized Flux Q(e, N) for the Special Scheme (2.80), (2.77) in the 


4 


1.620e — 1 
4.516e - 1 
7.867e — 1 
7.727Te — 1 
7.690e — 1 
7.680e — 1 
7.678e — 1 


7.867e — 1 


Case of Problem (2.25) 


16 


6.123e — 2 
1.328e —1 
4.3320 - 1 
5.505e — 1 
35.5056 = 1 
5.505e — 1 
5.505e — 1 


5.90564 


64 


2.362e — 2 
4.345e — 2 
1.228e — 1 
2.428e — 1 
2.428e — 1 
2.428e — 1 
2.428e — 1 


2.428e — 1 


256 


9.946e — 3 
1.535e — 2 
3.3216 —2 
8.507e — 2 
8.507e — 2 
8.507e — 2 
8.507e — 2 


8.507e — 2 


1024 


4.496e — 3 
5.904e — 3 
1.086e — 2 
2.701e — 2 
2.701e —2 
2.701e — 2 
2.701e — 2 


2.7018 —2 


errors Qo ao4(6, N), Quo i024 (N) obtained from the solution of the 
difference scheme (2.81), (2.77) corresponding to problem (2.26). 

The results demonstrate that, as N increases with N, — N, the discrete 
fluxes related to each component of the representation (2.24) converge to 
the actual fluxes e-uniformly, and that the total grid flux for the 


TABLE XXXII 
Table of Errors of the Normalized Flux Q;,,,5,(c. N) for the Special Scheme (2.81), 
(2.77) in the Case of Problem (2.26) 


e\N 4 16 64 256 





1 3.934e — 02 1.176e — 02 3.268e — 03 1.033e — 03 
2°? 4.777Te — 04 3.054e — 04 1.066e — 04 3.701e — 05 
2-4 5.963e — 32 1.591e — 31 3.514e — 31 2.499e — 31 
279 0.000e — 00 0.000e — 00 0.000e — 00 0.000e — 00 
O(N) 3.934e — 02 1.176e — 02 3.268e — 03 1.033e — 03 
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difference scheme (2.78), (2.77) also converges to the actual flux for the 
boundary value problem (2.16) e-uniformly. 

Thus, we see that the newly constructed finite difference schemes are 
indeed effective and that they allow us to approximate the solution and 
the normalized diffusion fluxes ¢-uniformly for both Dirichlet and 
Neumann boundary value problems with singular perturbations. 


IV. DIFFUSION EQUATIONS WITH CONCENTRATED SOURCES 


In Sections II and III, we considered boundary value problems modeling 
the diffusion process for some substance in a homogeneous material. We 
have studied problems in which the unknown function takes a prescribed 
value on the boundary (in Section II), or the diffusion flux of the 
unknown function is given on the boundary (in Section III). The right- 
hand sides of the equations were supposed to be smooth. Boundary layers 
appear in these problems for small values of the parameter. 

In this section, we consider the singularly perturbed diffusion equation 
when linear combinations of the solution and its diffusion flux are given 
on the domain boundary. Such boundary conditions make it possible to 
realize any of the boundary conditions considered in Sections II and HI. 
Moreover, concentrated sources act inside the domain. These sources 
lead to the appearance of interior layers. Thus, in addition to the 
computational problems accompanying the solution of the boundary 
value problems in Sections II and III, there arise new problems due to the 
presence of these interior layers. 


A. Mathematical Formulation of the Problems 


We begin our consideration with a simple example that brings us to the 
singularly perturbed boundary value problems considered in this section. 
Suppose that it is required to find the function C(y, 7), which is the 
distribution of temperature in a homogeneous material, or in a layer of 
solid material with a thickness 2L. As in Section II. A, we assume that the 
distributed heat sources of density F( y, 7) act inside the material. Besides 
these sources, in the middle part of the material a concentrated source of 
the strength Q(r) is situated at y=0. In a simplified variant, the 
temperature distribution in a layer of material is described by the heat 
equation 


à? à 
D po C(y, 7) — Or C(y, 7) = —F(y, 7) 


4.1 
-L<y<L 0cTzó y #0 Seo) 
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(see Section II. A). Here D is the coefficient of heat conductivity, and à 
is a typical duration of the process. The following conditions are fulfilled 
at y — 0: 


C(-0, 7) = C(+0, 7) (4.2) 


A; CC. 7) - A; C(-0,7)= — Q(r) 0c7zx39 (4.3) 


Here C(a — 0, 7) [or C(a + 0, 7)] denotes the limit of the function C( y, 7) 
for ya when y <a (or, respectively, when y > a) 


C(a-0,7)- lim C(£, v) — C(a + 0,7) = lim C(£, 7) 


£a ¿>a 


where a is an arbitrary number in the interval (— L, L). In the same way 
the derivatives (d/dy)C(a — 0,7), (8/ay)C(a - 0, 7) are defined; in for- 
mulas (4.2) and (4.3) a — 0. Condition (4.2) means that the temperature 
on the left of the concentrated source C(—0, 7) is equal to that on the 
right of the source C(-0, 7), that is, the temperature in the material is 
continuous when it crosses the source point y = 0. Condition (4.3) can be 
written in the form 


P^(*0,7)-P"(-0,7)- -Q(r) O0<rsð 
where P'(y, 7) 2 A(8/ày)C(y, 7) is the heat flux. Thus, condition (4.3) 
means that when crossing the point y = 0, where the concentrated source 
is located, the heat flux varies by an amount equal to the source strength. 
Conditions (4.2), (4.3) are called conjugation conditions at the point 


where the concentrated source acts. These conditions are usually written 
in the form 


[C(y, )] 20 Al = 0.9 |» -00 ye. Benes (du) 


where the symbol [v(a, 7)] denotes the jump of the function v( y, 7) at the 
point y =a 


[v(a, 7)] ^ v(a + 0, 7) — v(a — 0, 7) 


On the left and right boundaries of the layer under consideration the 


288 V. L. KOLMOGOROV AND G. I. SHISHKIN 


following condition is prescribed 


a). 2) + (yA CO, 7) = Yy, 7) y--L,L 0c7z20 
(4.5) 


Here (8/8n) is the derivative along the outward normal to the surface of 
the set G, the coefficients a(y), v(y), y= —L, L satisfy the relations 


O=a(y), »(y«  aæ(y)+»(y)>0  y--L.L 


The right-hand side in Eq. (4.5) characterizes the intensity of the surface 
heat sources, and the left-hand side shows where this heat is spent. The 
first term in the left-hand side of (4.5) characterizes the part of the heat 
flux that passes from the surface to the surrounding medium by means of 
heat transfer, while the second term describes the part of the heat flux 
that passes from the surface into the material by heat conductivity. At the 
initial instant the temperature distribution in the material is known 


C(y,0)2C(y) -Lsy<L (4.6) 


By solving problem (4.1), (4.4), (4.5), (4.6) we find the function 
C( y, 7), that is, the distribution of the temperature in the material at the 
time 7. 

For the problem of substance diffusion in the layer in the presence of 
concentrated substance sources, Eqs. (4.1), (4.6) hold, while Eqs. (4.4) 
and (4.5) are replaced by the equations 


[C(y, 7)] 2 0 D| 5; 6.9 | - 90) y =0 0c7z38 (4.7) 


ð 
aly)Cly, T) + VYD z CO, r)- Wy) y=-L,L O<7sd 


(4.8) 


Equations (4.1), (4.7), (4.8), (4.6) allow us to find the distribution of 
substance concentration in the material for 0 —- 7 = à. 

In the boundary value problems (4.1), (4.4), (4.5), (4.6) and (4.1), 
(4.7), (4.8), (4.6), we change to new variables defined by relations (2.6) 


yeh e 5 
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It we take into account the notation 





e= DAL? 
we arrive at the problem 
5 4 d 
E` ; u(x, D) — = u(x. t) 7 f(x, t) eqs] O<rs= ! x #0 
OX 
d 
[u(x. t)] = 0 e| uC, n | =q(i) x= (0 
(4.9) 
BG)u(. t) + (1— BG) Ne ule, D) = W(x, t) x--—l,l («tx] 
u(x, 0) = (x) = ee 1 


Here B(x), f(x,t). q(t). (x.t), v(x) are given functions, 0s B(x) = I. 
These functions and the function u(x. /), which is the solution o problem 
(4.9). are defined by the relations 


u(x,t) = C, C v(x). (0) JG t) = —0€, F(y(x) F) 
e(x) = C, C'Cy(x) 
and 
B(x) = 8' “a y(x)[9' at y(x)) + D' rw] 
qt) -0'^C, D ! *Q(rt)) 
VG. 0 = 9 7C, [8 "e(yQ)) + D' ey) Wy 00) 
for substance diffusion, and by the retations 
BG) = 9' "D' "a(yG)[9 T D eya + Ar(y Qo) | 
MN = -A 0 7C, D' QU 
dx. t) 0 7C, D'^[8 D al va) + Avi yQ)] VC (Qj. (0) 


for heat transfer. 

Problem (4.9) is a Dirichlet or Neumann problem under the conditions 
BC-1) = B(1) = 1 or 8(-1) = B(1) = 0. respectively. For other :;alues of 
B(x), ined (4.9) is a problem with mixed boundary conditicns. 

In the case when q(r) =0 for 0 « t^: 1, problem (4.9) is «qu valent to 
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the problem 


Ta 4 


> 0 9 | 
e^ — u(x, t) — — u(x, t) = f(x. t) sIexe 0ctzl1 
ox ot 


B(x)u(x, t) + (1— B(x))e Ls u(x, t) = W(x, t) x-—1,1 Q0<t=1 
u(x, 0) = g(x) -l<=x=1 (4.10) 


When B(-1) = 8(1) = 1, we arrive at the problem with prescribed values 

of the solution on the material surface, which was considered in Section 

II. In the case of 8(—1) = 8(1) = 0, problem (4.10) is the problem with 

given diffusion flux on the boundary, which was studied in Section III. 
On the set 


G —- D x (0, T] (4.112) 


where D is the segment |d, d,| on the axis x. we consider the following 
singularly perturbed equation of parabolic type with a concentrated 
source at the point x = d* 


; 9^ à 
La az, tm | a(x, 1) —— — pr. t) sr etx. ou. t) = f(x, t) 
(4.122) 
AIEG 
Here, 
G* = D* x (0, T] D*-—ix:id «x«duxd", 
(4.11b) 


d cue d. 


On the set $* = (x =d*} x (0, T] the following conjugation conditions 
(or the interface conditions) are given: 


uc)b- 0 — sue nme sou.) |=¢ ones" 
(4.12b) 


On the lateral boundary $^ = {x: x = dọ, di) x (0, T] the condition 


laule, t) = { B0) 1 — B)@)e E ju 1) = He.) 


; (4.12c) 
(x, NES” 
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is satisfied. At the initial instant, that is, on the set S° = D x (£70), the 
function u(x, t) takes the given values 


u(x, =p) AES (4.12d) 


All the functions are assumed to be sufficiently smooth, moreover, 
a(x, t) 2a 70, c(x, t) x0, px, t) =p, 0, (x, HEG. 

We want to find the solution for the boundary value problem (4.12), 
(4.11), that is, the function u(x,t), (x, t) € G satisfying Eq. (4.12a) on 
G*, conjugation conditions (4.12b) on S* and boundary conditions 
(4.12c) and (4.12d) on the sets S^ and S°, respectively. 

The quantity 


P(x,t) - € I u(x, t) (4.13) 


is called a normalized diffusion flux. This function has a discontinuity on 
the set S*. It is convenient to represent the set G as a sum of the two sets 
G' and G^ 


G-G'UG^  G'=D'x(0,T] G’*=D’x(0,T] (4.11c) 


where D' = (x: dj «x < d. D^ = (x: d* « x « d,). Note that, generally 
speaking, the function P(x, f) is not continuous on each set G’, j = 1,2. It 
has discontinuities on the set S; * = y^* x {t =0}, where y^* is the set of 
the ends of the segment D and the point x = d* where the concentrated 


source acts. We consider the function P(x,t) on the sets G}, j - 1,2, 
where 


G GU S Jek? 


When the problem data satisfy the special compatibility conditions on the 
set S. * the function P(x, t) is continuous on the sets G’, 11,2. 
When the parameter tends to zero, in a neighborhood of the sets S^ 
and $* there appear boundary and interior layers, respectively. Note that 
the function P(x, t), (x,t) € G/, j 2 1,2 remains bounded uniformly with 
respect to the parameter. 
We also consider a two-dimensional problem on the rectangle D 


D = {x: dy, <x, <d,,,s =1, 2} (4.14a) 


ls? 


292 V. L. KOLMOGOROV AND G. I. SHISHKIN 


The set D is considered to be composed of two rectangles 


D-D'UD?  D'= {x:dy,<x,<d*,xED} 
; (4.14b) 
D —ixdti-x,«diuxeDn dy, «d1 «d, 


mutually crossing on the interval ['* = (x: x, - dj, x € Dj. We introduce 
the sets 


G-Dx(0,T| G’=D’x(0,T] j=1,2 
—Ó— (4.14c) 
G-G'UG S*—ptx17] 


On the set G we consider the boundary value problem for the singularly 
perturbed equation of parabolic type with a concentrated source on S* 


a ð 
Lasu, t) = [e 2 a,(x, t) pc — p(x, t) 2 5s c(x, D fut t) = f(x, t) 
i (4.15a) 
(x,t)€eG* 
Here G* = D* x(0o, T], D*-(x:d4«x,«d,,, s-1,2, x, dij isa 
rectangular domain with the excluded interval F'* on which the concen- 


trated source acts. The following conjugation conditions are fulfilled on 
the set S* 


[u(x, t)| 2 0 la su 1) =e E u(x, | = q(t) (x,t) € S* 
(4.15b) 
The jump [v(x, t)], (x, t) € S* is defined by the relation 
[v(x, t)] = v(x, + 0, x,, t) - v(x; — 0, x,, t) (x, t) E S* 
On the lateral boundary $^ =T x (0, T], T= D\D and on the set S e 


D x {t=0}, that is, the lower base of the set G, the function u(x, t) 
satisfies the conditions 


Ia Ge D) = Bul, D) + (1  BG9)e - ul, 1) =D 


(x, thE S” 


u(x,th=e(x) («HES (4.15d) 


(4.15c) 
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The coefficients and the right-hand side of Eq. (4.15a) are assumed to 
be sufficiently smooth on the set G, besides, a,(x, t) =a 7» 0, c(x, t) z 0, 
p(x,t)=p,>0, (x, t)€G; the function q(t) is sufficiently smooth for 
O<t=T. We describe the properties of the functions B(x) and v(x, t), 
p(x). 


We define the sets S", S? as follows: 
Stes is aum uS — qj 


where S’ = G^ XG! is the boundary of the set G’. The set of corner points 
of both of the rectangles D' and D? is denoted by I^. Suppose S^ — T^ x 
(0, T]. We assume that the function B(x) is continuous on every side of 
the rectangle D, however, it is not continuous on the boundary I’. This 
function can have discontinuities in the corner points of D. We assume 
that B(x), x €T satisfies the following condition: either 8(x)—1 or 
B(x) « 1 on every side of the rectangle D. The sides of the rectangle D on 
which B(x) = 1 are denoted by T^. Dirichlet conditions are given on these 
sides. We denote the other sides by I"; the sets T” and T" are assumed 
to be closed. Neumann or mixed boundary conditions are given on the set 
I". The functions g(x) and w(x, t) are sufficiently smooth, respectively, 
on the sets S” and on each side forming t the set S”, j — 1, 2. The function 
w(x, f) is continuous on the set S? =I” x (0, T] and coincides with the 
function g(x) only on the intersection 5” N S°. However, the function 
w(x, t) is not assumed to be continuous on the set S™. Here S^* - [^* x 
(0, T], l* is a set of corner points belonging to the set I", P^ — [^n 
DT. 

It is required to find the solution of problem (4.15), (4.14). We define 
the normalized diffusion fluxes P (x, t) by the relations 


P(x, DE : PROS t) 571,2 (4.16) 


Note that the function P,(x,t) is not continuous on $*, where the 
concentrated source acts. Moreover, generally speaking, the functions 
- t) have discontinuities on the set S, * — S* USL*, where Si*= 

“* x {t=O}, y^* is the sum of the sets I and T*, y'* -TUT*. We 
Erud the functions P (x,t), s — 1,2 on the sets 6! SGAS T 
1,2. The functions P (x, t), s = 1,2 are continuous on G^, j — 1,2 under 
special conditions imposed on the problem data on the set 56” r, 

When the parameter tends to zero, boundary and interior layers 
appear in a neighborhood of the sets $ L and S*, respectively. 
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B. Classical and Special Finite Difference Schemes 


First we construct classical finite difference schemes for the boundary 
value problems (4.12), (4.11) and (4.15), (4.14). We use rectangular 
grids; the distribution of nodes in the space grids is assumed to be 
arbitrary. 

We construct a finite difference scheme for problem (4.12), (4.11). On 
the set Gs we introduce the grid 


G, = D, X @ = à, X @ (4.17) 


where œ; and œ are grids on the sets [d,, d,| and [0, T], respectively, c, 
is a grid with an arbitrary distribution of nodes, the point x = d* belongs 
to the grid œ, the grid «y, is uniform; N + 1 and N, + 1 are the number of 
nodes in the grids « and @,, respectively. On the grid G, we consider the 
finite difference scheme 


A4 18)2(X, t) = f(x, t) (x,t) € G; 


À (4.15)2 05, t) = q(t) (x, 1) ES} coe) 
À(4.18)Z(X, t) = W(x, t) (x,t)€ S 
Z(x, t) = g(x) (x,t)€ S; 
Here 
G,-G'nG, G'cG (4.19) 


where G^ is one of the sets G*, S*, S^, S? 
A4 13) 2X, t)= {e°a(x, £)6.. — p(x, t); — c(x, t)) z(x, t) (x,t) EG; 
A (4.18)2(, t) = e(8, — 8} z(x, t) (x, 1) € 5; 
4.18) ZG, t) = B(x)z(x, t) + (1 — B(x))e8,z(x, t) 
= { —6,2(%, t) x 
ô z(x, 1) = | Ó.z(x, t) x= 


The difference scheme (4.18), (4.17) allows us to find the function 
z(x, t), (x, 1) € G,. Let us construct an approximation of the function 
P4 14x, t). On the sets Go we introduce the grid 


| 


do 
d, 


GL J512 (4.202) 
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Here GÀ, is a set of nodes (x,t) from Gi, = GNG, for which the 
operator ó, is defined, that is, a set of Odes i. NEGI , Such that 
(x, t), (ci t) € Gi. In a similar way, we define the grids 


G; 7=1,2 (4.20b) 


on the sets G’. To approximate the function P(x, t), (x, t) € G], we use 
the grid function 


P"* (x, t) = €8,z(x, t) (x, t) € Gi, j—1,2 (4.20c) 


If the function P(x, t) is continuous, then, in order to approximate it, we 
apply the function P""(x, t) on the grid G7 , j = 1,2. 

Now we construct a finite difference scheme for problem (4.15), 
(4.14). The following grid is constructed on the set G,, 14) 


G, = D, X à = à, X à, X ày (4.21) 


where c, is a grid on the set [dos, d;,] on the axis x,, s — 1, 2 (generally 
speaking, a nonuniform grid), the point x, = d1 belongs to the grid @,; 
Wy = @ 417) İS a uniform grid; N, + 1 are the number of nodes in the grid 
@,. On the grid G,, for the approximation of the boundary value problem 
(4. 15), (4.14) we apply the finite difference scheme 


A432) 2(X, t) = f(x, t) (x, 1) € G} 
À 4.2252 (X; f) = q(t) (x,1)€ 5; 
— (4.22a) 
À4.22) 25, t) = W(x, t) (x, t) € $, 5, 
z(Q,t)-ex) (06s; 


Here the sets G*, S*, SL, S? are defined. by relation (4.19) and 
\ 
Naat = fer D aCe, Dba ~ Plt, 08 — ele, 0 Lele, t) NEGY 
A (4.22) 2%; f) = e{d,, — 8a}z, t) (x,1) € 5; 


4.223266, t) = B(x)z(x, t) + (1 — BGx))e8, zs, t) 


8 CR —6,,z(x, t) Xs = do, 
MOO) cod Seeds 


The finite difference equations (4.22) enable us to find the function 
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z(x, t) for (x, t) € G,NS,. Now we state relations which allow us to find 
the function z(x, t) for (x, f) € $;. We assume that 


z(x,t) =p, — Q,0es;ns? (4.22b) 


Suppose that (x^, t) € $7 and (x°, t) £ S", and that this node (x°, t) is one 
of the four nodes (xi. x^ 1), itt oO xax. ke x. DE 
Gi, j—1,2. The function z(x^, t) is determined from the idistion 


z(xXi, x5, t) t zai xS ut) zi xs t) zi, xS ,0) 20 (4.220) 


Relation (4.22c) means that the values of the grid function z(x, t) at the 
above-mentioned nodes are located on one plane. Formulas (4.22b) and 
(4. 22c) define the function z(x,t) on the set $}, N G}. The function 
z(x°, t) defined by relation (4.22c) on G}, is denoted by z'(x^, t). If, for 
the node (x, t), the point x is a corner of the rectangle D, we suppose that 


z(x, t) -z/'(x,t) = (x, t) ESES? (4.224) 
otherwise, 
z(x,t)-2 [z (0 z/6,0] E, NESAS? (4.22e) 


Thus, the required finite difference scheme [scheme (4.22), (4.21)] has 
been constructed. The approximate solution z(x, t) is defined on the set 
G,. 

Now we construct approximations of the diffusion fluxes P (x,t). On 
the sets G/, we construct the grids 


GU. Js=l2 (4.232) 


G4, is a set of nodes (x, t) from Gi, = G ^1 G, for which the operator 
ô, is defined. For example, the set G,,, is an assembly of nodes 


(xi, x4, t) € Go, such that (x1, x4, D), (x1, x, t) € G?2,. In a similar way, 
we define the grids 


Gl.  j$s-212 (4.23b) 


on the sets G^. To approximate the diffusion fluxes P.(x, t), (x, t) € Gh, 
we apply the grid functions 


PU (xt)eszxt) DEG,  js-12 (4.23c) 
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If the functions P (x, t) are continuous on G’, in order to approximate 
them, we use the grid functions P^* (x, t) on Gi, ],$7 1,2. 

The boundary value problems from Sections II and III are particular 
cases of the problems considered in this section. Therefore, computation- 
al problems arising for the classical finite difference schemes described in 
Sections II and III remain acute for the boundary value problems in this 
section. 

Note, in particular, one feature in the behavior of the approximate 
solutions of boundary value problems with a concentrated source. It 
follows from the results of Section II that, in the case of the Dirichlet 
problem, the solution of the classical finite difference scheme is bounded 
e-uniformly, and even though the grid solution does not converge g- 
uniformly, it approximates qualitatively the exact solution e-uniformly. 
But now, in the case of a Dirichlet boundary value problem with a 
concentrated source, the behavior of the approximate solution differs 
sharply from what was said above. For example, in the case of a Dirichlet 
boundary value problem with a concentrated source acting in the middle 
of the segment D — [—1, 1], when the equation coefficients are constant, 
the right-hand side and the boundary function are equal to zero, the 
solution is equivalent to the solution of the problem on [0, 1] with a 
Neumann condition at x — 0. It follows that the solution of the classical 
finite difference scheme for the Dirichlet problem with a concentrated 
source is not bounded e-uniformly, and that it does not approximate the 
exact solution uniformly in £, even qualitatively. 

We give some estimates of the solution and its derivatives for problem 
(4.12), (4.11). Suppose that, for a fixed value of the parameter, the 
solution of the boundary value problem is sufficiently smooth on each set 
G/ and has the continuous derivatives 


k kg 


gre MG f) x,)€G! O<k+2k,=K j=1,2 (424) 


where K —4. The solution of the boundary value problem on each 
subdomain G’ can be represented as a sum of two functions 


u(x, t) = U(x, t) + V(x, t) (x,t)€ G! j=1,2  (4.25a) 


For the functions U(x, t) and V(x, t), that is, for the regular and singular 
parts of the solution, and for their derivatives, the following estimates are 
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fulfilled 
k+ko 
~ rU |= 
ox" at". (10 
k+ko 
E ET < Me "exp(—me r(x, T^)) (4.25b) 
ox" at". 


(50))e€G^ 0sk*2k,4 j=1,2 


where r(x, I) is the distance from the point x to the set I" = D’\D’; mis 
a sufficiently small arbitrary number. 

We see that these estimates on the subsets G’ are similar to the 
estimates of the solutions and their derivatives considered in Sections II.C 
and III.C. Therefore, to construct e-uniformly convergent schemes, we 
can apply the results of Sections II.C and III.C. 

Now we construct a special grid G,, which condenses in the boundary 
and interior layers. Suppose that 


G, = D, X © = @* X @ = G,(x,, d,, d*) (4.26a) 
The grid D, can be defined by the relations 
D'nD,-Di  j-14,2 
D, - Di(e, N, d,, d*, m) 
E Os (2.58) (o. sa) (E> 2 N, do, d^, m), N; i 8 N, 2 N, dy, d*) 
er (4.26b) 
D, =D j(e, N, d*,d,,m) 
= (2.58) (9 2.58) (E> 2 'N,d*,d,, m), Ne 8 N,2 'N,d*,d,) 


where m = m(,»5,, is an arbitrary number, « = @ 4.17) 

Let us discuss the finite difference scheme (4.18), (4.26). The solution 
of scheme (4.18), (4.26) converges to the solution of the boundary value 
problem (4.12), (4.11) e-uniformly, that is, 


pth u(x, t) — z(x, t) = A(N, No) G, = Giada 
h 


where A(N, N,)— 0 when N, N,— ». Now we estimate the error in the 
case when estimates (4.25) are fulfilled for the solution of the boundary 
value problem. According to estimates (4.25), the difference operator 
Aq4 48) approximates the differential operator L,, ;;, on the solution of the 
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boundary value problem e-uniformly on every subdomain G' 
max [Lo aur. t) Aau, D| s MEN "In N + No] j=1,2 
(4.27a) 


The grid operators A(,,,, and Àç418) also approximate the differential 
operators //, 15) and L 4.12) ON the solution of the boundary value problem 
e-uniformly. 


max I iyu, t) — At gu D| S MN. In N 
h 


, (4.270) 
max lanul, t) 7 A ig, D| S MN In N 
Sh 


The estimates (4.27) imply the -uniform convergence of the solution of 
the finite difference scheme (4.18), (4.26) 


max lu(x, i) = 20; t) < M[N In N+ No" | G, = Gi 4.26) 
Gp 


If, for a fixed value of the parameter e, the solution of the boundary 
value problem has the continuous derivatives (4.24), where K =4, the 
computed normalized diffusion flux P"* (x, t) converges to the actual flux 
P(x, t) e-uniformly on G^ 


max |P(x, t) - P" (x, D= MIN InN +N; | 
Gi 
Gi, Gods J= 1,2 
In the case of problem (4.15), (4.14) we write a special grid on which 
the solution of the finite difference scheme (4.22) converges ¢-uniformly. 


Suppose that 


0 (4.28a) 


Si 


G, = D, X @) = 07 X o3 X 
where o = x417- The grids o1 and w3 are defined by the relations 
[d.di]het-e? [df d] Naia 
-l | - -1 _g-l -1 
"n E ©, (2.58) (0 (2. sa) (8; 2 Ni, do, di, m), N, m 8 Nis 2 Ni, do, di) 


Qi F Os (2.58 (92,58) (6; 2 NS di,d,,,m), N, = 8 M, 2'"N, dï, dı) 
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- — — a-l 
o> = (s (2. sg) (0 (2.58) (E> N,, doz, di,, m), N,-4 NN, doz, di2) 


where m = m, 2) is an arbitrary number. 
The solution of the finite difference scheme (4.22), (4.28) converges to 
the solution of the boundary value problem e-uniformly 


a lu(x, t) — z(x, t) = A(N, No) G, = Grazi 
h 


where A(N, N,)— 0 when N, N,— œ, N = min[N,, N,]. If the solution of 
the boundary value problem (4.15), (4.14) is sufficiently smooth on each 
subset G’, the solution of the finite difference scheme and the computed 
normalized diffusion fluxes converge e-uniformly to the solution of the 
boundary value problem and the actual fluxes, respectively. For the 
solution of the finite difference scheme (4.22), (4.28) the estimate 


max lu(x, t) — z(x, 0| x MIN "In N + NS] G, = G (4.28) 
h 


is valid, and, for the computed normalized diffusion fluxes P^* (x, t), the 
following estimate is fulfilled 


max |P (x, t) - P (x, )| MIN "In N + N3'] 
Gi; 
Gi, = Go 29 j,s=1,2 


C. Numerical Experiments with the Classical and Special Finite 
Difference Schemes 


Now we formulate a problem and thereafter study classical and new 
special finite difference schemes to solve it. Let the segment D be divided 
into two parts D! and D^ 

D-D'"Up-* (4.292) 


where D — (-1,1), D' =(—1,0), D^ =(0, 1). The concentrated source is 
assumed to act at the point x ^ 0. On the domain G 


G-Gl'uG? G’=D'x(0,T] j=1,2 (4.29b) 


where T= 1, we consider the following boundary value problem with a 
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concentrated source 
L4 39)u(x, t) — f(x, t) (x, theG! 
ETT t) = q(t) [u(x, 1)] =0 (x,t) € S* 
l4 30u, t) = w(x, t) (x, )es^ 
u(x, t) = p(x) (x, thES° 


(4.30) 


Here 


S*={x=0}x(0,T] S^ loni 11x(0,7T] S°=Dx {t=0} 


L430) 4, t)= le ax - 2 lues t) (x,t)€ Gİ 
(x,t) EG’ 
iz -= (x, t) E G? 
Ls. (4.390 (0, t)= (2 u(+0, t) — Žu- -0, ))-- S -a 


= qt) OctzT 


s, ay 0 x=-1 
I u(x, t) = 0 zc 

(4.30) HY, E 3/2 z 
£n u(x, t) x-1 35 ! x=1 


= w(x, t) (x,t)es^ 
e(x)-0  xeD 


The function f(x, t) is continuous on every set G’ and it has a discontinui- 
ty on the set $*. The Dirichlet boundary condition is given on the left end 
of the segment D, while the Neumann boundary condition is realized on 
the right end of it. The graph of the problem solution is shown in Fig. 19 
for e = 1.0, 0.1, and 0.01. 

The solution of the boundary value problem is continuous on G and 
sufficiently smooth on every subdomain G’. The solution can be repre- 
sented in the form 


u(x, t) -U(x, D) -W(x,t) -*v(x,t) 1 (Q0€G/ f=1,2 (4.31) 


Here U(x, t), W(x, t) are the principal regular and singular terms of the 
solution expansion, and v(x,t) is the remainder term of the expansion. 
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0.2 





(b) £2 0.1 






we p 


(c) e = 0.01 


Figure 19. Solution of problem (4.30) for & = 1.0, 0.1, and 0.01. 
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The components of the representation (4.31) are defined by the relations 
t x,t)€ G! 
U(x,t) 7 1.315 o ^2 
2g (x,t)€G 


W(x, t) = —Wio.03)(% + 1, t) + 2 Ways (=X, t) (x, t))eG' 
Waaa, f) *4 Waiy(7x* 1, f) (x, the G° 
v(x,t) "vx, t) tv) | (D0eG! j=1,2 
4" Wau(Cxt*Lo)0 @, eG! 
v(x, t) z E ^12 
Wary * 1, 1) (x, NEG 
The function v(x, t), (x,t)€G is the solution of the boundary value 


problem 


2 


0 ð 
L(4.55Uo(X. t) = fe axi 2 Poe. t) =0 (x, t) EG 


vo(x, t) ye 
l4 3309, t) = | ð | (4.32) 


£y U(X, f) x=1 


a2 Wl t) = 4 Wai. t) Xl 


ð 
Ay Wo 23 (1, t) te ay Wo aay (2, t) x-1 


Ui 4 32; (X, t) (x, thes” 


Ug(x, t) =0 (x, t) e S? 


_ We use finite difference schemes to solve problem (4.30). On the set 
G, we construct the rectangular grid 


G, = G,(417) = 9, X ày (4.33) 


where œ, is, generally speaking, a nonuniform grid on the segment 
D, 59; the point x = 0 belongs to œ. Problem (4.30) is approximated by 
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the finite difference scheme 
Nast D) - fe.) ENEG, 
A 4.4) 2 Qo t) = q(t) (5,0) € 5; 
Aaaa 0 - (0) EANES 


2(x,t)=9(x) EDES, 


(4.34) 


Here 
A (4.342, t) = (e 8, — 5;}2(x, t) (x, th EG), 
A (4.34) 2, t) =À is 26 t) (x, 1) ES; 


| [zx t) yos] " 
M4342, t) = E t) x=1 } (5, t) € $, 


The grid equations are considered either on the uniform grids 


Gi, = Ga 3s) (4.35) 
or on the special grids 
G, = Gara, 36) = =G 2)(do = —1, d; = 1, d* — 0) (4.36) 


To analyze the errors in the approximate solution obtained with the 
finite difference schemes (4.34), (4.35) and (4.34), (4.36), one can use 
the method described in Sections II and III. In this method, we use the 
analytical representation of the functions U(x, t), W(x, t), v,(x, t) and the 
numerical solution of problem (4.32) on a fine grid (possibly, a uniform 
grid) to compute the function u,(x, t). 

We can do this as follows. We know that the grid solution of problem 
(4.34), (4.36) converges to the solution of the boundary value problem 
e-uniformly when N, N,— o. The following estimate is valid: 


max Ju(x, t) — z(x, t)| S à (N, NS) (4.37) 


where A,(N, N,), generally speaking, is a function unknown to us, and 
also A (N, N,) — 0 uniformly with respect to the parameter £ when N, 
N,— o. We take the function u(x, t) = uy. NI .(x, t), (x,t) € G as the exact 
solution of problem (4.30). This function is constructed by linear 
interpolation with respect to x and t from the values of the grid function 
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Ze Ns . (x, De 36)(N*, NG), that is, the solution of problem (4.34) 
on the fine grid Gyi. 16) (N = N*, Ny — N$). According to the estimate 
(4.37), the function Z,. y.(x, t) can be made close to the function 
u(x, t) for sufficiently large N* ND 

We are interested in the quantity 


max |u(x, t) — z(x, t)| 
G; 


that is, in the error in the approximate solution z(x, t) obtained by the 
scheme (4.34), (4.35) or (4.34), (4.35) or (4.34), (4.36) for various 
values of e and N, N,. This error is close to the value 


max |i(x, t) — z(x, t) 
Gh 
for sufficiently large N*, N¥. Let us introduce the values Ey. FACT N, N,) 


and E,. vU. No) 


y; N, No) = Ele, N, No; N*, NG) = max lu(x, t) — z(x, £) 
- - (4.382) 
Ey. w«(N, No) = E(N, Ny; N*, NT) = max Ey. nihe, N, N,) 
We set 


Ey. v. (8, N)- Ey. n:e, N, N) Ey. n-(N) z Ey. we(N, N) (4.38b) 


In Tables XXXIII and XXXIV we give the values of Ey. NT (e, N) and 
Ex. y.(N) computed for various values of the poner ʻe and the 


number of nodes N, ¢=2  +1.0, N=8 +512, N* = N* = 1024 in the 
case of the finite difference schemes (4.34), (4.35) and (4. 34), (4.36), 
respectively. 


One can see from Table XXXIII that the approximate solution on the 
uniform grid converges for a fixed value of the parameter, although it 
does not converge e-uniformly. The error in the approximate solution 
increases without bound. when £N — 0. We recall that the maximum 
modulus of the solution proper varies between 1.30 and 1.55 


1.30 = max lu(x, t; ) x 1.55 
G 


It follows from Table XXXIV that the approximate solution on the 
special grid converges both for a fixed value of the parameter and 
e-uniformly. 
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TABLE XXXIII 
Table of Errors E,,4,,5,(5, N) for the Classical Scheme (4.34), (4.35) in the Case of 
Problem (4.30) 


e\N 4 16 64 512 

1 2.688e — 1 6.182e —2 1.379e —2 1.965e —3 
27€ 6.377e — 1 1.357e - 1 2.944e — 2 4.164e — 3 
264 3.169e +0 5.907e — 1 1.139e — 1 1.554e — 2 
2-9 1.4320 + 1 3.104e + 0 5.475€ — 1 7.880e — 2 
2 5.9420 + 1 1.429e + 1 3.095e +0 5.447e — 1 
2*0 2.400e + 2 5.940e + 1 1.428e +1 3.093e +0 
Qe 9.621e +2 2.399e +2 5.939e + 1 1.428e + 1 
E(N) 9.621e +2 2.399e +2 5.939e + 1 1.428e + 1 


We are also interested in the quantity 


max |P(x, t) — P^" (x, t)] 
Box 


that is, in the error in the computed normalized diffusion flux obtained by 
the finite difference schemes (4.34), (4.35) or (4.34), (4.36). Since the 
solution of the boundary value problem (4.30) is sufficiently smooth on 
every subdomain G’, the function P** (x, t) computed with the use of the 
solution of scheme (4.34), (4.36) converges to the function P(x, ft) e- 
uniformly when N, N,— © 


max |P(x, t) — P^* (x, D| SA,(N, No) 
BG 


where A,(N,N,)->0 uniformly with respect to the parameter € when 
N, N> o. 


TABLE XXXIV 
Table of Errors E o24.1024(£, N ) for the Special Scheme (4.34), (4.36) in the Case of Problem 











(4.30) 

ENN 8 32 128 512 

1 2.688e — 1 6.182e — 2 1.379e —2 1.965e —3 
25 6.377e - 1 1.357e - 1 2.944e — 2 4.164e — 3 
2e 1.984e + 0 5.907e — 1 1.139e — 1 1.554e —2 
2-9 1.862e + 0 8.436e — 1 2.342e —1 3.869e — 2 
2° 1.846e + 0 8.436e — 1 2.342e - 1 3.869e — 2 
Arm 1.842e +0 8.436e — 1 2.342e — 1 3.869e — 2 
2r e 1.841e +0 8.436e — 1 2.342e — 1 3.869e — 2 
E(N) 1.984e + 0 8.435e - 1 2.3420 - 1 3.869e — 2 
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We assume that the function P(x, t) = P(x, t; N*, N 0205 £e G/,j- 
1,2 1s the exact normalized diffusion flux P(x, t). The function P(x, t) can 
be defined by the relation 


P(é,7) = £Ó,Z y+ (x, t) for x bey x 40,1 
yet x01 aret" 
x, A=, tE (EEG 
Gi = Giauso(N=N*, N =N*) j=1,2 
We introduce the quantities Qy- y.(e, N, No) and On wv: QN, N,) 


Q y» nle, NS No) = Oe, N, No; N*, N?) 


max |P(x, t) — P^* (x, 1) (4.392) 
BG 


Qu. (N, No) = O(N, Ny; N*, NG) = max Q(e, N, Ny) 
We set 


Qne nE, N)- Qn nle, N, N) Qu» NN) = Qu nN, N) (4.39b) 
In Tables XXXV and XXXVI we give the values of Qy- n» (E, N) and 
Ons NUN ) computed for various values of £ and N in the case of finite 
difference schemes (4.34), (4.35) and (4.34), (4.36), respectively. 
It follows from Table XXXV that, in the case of scheme (4.34), (4.35), 
the computed normalized diffusion flux P"* (x, t) converges to the actual 
flux P(x, t) for a fixed value of the parameter e£, but it does not converge 


TABLE XXXV 
Table of Errors of the Normalized Flux Q,,,, 1024(£; N) for the Classical Scheme (4.34), 
(4.35) in the Case of Problem (4.30) 


e\N 8 32 128 512 
1 2.633e — 1 6.893e — 2 1.630e — 2 3.622e — 3 
du 6.264e — 1 2.193e — 1 5.446e — 2 7.969e — 3 
2 8.8779 - 1 6.058e — 1 1.9620 — 1 3.088e — 2 
Ton 1.018e + 0 8.817e — 1 5.694e — 1 1.013e - 1 
27 1.065e + 0 1.018e + 0 8.803e — 1 5.683e - 1 
28 1.076e + 0 1.065e + 0 1.018e + 0 8.799e — 1 
2. 1.079e + 0 1.076e + 0 1.065e + 0 1.018e + 0 
O(N) 1.079e + 0 1.076e + 0 1.065e + 0 1.018e + 0 
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TABLE XXXVI 
Table of Errors of the Normalized Flux Q,,,, ,4{€, N) for the Special Scheme (4.34), 


(4.36) in the Case of Problem (4.30) 


e\N 8 32 128 512 

1 2.633e — 1 6.893e — 2 1.630e — 2 3.622e — 3 
2 6.264e — 1 2.193e - 1 5.446e — 2 7.969e — 3 
254 8.703e - 1 6.0588 — 1 1.962e — 1 3.088e — 2 
27 8.589e — 1 6.938€ — 1 3.201e— 1 4.849e — 2 
273 8.541e- 1 6.938€ — 1 3.201e— 1 4.849e — 2 
DUNS 8.527e — 1 6.938e — 1 3.201e — 1 4.849e — 2 
ge 8.524e — 1 6.938e — 1 3.201e — 1 4.849e — 2 
Q(N) 8.703e — 1 6.938e — 1 3.201e — 1 4.849e — 2 


e-uniformly. The error Qy- &.(e, N) increases up to a constant exceeding 
1 when £N — 0. i 

As is seen from Table XXXVI, the function P^" (x, t) in the case of 
scheme (4.34), (4.36) converges to the function P(x, t) both for a fixed 
value of the parameter and e-uniformly when N— c, N, — N. 

The results given in Tables XXXIII-XXXVI agree with the theory. 
Finite difference schemes on space grids with an arbitrary distribution of 
nodes, in particular, on uniform space grids, can cause errors in the 
approximate solutions that are many times greater than the maximum 
absolute value of the actual solutions. Besides, for small values of e, the 
errors in the computed fluxes tend to some constant exceeding unity when 
N, N,—» v. We can see that the application of finite difference schemes on 
special condensing grids allows us to find approximate solutions and 
computed normalized diffusion fluxes that are e-uniformly convergent 
when N, N,— o. 

Thus, for singularly perturbed diffusion equations with mixed bound- 
ary conditions and concentrated sources, we have constructed new finite 
difference schemes that enable us to find solutions and normalized 
diffusion fluxes to an e-uniform accuracy. 


V. APPLICATION TO HEAT TRANSFER IN SOME 
TECHNOLOGIES 


Many processes of heat and mass transfer, for example, fast-running 
processes, lead to the investigation of singularly perturbed boundary 
value problems with a perturbation parameter e. For example, those 
problems arise in the analysis of heat and mass transfer for mechanical 
working of materials, in particular, metals. The use of classical methods 
for the numerical solution of such problems (see, e.g., [1, 11, 12]) leads us 
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to errors that exceed the exact solution by many orders of magnitude. In 
this connection, the problem consists in developing special numerical 
methods for which the error in the solution does not depend on the 
parameter value e£, that is, e-uniformly convergent methods. Such 
methods are developed, for example, in [4, 9, 13-15]. 

In this section, we consider the processes of heat and mass transfer 
that take place under the condition of plastic shear of a material in 
Section V. A), in hot die-forming (in V.B) and hot rolling (in V.C). All 
these processes are characterized by the small duration of the process 
and, therefore, lead to boundary value problems for singularly perturbed 
equations, that is, equations with a small parameter multiplying the 
highest order derivatives. To solve the problem in the case of plastic 
shear, we use a special finite difference scheme developed in Section IV. 
Thus, in some sense, the results given in Section V.A are illustrative. 
Here we give a description of physical processes that accompany heat 
transfer under plastic shear. We also give the mathematical formulation of 
the heat transfer problem. The results of the numerical analysis of the 
process are given and discussed. 

In Section V.B we consider the singularly perturbed problem that arises 
in the modeling of heat transfer in die-forming. At the initial instant two 
bodies with different temperature are brought into contact. Thus, we 
come to a problem with a discontinuous initial function. In Section V.C 
the problem of heat transfer in hot rolling is considered. In this singularly 
perturbed problem, the nature of the boundary condition changes on the 
interface of the contiguous bodies. For the numerical analysis of such 
heat processes we construct special, e-uniformly convergent, finite differ- 
ence schemes. These schemes can be analyzed fairly well by means of the 
methods given in the previous sections. 

By using these special difference schemes we investigate heat transfer 
numerically for some parameters that are typical for material processing. 

The construction and investigation of special difference schemes for a 
particular singularly perturbed boundary value problem with a discontinu- 
ous initial condition were examined in [16-19]. 


A. Plastic Shear in a Material 


The analysis of heat exchange processes, in the case of the plastic shear of 
a material, leads us to singularly perturbed boundary value problems with 
a concentrated source. Problems such as these were considered in Section 
IV, where it was shown that classical difference schemes give rise to 
errors, which exceed the exact solution by many orders of magnitude if 
the perturbation parameter is sufficiently small. Besides, a special finite 
difference scheme, which allows us to approximate both the solution and 
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the diffusion fluxes to e-uniform accuracy, was constructed and investi- 
gated. We use this difference scheme in this section to analyze the process 
of heat transfer under plastic shear. The technological parameters given 
here are typical of metal working: forming, machining, and so on. In 
Section V. A.1, we describe heat exchange under plastic shear. In Section 
V. A.2, we give the mathematical formulation of the problem. In Section 
V. A.3, we make a numerical investigation and compare the results that 
have been obtained by the classical difference scheme and the special one 
developed in the previous sections. If we use grids with the number of 
partitioning intervals N, = 100 and N = 100, respectively, to the time and 
space variables, the error in the computed maximal temperature is 71% 
in the case of the classical scheme and 2.0246 in the case of the special 
scheme. 


1. Description of Heat Exchange under Plastic Shear 


In products made by metals, forming a defect may occur, which is 
detected on macrosections, in the form of thin stripes in which the metal 
structure is different from that of the surrounding parts of the material. It 
is known that the properties of the metal in these stripes are much worse. 
Therefore products with such stripes on the macrosections of samples 
(either a lot or a group of lots) are often rejected. 

The mechanism of the formation of such stripes can be the following. 
Under plastic deformation the material can reach some definite limit of 
hardening (here this problem is not discussed in detail). Then this 
material behaves as an ideally plastic material. From the theory of ideal 
plasticity, it is known that such a state is the necessary condition for the 
loss of the stability of homogeneous plastic flow, that is, layers of large 
plastic shear appear. Such layers are modeled as the surfaces of the shear. 
That is to say, the parts of the material separated by these surfaces slip 
relative to each other with a resistance to the plastic flow that 1s equal to 
the plastic shear stress for this material. The disposition of the shear 
surface for die-forming is shown in Fig. 20. 

As a result of this shear, heat is liberated on the shear surface. Here 
the heating can be so great that phase transformations in the metal can 
occur, which become apparent on the macrosections in the form of 
stripes. Sometimes these stripes are called adiabatic shear stripes. Of 
course, the shear on these surfaces is not adiabatic. It is important to 
know the temperature on the surfaces in order to exert an influence on 
the deformation conditions and prevent this defect. 

In the narrow region of the relatively large shear, heat is liberated due 
to the slip of the shifting parts. A diagram of the shear line in the body 
and the principal temperature distribution near the shear are given in Fig. 
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die 





[ | ]- region of plastic flow 
JĄ - rigid part of the body 


Figure 20. '"'Die-body" interaction scheme. 


2]. For simplicity, we assume that the body being deformed consists of 
two parts shifting relative to each other as solid bodies. Suppose that the 
heat transfer takes place only along the normal to the shear surface. The 
heat produced due to the slip is concentrated on the shear surface. 
Assume that the body under deformation is sufficiently thick and consists 
of two parts. We assume also that these parts have the same thickness L 
(m). The duration of metal working is equal to 2 (s), the velocity of 
the relatively moving layers v (m/s) is uniform in time. Suppose that the 
thermal coefficients of the material are constant. At the initial instant, the 
temperature of the body under deformation is assumed to be constant 
along the cross section 


C(y,0)-C" -L<y<L 


Here C( y, 7) is the temperature of the body at the point y at the moment 
T. The shear surface corresponds to the coordinate plane y = 0. Since the 
body is sufficiently thick and the duration of working (e.g., die-forming) 
is sufficiently short, the temperature of the material on the body surface 
practically does not vary during the process. So we may assume that the 
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Figure 21. Shear line scheme and near-shear temperature distribution. 


temperature on the body surface 
C(-L,r)-C.,(0)  C(Q57)-C,() 


is constant for all values of time and is equal to the temperature of this 
body at the initial instant of working 


C,()-C,0-C' 0<r=98 
We want to find the maximal temperature in the body 


R, = max C(y, 7) -LzyzL 0z7z80 (5.1a) 


the thickness of the heated regions in the neighborhood of the intensive 
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shear and the maximal gradient of the temperatures 





R, = max —-—LzyzL 0xT-0 (5b) 





ð 
ay CO T) 


Note that phase transformations in metal occur in a certain tempera- 
ture interval. The intensity of such phase transitions depends on the rate 
of material cooling in the phase transition temperature interval. In the 
problem described above,. immediately after the end of the shear and 
before the moment 20, we want to find the largest rate of cooling in 
passing through the given temperature of the phase transition C^, that is 
the value 


ð 
R, = max -Z co70.»] 0-zT-20 (5.1c) 


where y^ (r7) is the surface in the body on which the temperature is equal 
to that of a phase transition 


C(y” (T), 7) = C? 057528 


If we know the temperatures and heat fluxes in the narrow region of 
intensive shear, this knowledge may help in analyzing and solving 
important theoretical problems. For example, we are able to study the 
problem concerning the loss of stability of homogeneous deformation and 
its transition to the local narrow region. It is theoretically proved that 
ideally plastic material (i.e., material that ceases to harden with the 
growth of deformation) can exhibit localized, discontinuous or unstable 
flow. Before the ideally plastic state, two competitive processes take place 
in the material. They are further hardened by deformation and the drop 
of resistance to deformation on account of heat liberation. Therefore, it is 
important to know what process data will not result in unstable flows. 


2. Problem Formulation 


The distribution of temperatures in the material is described by the 
equations 


a? a 
Dn gy? CO) ar CO -L«y«L y#0 0<7rs? 


C(—0, 7) = C(+0, 7) As; C(+0, T) -Ag; CC-0, T) = —Q(7) 


0<7<% (5.2) 
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C(y,r)- C" y--—L.lIL 07-0 
C(y,0)-C" -LsysL 


Here D^, A are the coefficients of temperature conductivity and heat 
conduction of the material, Q(7) is the density of heat sources (on the 
boundary surface of the shearing layers) caused by slipping. Problem 
(5.2) is a Dirichlet problem with a concentrated source. 

Equations (5.2) are transformed to the dimensionless form 


Lis aux, t) = 0 (x, NEG! j=1,2 
Cis aulx, t) = — q(t) [u(x, t)] =0 (x, t) E S* (5.3) 
u(x, t) - 0 (x,t)€Ss 


Here the dimensionless variables x, t; the functions u(x, t), q(t); and the 
sets G’, S*, S are defined by the relations 


G'-D,x(0T] G=Dx(0,T] ]D,-(-1,0) 
D,=(0,1) D=(-1,1) 
S*={x=0}x(0,T] S=G\G 
xe y t=2 19 Tr 
u(x, t) = C,'(C(Lxx28T ') -C') œ, AEG (5.4) 
ates pu rr sem o ste qe 
0 2. T<t=T 


aa | 


0 e) 
€ (5 ux, t) 9 e(<- u(x + 0, t) — ae u(x — 0, )) (x, t) E S* 
e€ —-2D"L ƏT 


The value C, is the scaling factor for temperature; it is chosen below. For 
convenience, the value T is assumed to be equal to unity. If & turns out to 
be greater than 1, then we choose the value T so that the following 
inequality holds: 


£1 
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Thus, problem (5.3) is a boundary value problem for a singularly 
perturbed equation with a concentrated source, which was considered in 
section IV. 

The derivative (or the gradient) (0/3y)C(y, T) and the heat flux 


d 
P”(y,7)=À ay C0 
are defined by the formulas 


KA = CES -1 boc 
ay CO T= C,L ax “(L y,2 29 Tr) 


P”( = -1 = —1 (5.5) 
y, T) = MpP(L y,2 o TT) 


where M, 72 !?C, (DU) 129 127172 
Borg. 
(x,t) =e ac u(x,t) 


The function P(x, t) is called the normalized diffusion flux. It is expressed 
in terms of the first-order derivative of the function u(x, t), which is the 
solution of the boundary value problem in dimensionless form. 

In the case of problem (5.3), we want to find the solution of the 
boundary value problem, as well as the normalized diffusion flux and the 
first-order derivative with respect to f. 


3. Numerical Investigation of the Heat Exchange Problem 


Note that, in the case of problem (5.3), an interior layer appears as the 
parameter € tends to zero. Boundary layers do not appear. In the 
problem under consideration the parameter € is characterized by some 
value £. It is required to decide: whether e, is a small value, and, 
therefore, the special finite difference scheme should be applied, or the 
value £ is not too small, and, therefore, we can use a finite difference 
scheme on a uniform grid. The answer depends on N, that is, the number 
of nodes of the space grid. According to the results in Section IV (see 
Section IV.C), if Ne, x 1, we should expect large errors to occur in the 
case of uniform grids. If Ne, — 1, then good accuracy of the approximate 
solution on uniform grids can be expected. 

For the solution of problem (5.3), we use finite difference schemes 
either on the grids 


G, = à, X à (5.6) 
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where w, and e, are uniform grids on the segments D —[-1,1] and 
[0, T], respectively, with step sizes h — 2N ! and hj = TN, , N+1 and 
N, + 1 are the numbers of nodes in the grids o, ind €), Or on the special 
Bride 


G, = ©, X à, (5.7a) 


where @, is a uniform grid, œ) = wys.. The grid œ, = &(, 7) condensing 
in the neighborhood of the point x 20, where the concentrated source 
acts, is constructed in the following way. The segment D =[-1, 1] is 
divided into three parts [-1, —o], [-o, c], [o, 1]. The step size of the 
grid is constant on each part and equal to ha) on the segment [70,0] 
and A, on the segments [—1, —c], [c, 1]. We set ha) —-4gN ! » hey = 
4(1-a)N~', where N +1 is the number of nodes in the grid ©. The 
value ø is defined by the relation 


c =o(e,N)=min[2 ', m ‘elnN] (5.7b) 


where m is an arbitrary number. For definiteness, m is assumed to be 
equal to 1. This relation completes the construction of the grid @,,; 7). 
Corresponding to problem (5.3) we introduce the finite difference scheme 


Acs., t) = 0 (x, t)E Gi, 
A(s.9y2(x, t) = —q(t) HES; (5.8) 
z(x, t) =0 (x, r)ES, 
Here 
Gi=G'NG,  St5S*nG, S§,=SNG, 
Asaz, t) = (68, — 832, (x, NEG), 
À is gz, t) = e{8,z(x, t) — 6:2(x, t)} (x,t) ESY 


0..z(x, t) and 6,z(x, t), ô&:z(x, t), 6;z(x, t) are second- and first-order finite 
differences on nonuniform grids 


8,2(x, t) = x^ —x') (2x ^, 0 za, 0) 


8.z(x,t) = (x —x  ) T(z’, t) ^ 200 5,0) 
6.,2(x, t) = 2(x ^! — x)  (8,z(x, t) — 8;z(x, t)) 
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| "Pn 
xx X ,X,X Ee, 


5.2(x, t) = (€! — t y  (z(x, t) — z(x, t^) 
t= / UE 


The solution of the difference scheme (5.8), (5.7) converges e-uni- 
formly to the solution of problem (5.3). 

We solve problems (5.8), (5.6) and (5.8), (5.7) for Ny = N = 100. The 
subdivision of the segments D and [0, T] into 100 parts seems to be 
sufficient according to common sense. 

We are interested in an industrial process with the following charac- 
teristics. We assume that the ingot is steel, L=1m, 9-15, D" «2x 
10? m^:s !, A2 63 Wt/(m- K), C? — 600?C, T ^ 1. The tangential stress 
under slipping 7, is taken as 5 X 107 N: m ?. Then, for v 210 ! ms, 
on an element with the area 10 * m in the slipping plane, the following 
heat is liberated per unit time: 7,0 = 5 x 107 J, that is, Q(T) = 5 x 10° Wt/ 
m^. For this problem, the parameter £ defined by the relation 


6 -2D"L VT 
then takes the value 


£, = 6.3 x 107 


We choose C, = V2A ^ (DP')'^9' "T "max, Q(T) [C, =5.02 x 10° °C]. 
Then, max q(t) = 1. In this case, the maximum of the function u(x, t) will 
be a quantity of order unity. 

The solution of problem (5.8) on the special grid (5.7) for N — 100 and 
N, =N is given in Fig. 22. From the figures, one can see that in the 
neighborhood of the point x — 0 the solution of problem (5.8), (5.7) 
varies sharply displaying the character of an interior layer. 

For comparison, the approximate solution was computed for the case 
of the difference scheme (5.8) on the uniform grid (5.6). The solution of 
problem (5.8), (5.6) for N — 100 and Na =N is given in Fig. 23. If we 
compare the figures, we can see that the results computed with finite 
difference schemes (5.8), (5.6) and (5.8), (5.7) differ sharply. For 
example, the maximum values differ by a factor greater than 3 


MAX Z(s & 5) (x, t) = 0.477 
C, 


max Z(s g,s.e) Q6 £) = 1.663 
h 
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Figure 22. Solution of problem (5.8) on special grid (5.7) in the subinterval —0.5 = 
x =0.5 for £= £ = 6.3 x 10°. 


where Zes. s 5. (x, £) and 2,5 3 5 6)(x, t) are the solutions of problems (5.8), 
(5.7) and (5.8), (5.6), respectively. By taking into account the formula 
[see (5.4)] 


C( y, 7) = C,u(x(y), t(7)) + C? = C.u(L y, 29 Tr) + C° 


for the value R5 ,,, we find that 


R, = 839°C 
in the case of the finite difference scheme (5.8), (5.7) and 
R, = 1435°C 


in the case of the finite difference scheme (5.8), (5.6). 

We would like to evaluate the error in the value of R,. From the 
theory considered in Section IV it 1s known that the solution of the finite 
difference scheme (5.8), (5.7) converges e-uniformly for N, N,— o. Let 
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zZ 





Figure 23. Solution of problem (5.8) on the uniform grid (5.6) in the subinterval 
-0.5 =x = 0.5 for £ = £ = 6.3 x 10°. 


Zy e, (X, £) be the solution of problem (5.8), (5.6) with the number of 
nodes in the grids w, and œ equal to N + 1 and N, + 1, respectively. The 
error 


Env, = nes lu(x, t) — ZN N> t) 
h 


is close to the quantity 


ENN, = s IZ w* wes t) — ZN, N Q6 t) G, = G,(N, No) 


h 


if the values of N* and Nọ% considerably exceed the values of N and N}, 
respectively. Here zy. y. (x, t), (x, f) € G is a continuous function con- 
structed by linear interpolation in the variables x and ¢ from the values 
of the grid function Zw» ws (x, t). Computations made by scheme (5.8), 
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(5.7) for N = N, = 100 and N* = N% = 200 give 


Ext max IZw* wc, t) — zy n(x, t)| = 0.033 
h 


G, = G,(N = N, = 100) 


Thus, we take E, , = 0.033. Consequently, the error in R, = 839°C is of 
the same order as the value C, Ex y = 17°C. 

A graph of the function C(y,7) constructed from the solution of 
problem (5.8), (5.7), is given in Fig. 24. We see that the principal growth 
in the temperature for 7- 29 takes place in the region |y| x &,L = 
0.63 cm. 

The maximal gradient R5 ;, is found from the equation 


E ð 
R,=C,L ' max Iz «6.0 lx}=1 Ost=T 





Figure 24. Graph of the temperature C(y,7)?C computed from the solution of 
problem (5.8), (5.7) for -0.05mzy = 0.05 m, 0z 72s. 
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and in this problem it is attained for y =0 (x =0); R, is given by the 
relation 


R,=2°'C,L '&y q 


and it equals 3.98 x 10* (K m). The highest rate of cooling for à = 7 = 
28 (or 2 'T xt T) and for C? — 700?C is defined by the formula 


= = ð 
R351) =2 'C, 9 'T max l-«70.0] 


2-l=r=1 
u(x” (t), t) = C, (700 — C°} = 0.199 
and it equals 55.7 ?C/s for y 2 0.0m, 7— 1.5s, with C? = 600°C. 


B. Hot Die-Forming 


In this section, we consider heat transfer in the case when, at the initial 
instant, two bodies with different temperatures are brought into contact. 
Such problems arise, for example, in hot die-forming. For the short 
duration of the process, heat transfer can be described by a singularly 
perturbed equation, that is, an equation with a small parameter multiply- 
ing the highest order derivatives. For small values of the perturbation 
parameter the error in the approximate solution obtained by the classical 
scheme can be commensurate with the solution itself. Moreover, the 
error in the heat fluxes, in particular, on the interface of the bodies in 
contact, can exceed the actual heat flux by many orders of magnitude. 
Therefore, for the numerical analysis of the die-forming process, we need 
to develop special difference schemes, the accuracy of which does not 
depend on the value of the parameter. 

In Section V.B.1, we describe heat transfer in hot die-forming and give 
a mathematical formulation of the problem. In Section V.B.2, we 
construct a special finite. difference scheme. This scheme allows us to 
approximate e-uniformly both the problem solution and the amount of 
heat that passes through the "die-body" interface. In Section V.B.3 we 
numerically analyze the problem of heat exchange between the die and 
the hot body with technological parameters typical for die-forming. 


1. Description of Heat Exchange for Hot Die-Forming: 
Problem Formulation 


As a rule, die-forming consists of stages when the die acts on the body 
and pauses between successive actions. During one of these stages, the 
die and the body, which have different temperatures, are brought into 
contact for a short time. Schematically, this stage is shown in Fig. 20. 
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During the pause the die is subjected to cooling before forming the next 
article. This step is repeated many times. Here two principal questions 
arise. One of them concerns the temperatures in the contact area between 
the die and the body, and the other concerns the heat fluxes that pass 
through the interface. High temperatures near the working surface of the 
die cause lower abrasion and crushing strength. In the long run, lower 
strength causes loss of accuracy in the die-forming. On the other hand, 
excessive decrease in the body temperature leads to the appearance of 
defects on the surface of the product. 

The heat fluxes, which the die and body exchange, determine the 
duration of die cooling and the cooling agent consumption. 

Suppose that we want to find the distribution of temperature in the die 
and the hot body, which come into contact with each other during the 
process of die-forming. For simplicity, we assume that the die and the 
body are in contact along a plane, and heat transfer in this system 
proceeds in the direction normal to this plane. The scheme of mutual 
location of the die and the body in contact, and the qualitative dis- 
tribution of temperatures in the interface region, are presented in Fig. 25. 

The thermal characteristics of the die and the body are assumed to be 
constant. The body and the die have thickness L, and L,, respectively, 
and occupy the domains —L, sy <0 and 0 £y = L,. The distribution of 
temperatures in the body and the die can be defined by the heat 
equations 


a’ ð 
Pi pe a En ESSO 
(5.9a) 


2 


ð ð 
D; CO7) -p C7) = 0 0<y<L, O0<rsð 
y 


Here D1' and D7 are temperature conductivity coefficients for the body 
and the die, respectively, 2 is the duration of the process. At the initial 
instant the temperatures of the body and the die have the given values 


Cu(y |-L,sy«0 


(5.9b) 
C$(y) 0<y=L, 


C( y, 0) =| 


moreover, on the contact surface y — 0 the temperature of this “body- 
die" system is discontinuous: 


C C. 
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Figure 25. Scheme of the "die-body" disposition in contact, and the temperature 
distribution near the interface. 


where C5, = C5,(-0), C$ = C3(+0). The temperature jump at the point 
of discontinuity is determined by the relation 


C(+0,0)— C(—0, 0) = C$ - C5, 


On the surfaces of the body and the die, adjacent to the surrounding 
medium, that is, for y = —L,, L,, we observe convective heat exchange 


Ed 


À, ay 


C(-L,,7)- a,C(-L,, 7) 
(5.9c) 


ð 
“A gy (Ua) = es CUm) 0<rs ù 


Here o, and a, are the coefficients of convective heat emission in the 
surrounding medium, A, and A, are the coefficients of heat conductivity 
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of the body and the die, respectively; the temperature of the surrounding 
medium is assumed to be zero. For simplicity, we assume that there is no 
thermal resistance on the interface. Then 


C(—0, 7) = C(+0, 7) 
; (5.9d) 


A, ay 


ð 
C(-0,7) = M gy €CFU, 7) 0c7z329 


We want to find the temperature distribution in the “‘body-die” system 
during forming, and the total amount of heat transferred from the metal 
body into the die. 

The quantity Q" of heat transferred from the body to the die during 
the length of time 9, is determined by the relation 


9 
o 
Q" - -a | 3; 09.0) dn (5.10) 
o Oy 


Q” is the quantity of heat (J m?) passing through the unit (1 m?) surface 
of the die at y = 0 during the length of time 2. 
Equations (5.9) are transformed to the dimensionless form 


2 


ð ð 
Lisani pfe- ihe. t)=0 (x, theG' 


2 


ð ð 
Lanu t) = fe — 2 lug, t)=0 (x,t)€ G^ 
u(+0, t) — u(-0,t) 20 
>» ð ð 
B E, gy (+0, t) — e; 35 (70, t) = 0 0<t=T (5.11) 
ð 
£i ax “C1, t) - y,u(-1,1)=0 


e, 7- u(1, t) + yu(l, 1) =0 0ctzT 
u(0, t) = p(x) —-1zx-z1 x0 
Here 
LƏL, y y<0 xcd y y>0 t—9 Tr 
G'-D,x(0,T]  G'-D,x(0T| D,=(-1,0) D,=(0,1) 
e =D ƏTİ L?  y-eAj9'"^T "(D" j=1,2 


NUMERICAL METHODS FOR PROBLEMS MODELING DIFFUSION PROCESSES 325 
0. ,-1 H41/2e mH —1/2 
B =A, (D) (D3) (5.12) 


a n- [C C OT) - 180 
u(x, t) = C,C(Lx,0T *?  0«xx1 OStST (x,t) * (0,0) 


C, Cu(Lx)  -1zx«0 
p(x) = Cc? 
x Cs(L2x) 0cxz1 


and the scaling factor C, is found by the relation 


C, = max ¢(x) 
Dj.j 


It is convenient to assume that the value T is equal to unity. If e, and/or 
€, exceed unity, then we choose the value T so that the following 
relations are fulfilled: 


For the chosen value of C, the maximum of the function u(x, t) does not 
exceed unity. 

When the values L,, L, are sufficiently large and/or the values 9 and 
Di’, DĪ are sufficiently small, the parameters £,, €, can take any small 
values. It can happen that the values of e, and £z, are not coupled and, 
generally speaking, take different values. Depending on the problem 
formulation, we assume that the values of &,, £, are independent of each 
other and take arbitrary values in the half-interval (0, 1]. 

In what follows it is convenient to rewrite problem (5.11) in the 
following form: 


ð 
Ls ,3u(x, t) = fe -i luai) = 0) (x, t) € G\S* 


ax? 
[u(x, t)] =0 | Be cus, | = 0 (x,t)es* 
; (5.13) 
£34 u(x, t) + yu, t)=0 (x, HES’ 


u(x,t)-e(x) (x, A ESS 
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Here 
G-Dx(0T] D-(-L1 D=D,UD°UD,  D,-(-1,0) 
D,=(0,1)  D'-(x-0)  S*-(x-0)x(0,T]  Sti-(0,0) 
S'-(x--1,1)x(0T] S°=Dx {t=0} 
e-ex)-eg | B-BQ)-B,  vy-vo-wv xED, j=1,2 
B-1 f-p 


d/dn is the derivative along the normal outward to the lateral boundary 
$'; [v(x, O], (x, t) € S* is the jump of the function v(x, t) when crossing 
the set S* 


lv(x, t)] ^ v(x + 0,0) ^ v(x —0,t) (x, t) E S* 


generally speaking, the initial function g(x) is discontinuous at x = 0; the 
parameters e, and e,, that is, the coefficients at the highest derivatives in 
(5.13), take any values in the half-interval (0, 1]. 

Problem (5.13) is a singularly perturbed boundary value problem for a 
parabolic equation with discontinuous coefficients at the highest order 
derivative and with a discontinuous initial condition. 

The jump of the function g(x) at the point x =0 is defined by the 
relation 


[e(0)] = (+0) - e(-0) = C; (C$ - C3) 


The discontinuous initial function g(x) is redefined at the point of 
discontinuity by 


e(0) 72 '(e(*0) + e(-0)) 


The function u(x, t) with a discontinuity of the first kind on the set Sj is 
defined on this set by the relation 


u(x,t)2ex) | (,0€5? 


The derivative (9/3y)C(y, T) and the heat flux P'(y,7) have discon- 
tinuities on the set S*: 


ð ð 
oy C(+0,7)# ET C(-0,7) | P'(«0,7)2 P"'(—0, 7) 
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where 


ð 
Py, 7) - Ay, CC, 7) 
A=Xy)=A, A,=A, for y<0 A,=A, for y>0O 


J 


The derivative (8/3y)C( y, 7), the heat flux P"(y, 7) and the value of 
Q" are defined by the formulas 


ð 220 E x 
ay ^ DEG EL xU 'y, 9 ! TT) 
P"(y, T) = C,A(D") 0 UIT py, 8 ~!Tr) 


T 
Q” =-Mọ l P(+0, n) dn 
Here 
d 
P(x, t)= € pm u(x, t) 


is the normalized diffusion flux; the function P(x,t) and the derivative 
(9/àx)u(x, t) are continuous on G” for (x, t) $5; G’ =D, x (0, T]; 


L = L(x) - L, A=A(x) =A, D" = D"(x) - D? 
x€D, j=1,2 
and the constant M, is determined by 
Mo7C,A(D2) O'T ^ 


We call the quantity 


Olu.) == | PO.) dn (5.14) 


the total amount of a normalized substance passing in the positive 
direction of the axis x through the cross section x = x, during the process. 
Thus, in the case of problem (5.13) we want to find the solution of the 
boundary value problem and the value Q — Q(0), which is the total 
amount of a normalized substance passing through the section x — 0 
during the time T. 
When the parameter e [e = e(x), x € D,, j= 1,2] tends to zero, interior 
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and boundary layers appear in the neighborhood of the sets S* and S', 
respectively. Even for £ = 1, the solution of the boundary value problem 
(5.13) is not smooth in the neighborhood of the set 57; the derivatives of 
the solution with respect to x and ¢ increase without bound when the 
point (x, t) tends to the point (0, 0). 


2. Finite Difference Scheme for Problem (5.13) 


The use of classical finite difference schemes for solving problem (5.13) 
gives rise to some difficulties. These difficulties are caused by the loss of 
smoothness in the neighborhood of the discontinuity of the initial 
function, and by the unbounded increase of the derivatives with respect 
to x in the neighborhood of the sets S*, S’, as the parameter tends to 
Zero. 

We describe a finite difference scheme, the solution of which approxi- 
mates the solution of the boundary value problem e-uniformly on the 
whole grid set in G. 

To solve the problem, we use the method of additive representation of 
singularities (see, e.g., [20]). The solution of problem (5.13) is repre- 
sented as a sum of continuous and discontinuous parts: 


u(x, t) = U(x, t) + W(x, t) (x, N) EG (5.15a) 


Here the function W(x, t), which has a discontinuity at the point (0, 0), is 
defined by the relation 





le(]Q + 8,85) "ert( us) x x0 





2e, E 
W(x, t) = (x,t) EG 
[PONI + BT B) ert( uu) x>0 
(5.15b) 


the function erf(£) is the error function 


erf( £) = ] exp(—a^) da 


T 


The function U(x,t), being continuous on G, is the solution of the 
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boundary value problem 
L(5 ,441U(x, t) = 0 (x, t) € G\S* 
ð 
[U(x, t)] - 0 | Be— UG, n| -0 (x,t) E S* 
2 (5.16) 
ea U(x, t) + yU(x, t) = W(x, t) (x, thE Ss! 
U(x,t)2-e(x) ENES 


Here 
g 
W(x, t)=—€ sn W(x, t) - yW(x, t) 


px) = e(x) - W(x, 0) 


The function ¢,(x) is continuous. 

We study finite difference schemes for the solution of problem (5.16), 
(5.15). First, we consider a classical scheme approximating problem 
(5.16). On the set G we introduce the rectangular grid 


G, = à, X à (5.17) 


where œ is a grid with an arbitrary distribution of nodes, the point x = 0 
belongs to the grid w,; œ is a uniform grid; N+1 and N, * 1 are the 
numbers of nodes in the grids œ and «,, respectively. The value A 
(the maximal step-size of the grid ,) satisfies the relation: h = MN’, 
the constant M is independent of £, N, No. 

To solve problem (5.16), we use the difference scheme 


Aag% t) = (609, —6;}z(@,1)=0 (NEG,  j-212 
B,€,5,2(x, t) = B,€,6,z(%, t) (x,1)€ SF 
—£08,2(x, t) +yz, t) é(x,t) DES,  x--1 (518) 
€,6-2(x, t) + yoz(x, t) = Wr, t) (x, HE ss x1 
z(x,t)-«(x) «DES; 
Here 
G,-G'nG, S*t=S*NG,  S,-SinG,  Sj-S?"nG, 


E = e(x) = &s15)(X) 
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The approximate solution of problem (5.13) is given by 
Z(x, t) = z(x, t) + W(x, t) (x, t) € G, (5.19) 


where z(x, t) is the solution of problem (5.18), (5.17). 

Note that the approximate solution Z,, ,4,(x, f), which is obtained with 
the classical finite difference scheme on the grid with an arbitrary 
distribution of nodes, does not converge e-uniformly. This is due to the 
unsatisfactory approximation of the function U(x,t) by the function 
z(x, t) in the neighborhood of the boundary layer. 

For problem (5.16) we construct a special grid, on which the solution 
of the finite difference scheme (5.18) approximates the function U(x, t) 
e-uniformly. 

On the set G, we introduce a grid condensing in the neighborhood of 
the boundary layers 

G, = @7 X @ (5.20) 
where oj is a piecewise uniform grid, c = @5 17). Let us describe the 
grid o1. The interval [—1,1] is divided into four parts: [—1, —1 + c], 
[71 + c, 0], [0,1 — o;]. [1 — o, 1]. The step size of the grid on each part 
is constant and equals ^, = 4e,N ' and h, = 4o4N ! on the subintervals 
[7-1, —1* ai] and [1— c, 1], respectively, whereas it equals h, = 4(1 — 
c,))N ! and h,-4(1—6;,)N ! on the subintervals [—-1+0,,0] and 
[0, 1 — c], respectively. Suppose that 


vc, 7 o,(&, N) = min2 !, m !e,In N] 
o, = 0,(€,,N) = min[2 !, m 'e,ln N] 


where m is an arbitrary number. This relation completes the construction 
of the grid G,. 

The solution of problem (5.18), (5.20) approximates the solution of 
problem (5.16) e-uniformly. We determine the approximate solution of 
problem (5.13) by the relation 


Z(x,t) 2z(x,t) -W(ix,t)  Q,0€e€G, (5.21) 


where z(x,t) is the solution of problem (5.18), (5.20). This function 
Z.s 2, (X, £) converges to the solution of problem (5.13) e-uniformly for 
, N4 @. 
Let us describe the algorithm for computing the value of Qi qd This 
value is found from the function P(-0,7), which is the normalized 
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diffusion flux to the right from the point x = 0. The quantity Q, ,,,(0) is 
approximated by the quantity Q^ 


Q'-2Qji*Q, (5.22) 


where 
No 


Q! 7 —eh, 2 8,z(0, ty) 
k=1 


T 


Q, = -e; | = wo, t)dt--2m "[e(0](1-8; Bj) T 


t, = kh, hy = TN; ,h, is the step size of the grid c, z(x,t) is the 
solution of problem (5.18), (5.20). 

The quantity Q^, approximating O cag is determined by the for- 
mula 


Oo” = M,Q" 


The quantities O san and Q”" approximate Qs 14)(0) and Qui £- 
uniformly. 


3. Numerical Investigation of the Heat Transfer Problem 


We give the parameters of the technological process, for which we solve 
the heat transfer problem for hot die-forming. Suppose that the body and 
the die are steel, D^ = D 22x10 ^ m^:s !, A, =A, = 63 Wt/(m: K); 
the thickness of the body and the die, and their initial temperatures have 
the following values, respectively: L,-0.01 m, L,=0.50m, C% = 
600°C, Cy =50°C. The process duration 9 is 0.1s. The coefficient of 
heat transfer from the surface to the surrounding medium ao is assumed to 
be equal to 10 Wt/(m^-K). This value of a corresponds mainly to 
convective heat exchange for the die. 
For these parameters we obtain 


£ 2141x10!  &=2.83 x10  4-2,-224x10"^ 
5.23 
p.71 C, — 600*C T=1 l ) 
Note that no boundary layers appear for these special parameters of 
the process. Therefore, we may use the special scheme on the uniform 
grid 
G, = 0, X à, (5.24) 


that is a grid with the uniform distribution of nodes in x and f. 
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To solve problem (5.13), (5.23), we use the finite difference scheme 
(5.18), (5.24). We use grids with N = N, = 100. 

The solution of problem (5.13), (5.23), constructed with the special 
scheme on the uniform grid, that is, scheme (5.18), (5.24), (5.19), 1s 
represented in Fig. 26. As is seen from the figure, the solution of the 
problem changes sharply thus exhibiting the character of an interior layer. 
As a result, the value of QU" is equal to 1.28 x 10° Wt/(m’ : s). 

To estimate the accuracy of the quantity Q^, computations were 
carried out for N = N, = 200. The error in Q"^ was found to be 2.1%. 

A graph of the function C( y, 7) for -L = y x 0.1L,, constructed from 
the solution of the grid problem (5.18), (5.24), (5.19), is presented in 
Fig. 27. 





Figure 26. Solution of problem (5.13), (5.23) constructed with the special scheme 
(5.18), (5.19) on the uniform grid (5.24). 
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C 





Figure 27. Graph of the temperature C(y, 7) ^C, for ~L, y =0.1L, m, 0x7 x0.1s, 
computed from the solution of problem (5.18), (5.19), (5.24). 


For comparison, the approximate solution of problem (5.13), (5.23) 
was also computed with the classical finite difference scheme 


As 25)z(x, t) = (&78,. — 6; z(x,t) - 0 (x,t)€ GJ, j=1,2 
B,€,6-2(x, t) = B,£,0,z(x, t) (x. 0)e s; 
—¢,6.2(x,t) +yz, t 0  (t)es, x--1 (525) 
€,6-2(x, t) + y,z(x, t) =0 (x, NES), x=1 


z(x, t) = e (x) (x,t)€ S 


Here G, = Ge oa. The quantities Q" and Q^ were calculated by the 
formulas 
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No 


Q^ = —g,h, 2 82(00,5,) QO” M," (5.26) 


where z(x, t) is the solution of problem (5.25), (5.24), t, = kh,, t, € e. 
The computed solution approximates the solution of problem (5.13), 
(5.23) qualitatively well. However, the value of Oe 5.26) Obtained with 
the use of the classical scheme (5.25), (5.24) is equal to 5.10 x 10° 
Wt/(m? - s). 

Note that the change of the coefficient o by an order of magnitude 
does not significantly influence the results obtained. 


C. Hot Rolling 


Let us consider heat transfer when two bodies with different initial 
temperature are periodically brought into contact. In this case, on the 
interface of these bodies the nature of the boundary condition varies. At 
the instants when the two bodies come into contact, the temperature on 
the interface is discontinuous. At subsequent times the temperature and 
heat fluxes on the interface are continuous. In the case when the bodies 
do not touch each other, the condition of heat exchange with the 
surrounding medium is given on the surfaces of the bodies. The solutions 
of such boundary value problems have restricted smoothness. These 
solutions have discontinuities at the instants when the bodies come into 
contact, and their first-order space derivatives have discontinuities on the 
interface of the bodies at all times when the two bodies are in contact. In 
processes of small duration, heat transfer is described by a singularly 
perturbed equation. For small values of the perturbation parameter, in 
the neighborhood of.the interface, a transient (interior) layer appears 
when the bodies are in contact, and a boundary layer appears when they 
are not. Therefore, the use of classical finite difference schemes for 
solving such problems leads to large errors. 

The above-described problems arise, for example, in the modeling of 
heat exchange processes for hot rolling. One of these heat-transfer 
processes is considered in this section. In Section V.C.1 we give a 
description of the heat exchange process and the mathematical formula- 
tion of the problem. In Section V.C.2 we construct a special finite 
difference scheme. Numerical investigation of heat transfer for rolling is 
made in Section V.C.3. 


1. Description of Heat Transfer for Hot Rolling: Problem Formulation 


We want to find the distribution of temperature during rolling in the 
roller and in a layer of the hot material near the contact surfaces, and to 
find the heat fluxes on the contact boundaries. 
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The thermal process in rolling is similar to that in die-forming (see 
Section V.B). The temperatures of the roller and the die coming into 
contact with the material, differ from the temperature of the material. 
Now we discuss the principal differences. The thickness of the material in 
die-forming can be much smaller than the thickness of the die. Therefore, 
we obtain a singularly perturbed problem with discontinuous coefficients 
which differ essentially in different subdomains. The “material-die”’ 
system exchanges heat during the whole process. Thus, on the contact 
surface, the heat exchange condition remains valid during the process. In 
rolling, the thickness of the material and the radius of the roller are 
comparable. So we obtain a singularly perturbed problem with dis- 
continuous coefficients, which are of the same order of magnitude in the 
different subdomains. The material and the roller exchange heat only on 
the contact surface. Outside of this surface they exchange heat with the 
surrounding medium. Thus, alternation in the kind of heat exchange 
conditions takes place on the material and rc!ler boundaries. 

Now we describe heat transfer in rolling. We consider a roller and a 
material layer (or, in short, a body) in the orthogonal (normal) cross 
section. Suppose that they come into contact on a region of width £, the 
roller radius is R and the body thickness is L,. The scheme of mutual 
location of the roller and the body, and the qualitative distribution of 
temperatures in the region of contact, are presented in Fig. 28. 

At the initial instant (at the beginning of rolling) the roller and the 
body have a given distribution of temperatures. The “roller-body”’ 
contact is assumed to be ideal, that is, the temperatures of the roller and 
the body are equal on the contact surface, the heat fluxes orthogonal to 
the roller and body surfaces are equal too. The body is infinitely long and 
moves with constant velocity v. 

We state a few simplifications under which we study this problem. We 
are interested in the region of sharpest variation of temperatures, in 
particular, we would like to know the distribution of temperatures in the 
neighborhood of the contact surfaces during the contact and after it. We 
are also interested in the quantity Q^" (7), that is, the amount of heat that 
passes into the roller through its surface at the moment 7. The value ô, 
that is, the duration of the rolling process, is assumed not to be very large 
so that the deep interior parts of the roller have no time to become very 
hot. The value R is comparable to the value L,. For simplicity, we 
consider the roller to be a tube with outside radius R and inside one Rọ- 

We make the problem even simpler. Let us unroll the tube in a plane. 
We consider the roller as a plane layer, periodic in length, with period 
L=27R and width L, = R — R,. Thus, the body and the roller occupy 
the regions [—L,, 0] and [0, L,], respectively, along the axis y,. The sizes 
of the body and the roller along y, are unbounded. 
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Figure 28. “Roll-body” disposition scheme and the temperature distribution in the 
contact region. 


The roller and body surfaces have two sides each. Every point of the 
roller, which is situated on its outward rolling side, is defined by the 
distance between this point and some fixed point on the roller surface. 
Every point of the body surface rolled by the roller is also defined by the 
distance between the point and some fixed point on the body surface. At 
the beginning of the process the surfaces of the roller and the body come 
into contact in the region [0, @] on the axis y, for y, = 0. Then this region 
of width £ moves with velocity v in the positive direction of the axis y,. 
The thermal characteristics of the roller and the body are assumed to be 
constant. We are also interested in the distribution of temperatures with 
depth, that is, along the axis y,, for the roller in a fixed cross section 
y — y*, where 0 « y; x2zR, and for the body in the sections yj = 
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yi + 2n7R,n=0,1,2,... that come into contact with the section ) = y? 
as the roller rotates. Here n is the number of revolutions of the roller. 

The distribution of temperature in the body and the roller satisfies the 
heat equation 


ot ( a" ;C(yT)t— a ; C( J : C(y,7) =0 
ET ST , a > "s 
1 ay; y ay; y T OT y T 


—90« y, «o Dey i j 
5.27a 


a? ð 
D; (2: c0 0-25 ay? C(y.7)) - 3; C0. -0 


Ocy,«L 0<y,<L, 0<7s0 


Here D? , D? are temperature conductivity coefficients for the body and 
the roller, respectively, 9 is the duration of the process. Since the roller 
is a periodic layer along y,, 


C(y;, edid +L, ya. T) 


3, C y» T) = PAGE + L, ya, 7) (5.27b) 


0<y, <L, O0<r<98 


We consider the temperature of the roller and the body at the beginning 
of the process to be constant and equal to Ch and C. p, respectively, 


C(y,0)=C}  -e«y,«»  -L,sy,x0 
i (5.270) 
C(y0) 2C, Osy sL 0sy =L, 


During rolling the temperatures on the surfaces of the roller for y, = L, 
and of the body for y, = —L, are assumed to be constant and equal to 
their initial temperatures 


Cy I1) 9 €, zc idi 
P (5.27d) 
C(y;, L27) = Cg 0=y SL 


The parts of the roller and body surfaces that are in contact during 
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rolling, that is, at y; =0, satisfy the conditions 


C(y, — ur, —0,7)  C(y, — nL —vr, *0,7) 
ð 


N Qy» 


ð 
C(y, — vr, -0,7) = dr ay, CO: — nL — vr, +0,7) (5.27e) 
2 
O<y, -ur<€ 0<7rst 


Here, n — n(y,) are nonnegative integers satisfying the relation 
Oxy,-nL<?¢ Osy «o (5.28) 


n 7 n(y,) is the number of complete revolutions of the roller when the 
body is removed at the distance y, from the beginning of the process; 
A,,A, are heat conductivity coefficients. The parts of the surfaces for 
y; — 0, which are not in contact, transfer heat to the surrounding medium 
by convective heat exchange 


d 
À, iy; Vi — vr, 0,7) + a,C(y, — vt, 70,7) =0 


ð 
A2 By, Cn —nL — vt, +0,7)—a,C(y, — nL — vur, 40,7) 0 (5.27f) 
—oe«y,-—ur«0 C«y,—ur «o 0cTz0 


Here a, a, are the heat transfer coefficients, the temperature of medium 
is assumed to be zero. 

Let us make another simplification of problem (5.27). We assume that 
heat exchange takes place only along the axis y,, and that it is absent 
along the axis y,. In this case, only Eqs. (5.27a), (5.27b) change. They 
take the form 


Ae 


2 
0y, 


ð 
Di-—CyT7)-3:€y,0)20 -e«y«-  -L«y,«0 


g^ à 
DË — Cly,7r)-= C(ly,7)=0 Osy SL O<y,<L, (5.29) 
dy; OT 


C(y1, Y2: T) = CCV, + L, ys. 7) O<y,<L, 0cT7z) 


Equations (5.29), (5.27c)-(5.27f) allow us to find the temperatures in 


NUMERICAL METHODS FOR PROBLEMS MODELING DIFFUSION PROCESSES 339 


the body and the roller, namely, the function 
C( y, 7) —0o «y, «o -L,zy,z0 07-6 
for y, £[0, 4], y, 20,720 y,-u7r#0,¢, y,=0,0<7r=%8 
and the function 
C(y 7)  O0sy,L  O0sysL, O0sr=®ð 
for y, £[0, £], y, =0, 7-0 y,-vr-nL 0,4 


y,=0 O<7=d n= hs .28) 


The function C(y,7) includes the variable y, as a parameter. The 
quantity Q”(r), that is, the amount of heat passing through the roller 
surface at y, — 0 during the time 7, is determined by the relation 


T fL ð 
o"@= -m| | Cy, +0, dyan (5.30) 
o Jo OY, 


The quantity of heat Q” (r) (J m ') passes through the surface between 
the roller cross sections spaced 1m apart; these cross sections are 
orthogonal to the roller axis. 

It is convenient to rewrite problem (5.29), (5.27c)-(5.27f) in dimen- 
sionless form. 

We change to the variables x, t 


xcmL y x,—L, y, y,«0 X 9E 35650 t-bL vw 
Here b is the dimensionless velocity of the body chosen below. Suppose 
u(x, t) = C, COE), T) 
where 
C, = max C(y, 7) 
y,T— 


* 0 


The domains occupied by the body and the roller in these new variables 
are H` and H ' , respectively, where 


H —i((ux0 -e€xuew-—-lI«x»€00creT; 
H'-((,ty0sx,s1,0«x,«1,0«txT) T=b L v 


The surfaces of the body and the roller at x, =0 are denoted by F and 
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F* , respectively, 
F -—-l(x, t; -2 <x, <%, x, =0, 0<: T 
F'-((x,t:0xx,x1,x,20,0«rtx T) 

We will also denote points (x,t) from the sets ^ and H ' by (x ,t), 


(x^, t), respectively. The body and the roller have mutual contacts over 
the sets F, CF and F} CF”. Here 


Fo ={(x,t):0<x,<™, x, =0, t) (x) «tst, @,),0<t=T} 
t(x)mb x, to) =max[0,b-"@,-d)} Osx <& 
at the moment f£, (x,) the body surface comes into contact with the roller 
at the point x,, and at the moment 1, (x,) this contact is interrupted; 
d= L f£. Let us describe the set F*. On the semiaxis t = 0, we introduce 


the grid œ, with the step size A, = b! , that is, the nondimensional time of 
one turn of the roller; o, £ œw. Let t, =nh,, n=0,1,2,.... Suppose 


t(x,)sttbx, | 0sx,e-1 n=0,1,2,... 
0 O<x,<d n=0 
tj(x,)miuQu)-b d d<x,<1 n=0 

ti(x,)-b d | 0xx,x1 n=1,2,.... 

Then 
Fi = {(x,t):0<x, <1, x, =0, t (x) «tstt(x,), 0<tsT} 

. We put the points (x,,0, 7) € F, into correspondence with the points 
(x1,0, t) € F7 [the latter are in contact with the points (x, , 0, f)] where 


A" 
Xi = 


+ —= — — 
xi (x, ) 2x, — n( ) 
Here n(a) is the greatest integer not exceeding a value a;n(x, ) is the 
number of full revolutions of the roller when the body moves a distance 
X E 
We define the sets F], F}, H: 


FL =F NF. Eer. H-H U(H'NF;) 


H is the domain of definition for the function u(x, t), F] and Fj are the 
sets over which the body and the roller are in contact with the surround- 
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ing medium at x, —0. The set H has a “cut” where F] and F,; are 
different sides of this cut. We want to find the function u(x,t) for 
(x, t) € H; the function u(x, t) is continuous on the sets F; and F;, that 
is, on the *'body-roller" interface 


u(x; , -0,t) 2 u(x1 (x, ), +0, t) (x,,0, HEF, (x,,0, 0.) EF? 


Generally speaking, on different sides of the cut this function takes 
different values 


u(x;,-0,2)u(x1(x1), 40,0) (x;,0,.0EF, — (5,06 AEFI 


We do not complete the definition of the function u(x,t) on different 
sides of the cut. 

Now we define the boundary function (x, t), (x, t) € S, where S = 
S9 US, S? and S! are the base and the external (lateral) surface of the 
set H 


S? = {(x, t): -2 <x, «o», -1xx,x0and0zxx,-1,0xx,x1atr-0] 
S! = {(x, t): -~<x,<%,x,=—land0<x,<1,x,=lat0<t=T} 
Suppose 


C C  (ne(s'us)nH- 


fms. - 
elt) pos (x, thE {S°US'}NH* 


the function q(x,£), (x, t)ES°US* has a discontinuity at 0 «x, « d, 
x,=0, t-0, @ HE S?. the cut of the set H passes along the set 
{(x, t):d<x, <1, x, =0,t=0}, (x, NES’. 

Problem (5.29), (5.27c)-(5.27f) in the new variables takes the form 


2 


ð 
1 En x 
Lis anul, t)= [a 


ð — 
ax? = Shute t)=0 (x,t) EH 


0 9 4 
i3 u(x,t) —- 0 (x,t) € H 


Lt u(x, t) 9 4 e 
(5.31) ( ,f) oe 


uxt xst)multxpxs) NES 


u(x; , —0,t) 2 u(x; (x, ), +0, 1) (5.31a) 


ð : ð $25 z : y 
£i 5, U(x, » 70, t) = Be ç ux (x;),+0,t1) (x HEF, «x ,0€F, 
2 2 
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9 _ = _ 
ax, u(x, , -0,t) + y,u(x, , -0,1) =0 (x ,HeEF, 


0 
£5, ur» +0, t)— y,u(x; , +0, t) =0 (x ,t) € F, 
2 


u(x, t) = g(x, t) (x, AES US! 
Here 


S? = {(x, t): x, =0, 0<x,<1,0<t=<T} 
e = &(x) £ — £i x,«0 £ — £, x, >0 
Ee bp vp gy 
(5.31b) 
y= y@) L= x, <0 735 x,>0 
y, = | al edie cie A ox i= 1 2 
pa wO O 
Note that the parameters £, and e, are defined by the value bLv ~’, where 
Lv ' is the duration of one revolution of the roller. The value b is usually 


chosen to be equal to unity. If it happens that either ¢, or €, exceeds 


unity then we choose the value b so that the following inequalities are 
fulfilled 


£165; 1 


The quantity Q5 soy(T) is determined by the relation 


1 
Q” (T) = -Mo | | P (Œ, 0, n) dx, dn t—-t(1)-b ‘Lor 


where Mo = C,A(D7) PBPL, L v”, P,(x,,0,9) = P,G, *0,m) is 
the normalized diffusion flux through the roller surface. The normalized 
diffusion fluxes in the roller and the body are found by the formulas 


P(x, t) =e, m u(x, t) (x,)eH* 


: (5.32) 
PAX Deo u(x, t) (x,0€eH- 


We now discuss a particular problem. We want to find the distribution 
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of roller temperatures with thickness (1.e., along the radius) in the cross 
section ¿° and of body temperatures with thickness in the cross sections 


£-&(£,n-£'*n n=0,1,2,... €°€(0,1] 


The cross-sections £^ and £, are associated with the roller and the body. 
The distribution of temperatures in the cross-section £" of the roller is 
denoted by u (x, t; £^). Here x € [0, 1], x is the distance to the surface of 
the roller. The distribution of temperatures in the cross-section £, of the 
body is denoted by u; (x, t; £^). Here x €[-1,0], ~x is the distance to 
the body surface in contact with the roller. The following relations hold: 


u (x, t; £^ = u(£^, x, t) 
ux, t£) 7 u(£, x, t) E ^ ££, n) 


where u(é°, x, t), u(£,,x,t) are the components of the solution for 
problem (5.31). For n = 0, 1,2, ... the roller cross-section £^ and one of 
the body cross-sections £, come into contact at the instants 


f; =max[0,b (é, — d)] 
At 
t —b 6, 


this contact is interrupted; d is the width of the contact region. We are 
also interested in the quantity 


q"(; °) = -M,| P,(0, n; £^) dn (5.33) 


where q(t; €°) is the quantity of heat passing through 1 m? of the surface 
in the section £^, M, = Mo L eC CAO) "b^LL ee 

P, (0, t; £^) = P,(+0, t; £?) is the- normalized diffusion flux through the 
roller surface. The normalized diffusion fluxes in the roll and the body are 
determined by the relations 


P(x, t; E°) e Po t5 £u (5E) me mmu G6) («NEC 


P G5 €°) = PG 65 £u, (3 E°) = e, cus GG £9) 
x, NEG n=0,1,2,... (5.34a) 
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Ps 34y X. t; es u (; £^)) ES Pouce x,t) 
Ps 34). t; i5 u,(; £^) € Pontium t) 


The quantities q” (t; £^) and Q”(r) are related as follows: 
1 
O"(7)=Q"(bLv 'th=L f q” (t; £^) a£" 
We call the value 


Iot; £") e - | PG m Ehu (Edn x6 D, (34b) 


the total amount of normalized substance passing in the positive direction 
of the axis x through the cross-section x = x, at time f. 

We rewrite problem (5.31) in a more convenient form for numerical 
solution. We introduce a number of notations. Let 


G -D,x(0T] D,=(-1,0) S -G G 
G'-D,x(0T] D,=(0,1) S'-G^G* 
S$, =D,x{t=0}  S;-D,x(t-0) 
~={x=-1}x(0,T] S** ={x=1}x(0,T] 
S={x=0}x(0,T] SS’ =S°\{S, US 
S’*=S'\{S5 US") 


S‘~ and S’* are the right and left faces of the sets G7 and G+. The 
function 


u(x,t; €) = (wu, €), 06, NEG, ub), @&NEG, 
n=0,1,2,...} | (Q0DeH 
is to be found, where 
BLA za ~ = {(x, tn): (x, 0) EG} 
-0,1 


pode set H consists of the union ol the set G ' and the interrelated sets 
G,,n=0,1,2,.... The sets G' and G, have a common part at x = 0, 
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tE (tj, ti]. The function u(x,t; £^) defined in H is the union of the 
function u` (x, t; £^) and the functions u, (x,t; €°),n =0,1,2,..., which 
are continuous across the set x =0, t € (t5, ff]. E 

On the set 5$, which is the “external” boundary of the set H, where 

SS Us" 'yultu (S; US" 3, n-20,1,2,.. |] 
{So Use = {(x, t;n): (x,t) E Sa U Se 


we have the given function P(x, t) = P(x, t; £’), (x,t)€ S: 


P(x, t) phe dir (x, ESS US" 
x, t)= - 2 
P, 1) = e(&. X,t), NE {S US}, n=0,1,2,... 
Generally speaking, 
©°(0,0)4®,(0,0) n=0,1,2,... 


The function u(x,t; £^) is found from the solution of the problem 


av al, r 
Lis.35 (x, seu [35-3 (554)-0  (0€G 
Ox 
r 5,8 alL å E 
Lis55u, Xt; È )— la op u, x,t; )=0 | (,0€e€G 
x 
ð + 
£j 3.4 (C t; £) yu" (x, t; €°) =0 (x,t) & S' 
UE dU (to ti], n =O} (5.35a) 
ð 
£i ay Uy Q6 5 )Tyqu,(x,tG&)-0 x, jes 
t E (t5, t5] for n=0 
+ 0 = 0 Qi 0 d 0 
uQuGé)c-cu,Q, 586) Begu Qo 656 )= e gcusQo 656) 
x nes’ tet] nz0  n-20,12,... 
u(x, t; £^) = P(x, t) (x, HES 


where efx) = €5.31)(0,x), y = %5.31)(0, x). The functions u ' (x, t; £^) and 
u., (x, t; € ) for n=O have discontinuities on the sets x —0, t€ (U, tb, 
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n=0,1,2,...} and x=0, £-1$, respectively. For definiteness, we 
suppose that on these sets 


u*(0,t;€°)=u"(0,t-0;€°) — u,(0,52?) =u, (0, t — 0; £^) 
t=¢>0  w(0,5£")-9(0,:) — t-0 


Problem (5.35a) is a singularly perturbed boundary value problem with 
complicated conditions of exchange on the boundaries of the subdomains. 
We want to find the solution of the boundary value problem (5.35a) and 
also the quantity 


q(t; €°) = Q(s 34) (0. t; £^) (5.35b) 


which is the amount of normalized substance passing through the surface 
S^* at time t. 


2. Finite Difference Scheme for Problem (5.35) 


Note that the solution of problem (5.35) has discontinuities for every pair 
of fixed parameters &,, £4. As these parameters tend to zero, boundary 
and interior layers appear in the neighborhood of the set x 7 0. Such 
behavior of the solution leads to large errors if one uses classical 
numerical methods. To construct the approximate solution, we use the 
method of additive representation of singularities related to the solution 
discontinuities. Let us describe this method. 

First we can find all of the functions u, (x, t; £^), n=0,1,2,... for 
0xtzT,t-t,, that is, before the section of the body at the point £,, 
and that of the roller at the point £ ? come into contact. Thus, the 
functions u, (x, t; £^) are found by solving the uncoupled problems 


L(5.55)4, (x, l; ¿°)=0 (x, )EG 


ð i 
£15, Un 0 65 £7) + yu, Qt £7) =0 (x, t) ES 


P (5.36a) 
u- (x,t; £^) = ®(x, 2) (x,0)esnG 


n=0,1,2,... 0t min[r,, T] 


Besides, if we know the function u; (x, t; £^) for t = tf =0 where k is an 
integer, k =Q: 


u, (x,t; E) =F, (x,t) xED, t=th kz0 (5.36b) 
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then the function u, (x, t; £^) for t= t* can be found as the solution of the 
problem 


Lis su, Qt é") =0 (x,t) EG 


ð _ 7 be 
e sc uE b E) + Hug K, t; é") =0 nes’ 
= (5.36c) 
b (x,t; é°) = ®, (x, t) (x,t)& Snc 
Letal 
u, (x,t; °) = Y, (x,t) xED, =r k=0 


Independent of the other components of the solution, we can find the 
function u*(x, t; £^) for t fo, that 1s, before the first contact occurs 
between the roller section at the point ¿° and the body section at the 
point é. In this connection, the function u` (x, t; £^) is the solution of the 
problem 


Lesat QVE é°)=0 (x,t) EG” 
e-u (x,t; £9) - yu' (x,t; €°)=0 ANES 
" (5.36d) 
u (x, t; £^) = d'(x, t) (x,t))eSsnG" 


0x t - min[r, T] 
If we know the function u' (x, t; £^) for t =t% 0 where k =0: 


u'(,t£)-WV'(xt) xED, t=% kz0 (536e) 


then the function u(x,t; £^) for tf <t <= min[t; !, T] is determined as 
the solution of the problem 


Ls (x, t; €°)=0 (x, EG" 
: 0 -0 @, NES (5.36f) 
euE) yu Qui") = t) | 


u^ (x, t; £^) = dx, t) (x,)esnc*? 
ti rzmin[r ^, T] 


u'(x,t5;£)-W'(x,t) xe€D, t= k=0 


The functions u'(x,t; °) and u, (x, t; £9) for MES EUH are deter- 
mined as the solution of the coupled problems on the sets G^ and G 
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respectively. Assume that for t — i =0 the functions u'(x, t; €°) and 
u; (x, t; £^) are known 


u(x,t; E°) =Y (x, t) x€D, 

| - " (5.372) 
u (x tiD =p) x€D, t= k=0 
For t 2 t; =0 we have 


PA=) «ED,  wQG0-4,06,0)  xeD, t-0 


For t; xt xt]. we find the functions u* (x, t; €°) and u; (x, t; £^) as the 
solution of the problem 


Dusau Q t; é°) = () (x,t)€ G' 
Líssu4Q,65£)-0 (DEG 
u Qc, t£) = uy (x, t E^) 
Be os t; £)-6 Soc t; £^) (x,t) ES 
2 Ox 7*3 1 Ox k + > 
u'(x,th€)=@ (x,t) @HNESNG* (5.37b) 
ui, t5£)-24,0,0 &DESNG 
t5 « rz min[r7, T] 
u*(x,t;£)-w'(x,t) xED, 
u, (x, t; £^) — v (x,t) x€D, pg k=0 
Thus, by solving problems (5.36), (5.37) successively, we find the 
functions u (x, t; £^) and u, (x, t; é°), n=0,1,2,... for O<1<T, in 
other words, we find the solution of problem (5.35). 
Now we use the additive representation of singularities to solve 


problem (5.37). The solution of problem (5.37b) is represented in the 
form of a sum of continuous and discontinuous functions: 


u(x,t; £')2U*'(x, n - W,(x, t) x, NEG” 
u; (x,t; €) -U NWD &, NEG (5.38a) 


ti =t= mint, T] k=0 
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Here the function W,(x,t), having a discontinuity at the point x — 0, 
t — t4, is determined by the formula 


W, (x, £) = (4 (0, ta) — v, (0, to)) 


1+ B^) !ert( ————À =0 
ate ea) + 


n (5.38b) 
(1 +B) "et(— ui) x0 


«NEG  t1ztxti 


X 


k=0 


The functions U * (x, t) and U; (x, t) for x =0, t5 = t = min[t], T] continu- 
ously adjoin each other. These functions are the solution of the problem 


L(555U (x, t) =0 (x,t) EG* 


L(5.55)U , (x, t) = 9 «NEG 


U'(x,t) =U (x,t) 
Be, =U (t) =e, =U; (0) (x, t) € S' 
U * (x, t) * g'(x, t) (x, )NESNG* (5.38c) 
U , (x, t) =2,(x, t) (x,t))esnG- 
to «t x min[t7, T] 
U * (x, t) * q'(x, t) x€D, 


Ui(x,t)-q,(x,t)  x€D, t= k=0 
Here 


g (x, [) = (x, [) 0 W,(x, t) g(x, t) E o, (x, t) > W,.(x, t) 
q'(x, t) = wb” (x, t) B W,(x, t) q(x, t) D y, (x, t) > W,(x, t) 


Taking into account the representation (5.38a) for the functions 
V (5.55) X t) and V5 4c, £), the following relations are valid: 


Wage 5; t) 2-U (x,t) +W, (x,t) x€D, 


. 7 E (5.38d) 
V (5.360) > th=U (x,t) + W,(x, t) x€D, t= tt 
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Problems (5.36), (5.37) and (5.36), (5.38) are equivalent to problem 
(5.35). 

Now we describe the finite difference scheme for solving problem 
(5.35). We construct this difference scheme to approximate the problem 
(5.36), (5.38). 

First, we consider a classical finite difference scheme. On the sets 
G^'^,G we introduce the rectangular grids 


G,-o Xð G,=@ Xó (5.39) 


where & =@5 17), 9 and @ are grids on the segments [0,1] and 
[-1, 0], respectively, the number of nodes in each grid o" and @ is 
2^! N +1, the distribution of nodes in the grids & * and @ | is arbitrary. 
Suppose that the points tọ, ti, n=0,1,2,... belong to the set œp. 
Problem (5.36), (5.38) is approximated by the finite difference scheme 
given below. To problem (5.36a) we assign the scheme 


As 49)Z4 (6 t; £^) = (6184 632, (x, 5 €°) =0 (x, 0) € G, 
£,02, (x, t; €°) + yz, (x, ts €°) =0 (x, NES, 
E $ _ (5.40a) 
z, (x,t; £ )=@,(, t) (x,t)&€Sna, 


n-0,1,2,... 0 x t min[r;, T] 


Here G; - G 1G,,8; =S" nG,.If we know the value of the grid 
function z; (x, t; €°) for t= 11» 0: 


zœ, t; E) Wr (xt) xeD, t= kz0 (5.40b) 
where 


D,=6* for  j-2  D,-à 


for j^1 
then we find the function z; (x, t; £^) for t=t* by solving the problem 
As 49)Z y Œ t; £^) =0 (x, NEG, 
62,0 b; E) ^ yvz,0, 56) 20 DES, 
z; (x, t; €°) = ®, (x, t) (x,t)esnG, (5.40c) 
t<t<T 


zœ, t; E =Y (x,t) «ED, tc k=0 
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We put problem (5.36d) into correspondence with the grid problem 


Nemz (5, t; £^) = (585; E ô} z (x, t; £^) =0 (x,t)€ G; 
ez (xt E’) -yz x,t E0 ANES 
f (5.40d) 
z'(x,5£')-2"(x,) NES AG; 


0=<t<min{t, T] 
If the function z ' (x, t; £^) is known for t ^ tf: 
z (x, t; £) = W^* (x, t) x€D,, par kz0 (5.40e) 
then with problem (5.36f) we associate the difference scheme 


A(sa52 (, £5 €°) -0 (x, NEG; 
€,6,2° (1,5 €°)—y%z7*a,65€)=0 œ, dest 
z(x,5€)=8'@,1) DESANG; (5.40f) 
th<t=<min{t**?, T] 
z'(x,t5£)-7 W'"()  xeD, t= k=0 


Assume that for t=¢ the functions z'(x, t; £^) and z; (x, t; £^) are 
known 


Zee at Gly «ed, 
i (5.41a) 
z; (x,t; €) wt (x, t) x€D;,, ix k=0 


For t; <t<t* we define the approximate solution of problem (5.37) by 
the relations 


z' (xt [EZ t) - Wi(x, t) (x, NEG; 
z; (x,t; E°) = Zt (x,t) + WI, £) (x, thEG, (5.41b) 


to =t mini, T]  kzO 
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Here 


Wi, t) = (6^ (0, to) — He (0, t0) 


12- B7!) ert —— —À—À <0 
(eB ep)? 


x x (5.41c) 
(B) le(s) x0 
2 0 


(x,))eG tstst k=0 
The functions Z ' (x, t), Z, (x, t) are found as the solution of the problem 
Neal O5 t) -0 (x, t)EG, 
A ¢5.40)Z (X, t) = 0 (x, f)EG, 
Z'(x,t) =Z; (x,t) 
BeZ (x, th=£,6.Z,(%,t) (HOES; 
Z'(xt)-g"(x,t  (x,0esnG; (5.41d) 
Z (x, t) 9 gio t) (x, )NESNG, 
t; <t = minft*, T] 
Z'()0-74"(x,t) xED, 
Z N=, xED, t=6 kz0 
Here 
g^ t) = D, - Wiest) gE, t) = (x, 1) - Wi, t) 
q'(x,t) 26 Q0) -WiQGs t) ge. D m di Q0) - WiG, t) 
The following relations are valid: 
s aoo t) = Z' (x, t) - W(x, t) x€D,, 
" E " _ i (5.41e) 
V (sao (X, t) = Z (x, t) + Wi, t) FED, t=, 


Thus, the finite difference scheme (5.40), (5.41), (5.39) approximating 
problem (5.36), (5.38) has been constructed. 


The solution of this difference scheme does not converge to the 
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solution of problem (5.35) e-uniformly. The components of the solution 
of the difference scheme approximate the components u'(x, t; £^), 
u, (x, t; £^) unsatisfactorily in the neighborhood of the boundary layer. 

Let us construct a special grid on which the solution of the finite 
difference scheme (5.40), (5.41) converges to the solution of problem 
(5.35) e-uniformly. — 


On the sets G, G7, we introduce special grids condensing in the 
neighborhood of the set S’ 


G,-o' Xo G,=6 Xà, (5.42) 


where oy = Gus. 17); € 0 ando are piecewise uniform grids. We describe 
the grids o^ and æ`. Each interval [—1, 0] and [0, 1] is divided into two 
parts: [—1, —o,], [70,, 0] and [0, o], ie. 1]. The step size of the grid on 
each part is constant and equal to ^, =40,N ' and h, =40,N~' on the 
segments [—a,, 0] and [0, o}, respectively, whereas it equals h, = 4(1 — 
g,)N ' and h, =4(1-0,)N ! on the segments [—1, —o,] and [o;, 1], 
respectively. We set 


v; 70, (&, N) = min ', m 'e In N] 
c, = 0,(&, N) = min] ', m "e InN] 


where m >Q is an arbitrary number. This completes the construction of 
the grids G; and C ,. 

We now simply state the fact that the solution of problem (5.40), 
(5.41), (5.42) converges to the solution of problem (5.35) e- uniformly. 

Let Us describe the algorithm for r computing the quantities q,5 35); £ 3 
and qs. 33) (f; € °). To determine q^" (t; €°), we use the normalized diffu- 
sion flux. We approximate this flux by the modified difference flux 
determined via the modified difference derivatives. We give a definition of 
these derivatives. Assume that for the solution of problem (5.40), (5.41), 
(5.42) the following estimate is fulfilled: 


max [u^ (x, t; €°) — z (x, t; €°)|, max Ju; (x, 6 €°) — z, Œ, £; &?)| 
Gy Gh 
=<7(N, No) n= 0132255: 
where the value of n(N, N,) for N, N,— o tends to zero e-uniformly. We 
denote the linear interpolant of the bud functions z (x,t), (x, t) € G, ; 


z (x,t), «EG, onx by Z'(x, t), xE Dj, tE à and Z (x, t), xED,, 
tE wy, respectively. The parameter A*, that is, the step size of the 
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modified derivative, is defined by the relation 


el € = g(x) 


h* =h*(e,n) = min[2 ! , en 


Then the modified difference derivatives 0,z ' (x, t), x € Dj, t€ « and 
9.2 (x, t), xE D,, t€ o, are determined by the relations 


"S 8*2'(x,t) 2(h*) (Z'(x*h*,t)) - xtA 0xxzx2^'! 
iion 8*2*(, 0) 2 (h*) (*Q, 0) Z"(c-hn*,) 2"! «xx1 


x€D,  t€a, 


0,z (x,t) 
E poa )e(h*) NEE, N-Z- | -27xxx0 
8:2 (x, = () (£7 (-h*0-2 (n0) -1sx«2" 


x€D,  t€o, 


The modified difference flux for the functions z '(x,f) and z (x,t) is 
defined by the formulas 


P" (x, t) P^*(x,t;z'(-)) = &0,z" (x, t) x€D, t € ay 
P^" (x, th=P" (x,t:z (-)) =6,0,z (x,t) x€D, t € à 


The modified difference fluxes 


P^*(x,t; z>; €°)) x€D, P'"(x,t;z, (5 €°)) x€D, 
t€ o, x0 n=0,1,2,... 


with z*(x,t; E°), IN DON e é°) being the solution of problem (5.40), 
(5.41), (5.42) approximate the normalized diffusion fluxes 


P5534), t; £^; u(; &£^)) (x, HE G” 
Pics. 34y(%, t; tow Ge) (x, HEG x #0 n=0,1,2,... 


e-uniformly for x #0. Here u'(x,t; £"), u, (x,t; £") are the solutions 
of problem (5.35). Note that for x=0 the solutions k Œ, t; e zu 
u, (x, t; £^), as well as their normalized fluxes Pis 34)(x, t; E’; u (; £y), 
m sy, t; £u. (5 $ 7), have discontinuities. So, the functions 
,P,(u*) for t-t$, k=0,1,2,... and u,, P,(u,) for t- f, are 
fe unten. 
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Let us construct approximations for ürs: ay (65 é °) and Q(s.asy (5 É ?) for 
t=t,, t Em, t, ^ shy. Let KSt, « K c1, K=0; K be the number of 
complete revolutions of the roller. The functions s ax; £^) and 


Qs 3s) (5; € °) are approximated by q (ae é 0) and q "ps £’) 
ql E’) = qilt E’) + gil E’) qusc) 


Hh 0 h 0 - (5.43) 
q (tsë )-M,q(t;£) | t Ew 


Here 


qilt £^) = hy 2, P" (0,5 2^ C; E°) EUIS] K-012,...K 


qalt; E”) = hy 2, P (0,5 zs £^) t EU [fot] KEI 2k 


min[r,, r] 3 
posses J[z [f €. «( +0, m) a+], wie dn 
t, € Wy t; = ih, 


M, = CAD) EDL p 


With N, N,— œ the functions gs. is: é°) s ae ans £^) converge 
e-uniformly to the functions Qs ssl; £^) and s 33) (t,3 £ °), respectively. 
The quantity Q"(7) is approximated by the function Q" (7) 


J 
Q^() = Lh, 2, q (b 'L vr; £j) 
j-1 


where £; = = jh, h, is the partitioning step for the interval [0, 1], which is a 
range of E’; J+ 1 is the number of nodes in the uniform grid c, on this 
interval; (J + 1)A, — 1. 

The quantity oO” "(z) converges e-uniformly to Q”(r) for N, Ny, J— c. 


3. Numerical Investigation of the Heat Transfer Problem 


We consider heat transfer for rolling with the following characteristics of 
the process. Suppose that the roller and the body to be rolled are steel; 
DY =D} =2x10 m-s ', A, =A, =63 Wt/(m- K); the thickness of 
the material is L, = 0.25 m, the roller radius is R = 0.5 m, the thickness of 
the roller L, is assumed to equal 0.25 m. The width of the contact ¢ is 
equal to 0.05L = 0.17R m; the velocity of the moving body is v — 10m- 
s ; the process duration 3 is assumed to equal 10 Lv 's, that is, the 
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roller makes 10 complete revolutions during the process. Suppose C; = 
600°C, C$ =50°C. The coefficient of heat transfer from the roller and 
body surfaces at LPS 0 to the surrounding medium a is assumed to be 
equal to 10 Wt/(m"- K). This value of @ corresponds to convective heat 
exchange for the roller. For these values of the parameters we obtain 


£—7£,7e£-10x10^ 8-1 b-1 y2-398x10" 
. (5.44) 
C,=600°C  T-10 


Note that no boundary layers appear for these values of the parame- 
ters in the process. Therefore, we can use the special scheme on a 
uniform grid 


G, =0 Xo, G,-o0 Xa, (5.45) 


where @ = 495,5, 9 ando are uniform grids. Thus, to solve problem 
(5.35), (5.44), we use the finite difference scheme (5.40), (5.41), (5.45) 
with N = 100, N, = 1000. 

The solution of the difference problem for £^ =0.5 is represented in 
Fig. 29. The function deus (t,; £^) is given in Fig. 30. To estimate the 
accuracy of the quantity da. £^), we performed computations for 
N —200, N, —2000. The value of q"^(T; £^) for N 2 100, N, = 1000 is 
4.35 x 10? J and the error in g”"(T; £?) is about 0.1%. 

To compare the results obtained, we solve problem (5.35), (5.44) with 
a classical finite difference scheme on the uniform grid (5.45). Here we 
apply the difference equations (5.40). Instead of Eqs. (5.41), we use the 
equations 


Aca Q6 t;£9)-0 (x, t)EG, 
AcasZkQ5£)-70 NEG, 
Oe Voz o2) 
Be,6,2" (x,t; E°) = ez (xt E) OES, 
z' (x, t; €°) = (x, t) (x,0esncG, (5.46) 
2:613 £^) 2 o, (x, t) (x, t)esncG, 
t «t x min[t?, T] 


z'(t&)-2w" (x, xED,, 
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(a) 


Figure 29. Solution of the difference problem (5.40), (5.41), (5.45) for £^ — 0.5. (a) 
z' (x,t) for O< x 0.2, 0:210; (b) z (x, t) for O= x = 0.2, 0.4z£-0.6; (c) z (x, t) for 
0zxz0.2, 9.4zx1z9.6. 


z,(65£)-7w, (t) «ED, t= k=0 


We consider the functions z '(x, t; £^) and z, (x, t; £ °) to be known for 
t — t$. These equations approximate Eqs. (5.37b). 
The function q^" (r; £?) is found by the formula 


q(t; £^) = —M 45.43)Mo€2 2, 6,z° (0, [; £^) (5.47) 


where f; = th,, the function 2 (x i; € 7) is one of the components of the 
solution for problem (5.40), (5.46), (5.45). The value of Gan: £^) for 
N = 100, N, = 1000 is now equal to 4.20 x 10* J. | 

Note that the results obtained depend only slightly on the value of the 
parameter a. 
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Figure 29. 
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Figure 30. The function q(;,5,(t6 £^) (in joule) constructed from the solution of the 
difference problem (5.40), (5.41), (5.45) for £^ — 0.5. 


The above examples permit us to reach the following conclusion. For 
the singularly perturbed boundary value problems arising in the numeri- 
cal analysis of heat transfer for various technologies, we have constructed 
special e-uniformly convergent finite difference schemes. These schemes 
allow us to compute heat fluxes and the quantity of heat transferred 
across the interfaces of bodies in contact during the processes. Numerical 
experiments show the efficiency of the new schemes in comparison with 
classical schemes. 
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BIBLIOGRAPHICAL COMMENTS 


In the case of singularly perturbed boundary value problems, for which it 
is required to find diffusion fluxes, computational difficulties arise. These 
lead to theoretical and applied problems that require special numerical 
methods allowing us to approximate both the problem solution and the 
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normalized fluxes. Investigations into the development of these methods 
were carried out only sporadically (see, e.g., [19]). 

To construct special difference schemes and to investigate their 
convergence a priori estimates of the solution and its derivatives, as well 
as estimates for the regular and singular parts of the solution, are applied. 
In the case of regular boundary value problems, it is usually assumed that 
the solution of the boundary value problem together with its derivatives 
are bounded up to the required order. However, in the case of singularly 
perturbed boundary value problems, the estimates of the solution and of 
its derivatives depend on the parameter value, and these dependencies 
are quite unwieldy. Recipes for the construction of e-uniformly con- 
vergent schemes are suggested in many respects by the solution estimates. 
A priori estimates are given, for example, in [4, 21, 29]. 

To construct special schemes, it is possible to use well-developed 
methods: either fitted methods or methods with special condensed grids. 
Fitted methods are attractive because they allow one to use grids with an 
arbitrary distribution of nodes, in particular, uniform grids (see, e.g., [13, 
14, 30-34]). However, even for the simplest singularly perturbed non- 
stationary diffusion equation, fitted methods are found to be inapplicable 
for the construction of -uniformly convergent schemes. Fitted methods 
are inapplicable for more general elliptic and parabolic equations in the 
case when parabolic boundary layers, that is, layers described by 
parabolic equations, appear [4, 23, 29]. Therefore, the use of methods 
with special condensed grids is necessary for the construction of special 
schemes. 

The special finite difference schemes constructed here allow one to 
approximate solutions of boundary value problems and also normalized 
diffusion fluxes. They can be used to solve effectively applied problems 
with boundary and interior layers, in particular, equations with dis- 
continuous coefficients and concentrated factors (heat capacity, sources, 
and so on). Methods for the construction of the special schemes 
developed here can be used to construct and investigate special schemes 
for more general singularly perturbed boundary value problems (see, 
e.g., [4, 17, 18, 24, 35-39]). 


REFERENCES 


1. A. A. Samarsky, Theory of Difference Scheme, Nauka, Moscow, Russia, 1989 (in 
Russian). 

2. A. A. Samarsky and E. S. Nikolaev, Numerical methods for grid equations, Birk- 
hauser-Verlag, Basel, Switzerland, 1989. 


3. G. I. Shishkin, USSR Comput. Maths. Math. Phys., 24(3), 150 (1984). 


4£ 


Oo 00 SD tin 


11. 
12. 
13. 


14. 
15. 


16. 


17. 
18. 
19. 
20. 


2l. 
22; 
23. 
24. 
25; 


26. 
27. 
28. 
29. 


30. 


3l. 
32. 


33. 


NUMERICAL METHODS FOR PROBLEMS MODELING DIFFUSION PROCESSES 361 


G. I. Shishkin, Grid Approximation of Singularly Perturbed Elliptic and Parabolic 
Equations, Ur. O. RAN, Ekaterinburg, Russia, 1992 (in Russian). 


. G. I. Shishkin, USSR Comput. Maths. Math. Phys., 26(4), 38 (1986). 

. G. I. Shishkin, USSR Comput. Maths. Math. Phys., 27(5), 54 (1987). 

. M. I. Vishik and L. A. Lyusternik, Usp. Mat. Nauk., 12, 3 (1957) (in Russian). 

. M. I. Vishik and L. A. Lyusternik, Usp. Mat. Nauk., 15, 3 (1960) (in Russian). 

. N. S. Bakhvalov, Zh. Vychisl. Mat. Mat. Fiz., 9, 841 (1969) (in Russian). 

. O. A. Ladyzhenskaya, V. A. Solonnikov, and N. N. Ural'tseva, Linear and Quasi-linear 


Equations of Parabolic Type, Translation of Mathematics Monographs, 23, American 
Mathematics Society, Providence, RI, 1968. 

G. I. Marchuk, Methods of Numerical Mathematics, Springer, New York, 1982. 

N. N. Yanenko, The Method of Fractional Steps, Springer-Verlag, New York, 1967. 
E. P. Doolan, J. J. H. Miller, and W. H. A. Schilders, Uniform Numerical Methods for 
Problems with Initial and Boundary Layers, Boole Press, Dublin, 1980. 

A. M. Il'in, Math. Notes, 6(2), 596 (1969). 


J. J. H. Miller, E. O'Riordan, and G. I. Shishkin, Fitted numerical methods for singular 
perturbation problems. Error estimates in the maximum norm for linear problems in one 
and two dimension, World Scientific Publishing, Singapore, 1996. 


P.A. Farrell, P. W. Hemker, and G. I. Shishkin, Discrete approximation for a singularly 
perturbed boundary value problem with parabolic layers, Stichting Mathematisch 
Centrum, Amsterdam, Report NM-R9502, February 1995. 


P. W. Hemker and G. I. Shishkin, Comput. Fluid Dyn. J., 2, 375 (1994). 
G. I. Shishkin, Sov. Math. Dokl., 37, 792 (1988). 
G. I. Shishkin, Zh. Vychisl. Mat. Mat. Fiz., 28, 1649 (1988) (in Russian). 


G. I. Marchuk and V. V. Shaidurov, The Increase in Accuracy of the Solutions of Finite 


Difference Schemes, Nauka, Moscow, Russia, 1979. 
G. I. Shishkin, USSR Comput. Maths. Math. Phys., 23(3), 59 (1983). 


G. I. Shishkin, Sov. Math. Dokl., 36(2), 240 (1988). 

G. I. Shishkin, USSR Comput. Maths. Math. Phys., 29(4), 1 (1989). 

G. I. Shishkin, Zh. Vychisl. Mat. Mat. Fiz., 29, 1277 (1989) (in Russian). 

G. I. Shishkin, Tchislennii analiz i mat. model. (Numerical analysis and math. model.), 
OVM AN SSR, Moscow, Russia, 1989, pp. 132-159 (in Russian). 

G. I. Shishkin, Sov. J. Numer. Anal. Math. Modelling, 4, 397 (1989). 

G. I. Shishkin, Comput. Maths. Math. Phys., 31(12), 33 (1991). 

G. I. Shishkin, Sov. J. Numer. Anal. Math. Modelling, 6, 243 (1991). 

G. |. Shishkin, Finite difference approximations for singularly perturbed boundary 
value problems with diffusion layers. Dublin, Ireland, INCA Preprint No. 2, 1994. 


M. V. Alexeevsky, Uch. Zap. (Scientific Papers), Estestvennie Nauki, 1, 3 (1980) (in 
Russian). 
D. N. Allen and R. V. Southwell, Q. J. Mech. Appl. Math., 8, 129 (1955). 


K. V. Emel’yanov, On a difference scheme for a differential equation with a small 
parameter at the highest-order derivatives. Tchislennie metodi mexaniki sploshnix sred 
(Numer. methods in continuum mechanics). Novosibirsk, Russia, 1970, Vol. 1 (5). pp. 
20—30 (in Russian). 

K. V. Emel'yanov, Kraevye Zadachi dlya Uravn. Mat. Fiz. ( Boundary Value Problems 
for Equations of Mathematical Physics), 1973, pp. 30—42 (in Russian). 


362 V. L. KOLMOGOROV AND G. I. SHISHKIN 


34. 


35. 


36. 


375 


38. 
39. 


A. F. Hegarty, Uniformly accurate methods for two-dimensional singular perturbation 
problems, in: BAIL: Proceedings of the 4th Intern. Conference on Boundary and 
Interior Layers, S. K. Godunov, J. J. H. Miller, and V. A. Novikov, Eds., Boole Press, 
Dublin, 1986, pp. 314—319. 


A. F. Hegarty, J. J. H. Miller, E. O'Riordan, and G. I. Shishkin, Special meshes for 
two dimensional elliptic singular perturbation problems, in: IMACS 91: Proceedings of 
the 13th IMACS World Congress on Computation and Applied Mathematics, R. 
Vichnevetsky and J. J. H. Miller, Eds., Boole Press, Dublin, 1991, pp. 503—504. 

A. F. Hegarty, J. J. H. Miller, E. O’Riordan, and G. I. Shishkin, J. Comp. Phys., 117, 
47 (1995). 

P. W. Hemker and G. I. Shishkin, Discrete approximation of singularly perturbed 
parabolic PDEs with a discontinuous initial condition, in: Proceedings of the Interna- 
tional Conference on Boundary and Interior Layers—Computational and Asymptotic 
Methods, J. J. H. Miller, Ed., Front Range Press, Copper Mountain, CO, 1992, pp. 
3-4, 

P. W. Hemker and G. I. Shishkin, East-West J. Numerical Math., 1, 287 (1993). 


J. Miller, E. Mullarkey, E. O’Riordan, and G. Shishkin, C.R. Acad. Sci. Paris, T.312, 
Serie 1, 643 (1991). 


Advances In Chemical Physics, Volume XCVII 


Edited by John J. H. Miller 


Copyright O 1997 by John Wiley & Sons, Inc. 


AUTHOR INDEX 


Numbers in parentheses are reference numbers and indicate that the author's work is referred to al- 
though his name is not mentioned in the text. Numbers in italic show the pages on which the com- 


plete references are listed. 


Alexeevsky, M. V., 360(30), 361 
Allen, D. N., 360(31), 361 


Bakhvalov, N. S., 242(9), 309(9), 361 

Belyakov, V. A., 42(20), 46 

Belyanin, M., 97(11), 178 

Berge, P., 4(6), 45 

Bobisud, L., 139(35), 179 

Butuzov, V., 12(11), 45, 60(4), 61(4—5), 63(5), 
68—69(4), 74(4), 79(8), 80(5,8), 83(8), 
85(8), 97(4), 100(5), 101(17), 104(17), 
105(5,18), 109—110(18), 134(29-33), 
152(38), 165(45), 173(47), 178(49), 
178-179 


Chernavskii, D., 98(14), 178 
Christenson, C., 139(35), 179 


Denisov, E. T., 2(2), 12(14—15), 45-46 
Dobowitckii, A. Ya., 3(4), 45 
Dobowitckii, V. A., 3(4), 45 

Doolan, E. P., 309(13), 360(13), 361 
Dubinsky, V. Z., 38(16), 46 


Emanuel, N. M., 12(14), 41(18), 134(34), 46, 
179 

Emel’yanov, K. V., 360(32-33), 361 

Esipova, V., 74(6), 178 


Farrell, P. A., 309(16), 361 

Fife, P., 98(13), 146(36), 152(39), 178—179 
Frank-Kamenetskii, D., 158(42), 779 

Fujii, H., 113(25), 779 


Gagarina, A. B., 41(18), 46 
Gel'fand, 1., 158(41), 779 
Gol' denberg, M. Ya., 2(1), 45 
Goltberg, V. M., 42(19), 46 
Gorskii, V. G., 12(13), 45 
Grinlee, Y., 146(36), 179 


Hale, J., 113(24), 279 

Hegarty, A. F., 360(34—36), 361—362 

Hemker, P. W., 309(16—17), 360(17,37—38), 
361-362 


Il'in, A. M., 4(5,8), 11(8), 45, 309(14), 360(14), 
361 
Ivanova, A. N., 4(7), 45 


Kalachev, L., 61(5), 63(5), 80(5), 100(5), 
105(5), 134(31), 165(45), 178—179 

Kalyakin, L. A., 4(9), 45 

Karpukhin, O. N., 41(17), 46 

Katcman, E. A., 12(13), 45 

Khudyaev, S., 82(9), 155(40), 178-179 

Knorre, D., 134(34), 779 

Kolesov, Yu., 159(43), 179 

Komissarov, V. D., 4(9), 45 


Ladyzhenskaya, O. A., 253(10), 361 

Levitckii, A. A., 2(1), 45 

Lyusternik, L. A., 113(27), 116(27), 233(7-8), 
179, 361 


Maizus, Z. K., 12(14), 46 
Marchuk, G. I., 308(11), 328(20), 361 


363 


364 AUTHOR INDEX 


Maslennikov, S. I., 4(9), 45 

Miller, J. J. H., 309(13,15), 360(13,35—36,39), 
361—362 

Miller, V. B., 38(16), 42(20), 46 

Mullarkey, E., 362 


Nayfeh, A. H., 4(10), 45 

Nefedov, N., 113(26), 146(37), 152(38), 179 
Nicolis, G., 105(19), 779 

Nikitin, A., 97(10,12), 134(30), 178-179 
Nikolaev, E. S., 191(2), 360 

Nishiura, Y., 113(25), 179 

Novikov, E. A., 3(3), 45 

Nowacki, W., 177(48), 779 


Obukhova, L. K., 42(19), 46 
O’Riordan, E., 309(15), 360(35—36), 361—362 


Petrov, A., 97(10,12), 178 
Polyak, L. S., 2(1), 45 
Pomeau, Y., 4(6), 45 
Pontnagin, L., 77(7), 178 
Postnikov, L. M., 41(17), 46 
Prigogine, I., 105(19), 779 
Protter, M., 162(44), 179 


Ralph, S. K., 12(12), 45 

Roginsky, V. A., 38(16), 42(20), 46 
Romanovskii, Yu., 98(14), 178 
Rubtsov, V. I., 38(16), 46 

Rusina, I. F., 41(18), 46 


Sakamoto, K., 113(24), 779 

Samarsky, A. A., 191(1—2), 217(1), 308(1), 360 
Sattinger, D., 166(46), 179 

Schilders, W. H. A., 309(13), 360(13), 361 
Scott, J. M.W., 12(12), 45 


Shaidurov, V. V., 328(20), 361 

Shanina, E. L., 42(20), 46 

Shishkin, G. I., 203(3—6), 215(4), 241(4), 
309(4,15—19), 360(4,17—19,21—29,35—39), 
360—362 

Shlyapintokh, V. Ya., 41(17), 46 

Shukurov, A., 97(11), 178 

Shwetcova-Shilovckaya, T. N., 12(13), 45 

Sokoloff, D., 97(11), 778 

Solonnikov, V. A., 253(10), 361 

Southwell, R. V., 360(31), 361 

Summers, D., 12(12), 45 

Sveshnikov, A., 54(2), 178 


Tikhonov, A., 49(1), 52(1), 542), 178 
Trenogin, V., 118(28), 179 


Ural'tseva, N. N., 253(10), 361 
Urazgil'dina, T., 173(47), 178(49), 179 


Vasil’ev, V., 82(9), 98(14), 178 

Vasil'eva, A. B., 12(11), 54(2-3), 60(4), 
61(4—5), 63(5), 68—69(4), 74(4), 79(8), 
80(5,8), 83(8), 85(8), 97(4,10,12), 99(15), 
100(5), 101(16-17), 104(17), 105(5,18), 
109(18), 110(18,20), 113(15—16,22—23), 
45, 178-179 

Vidal, C., 4(6), 45 

Vishik, M. L, 113(27), 116(27), 233(7-8), 179, 
361 

Vol'pert, A., 82(9), 155(40), 178-179 


Weinberger, H., 162(44), 179 


Yakhno, V., 98(14), 178 
Yanenko, N. N., 308(12), 361 


Advances In Chemical Physics, Volume XCVII 


Edited by John J. H. Miller 


Copyright O 1997 by John Wiley & Sons, Inc. 


SUBJECT INDEX 


A dditive representation of singularities, diffu- 
sion modeling: 
hot die-forming procedures, 328—334 
hot rolling procedures, 348-355 
Approximation errors: 
asymptotic solutions, 5—6 
diffusion modeling, tables, 192—206 
classical finite difference techniques, 
218-231 
concentrated sources diffusion equations, 
304—308 
prescribed diffusion fluxes, 261—270 
special finite difference, numerical exam- 
ples, 276—286 
special finite difference techniques, 
247-249 
Associated systems, initial value problem, 53 
Asymptotic algorithms: 
corner boundary layers, nonisothermal fast 
chemical reactions, 136—139 
critical case: 
boundary value problem, 80-81 
nonlinear problem, 79-80 
initial value problem, 56—63 
Asymptotic approximation: 
applications, 35-45 
autocatalytic reaction models: 
leading term construction, 157-161 
physical interpretation of solution, 
165-166 
subsequent term construction, 161—165 
boundary layers, singularly perturbed prob- 
lems, 49—5] 
boundary value problem, conditionally stable 
case, 64-73 
corner boundary layers: 
elliptic equations in rectangle, 119—120 
parabolic equations, 128-134 
critical case, initial value problem, small 
nonlinear systems, 74—79 
defined, 50—51 
expansions of exact solution, 9-10 
explosive scale, 31—34 


initial value problem, 52-63 
matching techniques, 16-24 
fast time scale, 17, 25—27 
general examples, 4—12 
inhibited liquid-phase oxidation equations, 
12-15 
overview, 2—4 
regular terms, 51-52 
slow time scales: 
first scale, 17-20, 27-29 
second scale, 20—24, 30—3] 
step-type contrast structures, second-order 
equations, 91-97 
thin body heat conduction, 168—178 
Vishik-Lyusternik method, 117-118 
boundary layers, 116-117 
expansion, 115 
local coordinates, 113-115 
overview, 113 
Asymptotic method, defined, 51 
Asymptotic series, defined, 52 
Autocatalytic reaction, mathematical combus- 
tion model, asymptotic expansion, 
165-166 
leading terms, 157-161 
overview, 155-157 
subsequent terms, 161—165 
Autonomous identities, contrast structures, 100 


Bessel function, corner boundary layers, 
122-124 
"Body-roller" interface, diffusion modeling, hot 
rolling procedures, 341—346 
Boundary layers: 
asymptotic solutions, explosive scale, 32—34 
corner boundary layers: 
asymptotic expansion for parabolic prob- 
lem, 128-134 
corner boundary functions, 120-124 
elliptic equation in rectangle, 118—120 
first-order derivatives, 124—127 
hyperbolic equations, 134 


365 


366 SUBJECT INDEX 


Boundary layers (continued) 
nonisothermal fast chemical reactions, 
134-139 
parabolic equations, 127—128 
critical case: 
initial value problem, small nonlinear sys- 
tems, 75-79 
solution stability, 111—113 
defined, passage to the limit theorem, 54—56 
functions, defined, 51 
initial value problem, asymptotic algorithm, 
57—63 
singularly perturbed differential equations, 
48-50 
spike-type contrast structures, 104—110 
step-type contrast structures, second-order 
equations, 92-97 
thin body heat conduction: 
asymptotic solutions, 168-174 
thermal diffusion coefficient, 175-177 
three-dimensional rod, 174—175 
two-dimensional approximations, 172-174 
Vishik-Lyusternik method: 
asymptotic expansion, 116—117 
local coordinates, 113-115 
Boundary value problems: 
autocatalytic reaction models: 
leading term construction, 158-161 
subsequent term construction, 161—165 
conditionally stable case, 63—73 
critical conditionally stable case, 80—81 
diffusion modeling: 
classical finite difference, 211—242, 
255—270, 300—308 
computational parameters, 191—206 
concentrated sources 
diffusion equation, 286—308 
finite difference, 294—300 
diffusion equation: 
concentrated sources, 286—308 
numerical solutions, 206—249 
finite difference schemes, 300—308 
concentrated sources, 204—300 
Neumann problem, 271—275 
prescribed diffusion fluxes, 249—286 
heat transfer applications, 308—359 
hot die-forming heat transfer, 321—334 
hot rolling heat transfer, 334—359 
numerical solutions for diffusion equa- 
tions, 206—249 
overview, 182-206 
plastic shear heat transfer, 309—321 
prescribed diffusion fluxes, 249-286 


spike-type contrast structures, “Brusselator” 
models, 105—110 
step-type contrast structures, second-order 
equations, 95-97 
"Brusselator" models, spike-type contrast struc- 
tures, 105-110 


Chemical kinetics, critical case equations, 
81-85 
Chemiluminescence (CL) method: 
first slow time scale, 39—40 
K7 and Wi determination, 43-44 
Classical finite difference equations, diffusion 
modeling 
boundary value problems, 211—242, 300—308 
concentrated sources: 
numerical examples, 300—308 
schemes for, 294—300 
error tables, 218-231 
hot die-forming procedures, 328—334 
hot rolling procedures, 350—355 
numerical results, 356—359 
prescribed diffusion flux solutions, 255-270 
Combustion model, autocatalytic reaction: 
asymptotic expansion, 157—161 
leading terms, 157—161 
overview, 155—157 
physical interpretation, asymptotic expan- 
sion, 165-166 
subsequent terms, asymptotic expansion, 
161-165 
Comparison theorem, autocatalytic reaction 
models, leading term construction, 
159-161 
Compatibility condition, prescribed diffusion 
fluxes, mathematical formulation, 
253-255 
Concentrated diffusion flux, classical and finite 
difference schemes, 294—300 
mathematical formulation, 286-293 
numerical experiments, 300—308 
Conditionally stable case: 
boundary value problem, 67—73 
step-type contrast structures, second-order 
equations, 90-97 
Contrast structures: 
boundary and interior layers: 
overview, 86—88 
solution stability, 111—113 
partial differential equations: 
Fisher's equation, 154-155 
phase transition models, 152-154 


SUBJECT INDEX 367 


spike-type solutions, 148-152 
step-type solutions: 
critical case, 146—148 
noncritical case, 139—146 
spike type structures, 101—110 
boundary conditions, 104—105 
“brusselator” model, 105-110 
second-order equations, 101-104 
"step with spike” type, 110 
step-type structures, 88-101 
autonomous identities, 100 
fast and slow variables, 97—98 
multiple roots for equations, 100—101 
parabolic systems, 98-100 
phase plane cell, 97 
second-order equation, 88-97 
Corner boundary functions: 
elliptic equation in rectangle, 118—120 
first-order derivatives, 124—127 
hyperbolic equations, 134 
nonisothermal fast chemical reactions, 
134-139 
parabolic equations, 127—128 
asymptotic solutions, 128—134 
properties of, 120—124 
thin body heat conduction: 
asymptotic solutions, 168—172 
two-dimensional approximations, 172— 
174 
Critical case problems: 
boundary value problem, 80—81 
chemical kinetics equations, 81—85 
corner boundary layers, nonisothermal fast 
chemical reactions, 136-139 
initial value problem, small nonlinearity sys- 
tems, 74—79 
nonlinear problem, 79-80 
step-type contrast structures, 97 
partial differential equations, 146—148 


Degenerate systems, initial value problem, 
52-53 
*Die-body" interaction, heat transfer diffusion: 
hot die-forming, 321—334 
plastic shear heat transfer, 310—311 
Differential equations: 
asymptotic solutions, approximation errors, 
5-6 
diffusion modeling, boundary value prob- 
lems: 
Neumann construction, special finite dif- 
ference, 271-275 


one-dimensional problems, 243-249 
special construction principles, 233—242 
special finite difference, numerical exam- 
ples, 275-286 
Diffusion flux: 
boundary value problems, normalized com- 
putations, 196—206 
concentrated sources, equations, 286—308 
classical and special finite difference 
schemes, 294—300 
mathematical formulation, 286-293 
numerical experiments, classical and spe- 
cial finite difference schemes, 300—308 
prescribed diffusion flux solutions, 249-286 
classical finite difference schemes, 
255—270 
mathematical formulation, 250-255 
Neumann problem, special finite differ- 
ence schemes, 271—275 
special finite difference schemes, 275—286 
Dimensional variables: 
boundary value problem: 
conditionally stable case, 73—74 
critical conditionally stable case, 80—81 
diffusion modeling, hot rolling procedures, 
338—346 
time scales, fast time scale, 37—38 
Dirichlet boundary condition: 
asymptotic solution, Vishik-Lyusternik 
method, 113 
concentrated sources, diffusion equations for, 
289-293 
numerical computations, 301—308 
special and classical finite difference 
schemes, 297-300 
diffusion modeling: 
classical finite difference techniques, 
211-231 
plastic shear heat transfer, 314—315 
prescribed values, numerical solutions, 
209-211 
special construction principles, 232-242, 
271-274, 277-286 
partial differential equations, noncritical 
step-type solutions, 140—146 
prescribed diffusion fluxes, mathematical 
formulation, 251-255 
Domain boundary, prescribed diffusion fluxes, 
finite difference equations, 250—286 


Effective rate constant, K7 and Wi determina- 
tion, 43-44 


368 SUBJECT INDEX 


Eigenvalues, critical case: 
initial value problem, small nonlinear sys- 
tems, 75-79 
nonlinear problem, 79—80 
Electron spin resonance (ESR): 
first slow time scale, 39-40 
second siow time scale, 42—43 
Elliptic equations: 
asymptotic solutions, Vishik-Lyusternik 
method, 117-118 
corner boundary layers, rectangle, 118—120 
diffusion modeling: 
boundary conditions, 203—206 
overview, 183-191 
Existence theorem, asymptotic solutions, ap- 
proximation formulas, 10—12 
Explosive scale, asymptotic solutions, 31-34 


Fast time scales, asymptotic solution, 16-17, 
37-38 
“Fast” variables: 
corner boundary layers, nonisothermal fast 
chemical reactions, 134—139 
step-type contrast structures, 97—98 
Finite difference techniques: 
concentrated source diffusion equations: 
classical and special schemes, 294—300 
numerical experiments, 300—308 
diffusion modeling: 
boundary value problems, classical experi- 
ments, 211—231 
computational techniques, 191-206 
mathematical formulation, 207—211 
numerical solutions, 206-249 
overview, 188—191 
special construction principles, 231—242 
heat transfer diffusion modeling: 
hot die-forming procedures, 328—334 
hot rolling procedures, 346—355 
plastic shear heat transfer, 315—321 
prescribed diffusion fluxes, 249-286 
classical schemes, 255—270 
mathematical formulation, 250—255 
Neumann problem equations, 271—275 
special finite techniques, 275—286 
First-order derivatives: 
corner boundary layers, 124—127 
diffusion modeling, boundary value prob- 
lems: 
overview, 189—191 
special finite difference techniques, 
243-249 


partial differential equations, step-type con- 
trast: 
critical case, 147-148 
noncritical case, 144—146 
Fisher's equation, boundary conditions, 
154-155 
Fourier series expansion: 
autocatalytic reaction models, 163—165 
diffusion modeling, prescribed values, 
209-211 
thin body heat conduction: 
asymptotic solutions, 169-174 
thermal diffusion coefficient, 176-177 
three-dimensional rod, 174—175 
Free radicals, liquid-phase chain oxidation, 
12-15 


Galaxy theory, step-type contrast structures, 


Green’s function, corner boundary layers: 
boundary conditions, 122-124 
nonisothermal fast chemical reactions, 

138-139 
parabolic equations, 133—134 
Grid function: 
concentrated source diffusion equations, 
294—300 
diffusion modeling, boundary value prob- 
lems: 
classical finite difference techniques, 
217-231 
hot die-forming heat exchange, 332-334 
hot rolling procedures, 353—355 
Neumann construction, special finite dif- 
ference, 274—275 
overview, 183-191 
plastic shear heat transfer, 316—321 
prescribed diffusion fluxes, 261—270 
special construction principles, 231—242 
special finite difference: 
numerical examples, 276-286 
techniques, 242—249 


Heat transfer: 
concentrated diffusion flux equations, 
286—293 

diffusion modeling, applications, 308—359 
hot die-forming, 321-334 
hot rolling, 334—359 
overview, 182-191 
plastic shear perturbation, 309-321 


SUBJECT INDEX 369 


prescribed values, numerical solutions, 
206—249 
thin bodies: 
asymptotic approximation construction, 
168-172 
boundary layer functions, 172-174 
overview, 166-167 
small thermal diffusion coefficient, 
175-177 
thermoelasticity, 177-178 
three-dimensional rod, 174-175 
Homogeneous equations: 
corner boundary layers, 121-122 
spike-type contrast solutions, 150-152 
spike-type contrast structures, 103—104 
Hot die-forming: 
diffusion modeling, 321—334 
finite difference techniques, 328—331 
heat exchange problem formulation, 321—328 
numerical investigation of heat transfer, 
331—334 
Hot rolling: 
diffusion modeling, 334—359 
finite difference scheme, 346—355 
heat transfer problem formulation, 334—346 
numerical investigation of heat transfer, 
355-359 
Hyperbolic equations, corner boundary layers, 
134 
Hyperbolic partial differential equations, 
Vishik-Lyusternik method, 118 


Initial value problem: 
asymptotic algorithm, 52-63 
boundary value problem, conditionally stable 
case, 63-73 
passage to the limit, 52-56 
small nonlinearity systems, 74—79 
Interior layers: 
contrast structures: 
overview, 86—88 
step-type contrast structures, 99—100 
critical cases, solution stability, 111-113 


Jordan matrices, corner boundary layers, para- 
bolic equations, 131—132 


K; and K; determination, spectrophotometry 
method, 44—45 
K; and W; determination, chemiluminescence 


method, 43-44 
Kinetic parameters, first slow time scale, di- 
mensionless variables, 39—40 


Laplace operators: 
diffusion modeling, 183 
partial differential equations, noncritical 
step-type solutions, 140—146 
Leading order terms, asymptotic solutions, 
34-35 
Liquid-phase chain oxidation, equations, 12-15 
Local coordinates, asymptotic solution, Vishik- 
Lyusternik method, 113-115 
Lyapunov functions: 
asymptotic approximations, initial value 
problem, 53 
stationary solutions, boundary and interior 
layers, 111—113 


Matching conditions, asymptotic solutions: 
explosive scale, 31—34 
fast time scale, 17, 25-27 
overview, 2-4 
slow time scales, 11—12, 27-30 
"Material-dye" interaction, diffusion modeling, 
hot rolling procedures, 335—359 


Neumann boundary conditions: 
concentrated sources diffusion equations, 
289—293 
numerical computations, 301—308 
special and classical finite difference 
schemes, 297—300 
corner boundary layers, parabolic equations, 
128 
diffusion modeling, prescribed values, 
210-211 
partial differential equations, step-type con- 
trast solutions, 146 
prescribed diffusion fluxes: 
classical finite difference equations, 
255-270 
mathematical formulation, 251—255 
special finite difference schemes, 
271-275, 271-286 
Noncritical case, partial differential equations, 
step-type contrast solutions, 141—146 
Nonisothermal fast chemical reactions, corner 
boundary layers, 134—139 
Nonlinear problems, critical case, 79—80 


370 SUBJECT INDEX 


Nonzero corrections, asymptotic solutions, fast 
time scale, 26-27 
Normalized diffusion flux: 
concentrated sources: 
equations for, 291—293 
special and classical finite difference 
schemes, 299—300 
diffusion modeling: 
boundary value problems, classical finite 
difference techniques, 228—231 
overview, 196—206 
heat transfer diffusion modeling, hot rolling, 
342-346 
prescribed diffusion fluxes: 
classical finite difference schemes, 
265-270 
mathematical formulation, 252—255 


One-dimensional (truncated) equation, thin 
body heat conduction, 167 
diffusion modeling, 184—191 
finite difference diffusion modeling, 
242—249 
special finite difference scheme, 275—286 


Parabolic systems: 
corner boundary layers, 125-128 
asymptotic solutions, 128-134 
diffusion modeling: 
computational techniques, 203—206 
concentrated sources, equations for, 
292—293 
overview, 183 
step-type contrast structures, 98-99 
Vishik-Lyusternik method, 117-118 
Parameter size, asymptotic solutions, matching 
methods, 4—12 
Partial differential equations: 
contrast structures: 
Fisher's equation, 154—155 
phase transition models, 152-154 
spike-type solutions, 148-152 
step-type solutions, critical case, 146-148 
step-type solutions, noncritical case, 
139-146 
diffusion modeling: 
classical finite difference techniques, 
212-231 
overview, 183-191 
Vishik-Lyusternik method: 
asymptotic solutions, 115, 117—118 


boundary layer of asymptotic expansion, 
116-117 
local coordinates, 113-115 
overview, 113 
Passage to the limit theorem: 
asymptotic approximations, 54-56 
boundary value problem, 63-73 
critical case, small nonlinear systems, 74—79 
Periodicity condition, partial differential equa- 
tions, step-type contrast solutions, criti- 
cal case, 147—148 
Phase plane, partial differential equations, 
spike-type contrast solutions, 150—152 
Phase transitions, diffusion models: 
plastic shear heat transfer, 313 
partial differential equations, 152—154 
step-type contrast structures, 97 
Piecewise uniform grids, diffusion modeling, 
boundary value problems: 
one-dimensional problems, 242—249 
special construction principles, 239—242 
Plastic shear heat transfer, diffusion modeling, 
309—321 
boundary value problems, 313-315 
heat exchange mechanisms, 310—313 
numerical investigation, 315—321 
Prescribed diffusion fluxes, boundary value 
problems, 249-286 


Quasistationary concentrations, chemical kinet- 
ics, critical case equations, 82-85 


Ratio table, boundary value problems, 202-206 
Reduced equations, boundary layers, 49 
Reduced systems: 

asymptotic algorithm, 58—63 

initial value problem, 52—53 
Robin problems, diffusion modeling, 210—211 
“Roll-body” disposition, diffusion modeling, 

hot rolling procedures, 335—346 


Saddle points, boundary value problem: 
conditionally stable case, 66—73 
contrast structures: 
overview, 87—88 
step-type contrast solutions, 143-146 
second-order equations, 94—97 
Spike-type contrast structures, 102-104 
Scalar functions, chemical kinetics: 
critical case equations, 85 


SUBJECT INDEX 371 


initial value problem, small nonlinear sys- 
tems, 76—79 
contrast structures, second-order equations, 
86—88 
Second-order derivatives: 
comer boundary layers, 126-127 
diffusion modeling, boundary value prob- 
lems: 
finite difference techniques, special princi- 
ples, 243-249 
overview, 189—191 
Second-order equations, spike-type contrast 
structures, 101—104 
Second-order scalar equations: 
contrast structures, 86-88 
step-type contrast structures, 88-97 
Secular terms, asymptotic solutions: 
approximation formulas, 7—8 
fast time scale, 17, 26-27 
first slow time scale, 28—29 
Semenov-Bodenstein method, chemical kinet- 
ics, critical case equations, 82-85 
Semiconductor theory, critical case methods, 
80-8 I 
Separatrices, boundary value problem: 
conditionally stable case, 66—68 
contrast structures, overview, 87-88 
spike-type contrast structures, 102—104 
step-type contrast structures, 94-97 
Shear line deformation, diffusion modeling, 
plastic shear heat transfer, 310—312 
Singular perturbation theory: 
autocatalytic reaction, overview, 156—157 
boundary value problems: 
boundary and interior layers, 48—50 
classical finite difference scheme, 
255—270, 300—308 
concentrated sources, diffusion equation, 
286—208 
conditionally stable case, 64—73 
diffusion flux solutions, 249-286 
finite difference techniques: 
classical and special experiments, 
300—308 
concentrated sources, 294—300 
Neumann problem, 271-275 
prescribed diffusion fluxes, 211—249, 
275-286 
heat transfer applications, 308—359 
hot die-forming heat transfer, 321—334 
hot rolling heat transfer, 334-359 
plastic shear heat transfer, 309-321 
modeling diffusion, 182-206 


numerical solutions for diffusion equa- 
tions, 206—249 
chemical kinetics, critical case equations, 
82-85 
Slow time scales: 
first scale: 
asymptotic solutions, 17-20, 27—29 
dimension variables, 38-41 
second scale: 
asymptotic solutions, 20—24, 30-31 
dimension variables, 41—43 
"Slow variables," step-type contrast structures, 
97—98 
Small nonlinearity, critical case, asymptotic al- 
goritms, 75—79 
Small parameters: 
asymptotic solutions, 2-4 
exclusion of, 5-7 
fast time scale, 17 
liquid-phase chain oxidation equations, 
13-15 
singularly perturbed differential equations, 
49—50 
Special finite difference techniques: 
concentrated source diffusion equations: 
numerical experiments, 300—308 
schemes for, 294—300 
diffusion modeling, boundary value prob- 
lems: 
approximation errors, 247—249 
construction principles, differential equa- 
tions, 233-242 
Dirichlet boundary condition, 232-242, 
271—274 
finite difference principles, 300—308 
prescribed diffusion flux solutions: 
Neuraann problem, 271-275 
numerical experiments, 275—286 
Spectrophotometry method (SPM), K7 and Ki 
determination, 44—45 
Spike-type contrast structures, 101—110 
boundary conditions, 104—105 
"brusselator" model, 105-110 
partial differential equations, 148—152 
second-order equations, 101—104 
solutions, 105 
stationary solutions, 112-113 
Stability, boundary and interior layers, 111—113 
Stationary solutions, boundary value problem: 
conditionally stable case, 72-73 
critical cases, boundary and interior layers, 
111-113 
diffusion modeling, 185-191 


372 SUBJECT INDEX 


Steady-state concentrations, asymptotic solu- 
tions: 
approximation formulas, 7-8 
fast time scales, dimension variables, 38 
first slow time scale, dimension variables, 41 
second slow time scale, dimension variables, 
42-43 
Step with spike contrast structures, 110 
Step-type contrast structures, 88—101 
autonomous identities, 100 
fast and slow variables, 97—98 
multiple roots for equations, 100—101 
parabolic systems, 98-100 
partial differential equations: 
critical case solutions, 146-148 
noncritical case solutions, 139—146 
phase plane cell, 97 
second-order equation, 88-97 
stationary solutions, boundary and interior 
layers, 112-113 
Sturm-Liouville problem, boundary and interior 
layers, 111—113 
Substance dissociation, diffusion modeling, 
thin body heat conduction, 185-191 


Taylor expansion, asymptotic solutions, 5—6, 
22-24 
Thermal diffusion coefficient, thin body heat 
conduction, 175—177 
Thermoelasticity, thin body heat conduction, 
177-178 
Thin-body heat conduction: 
asymptotic approximation: 
construction, 168—172 
boundary layer functions, 172—174 
diffusion modeling: 
overview, 182-191 
plastic shear heat transfer, 309—321 
overview, 166—167 
small thermal diffusion coefficient, 175—177 
thermoelasticity, 177—178 
three-dimensional rod, 174—175 
Third boundary value problems, diffusion mod- 
eling, 210—211 
Three-dimensional rod, thin body heat conduc- 
tion, 174-175 
Tihonov's theorem, initial value problem: 
asymptotic algorithm, 56—63 
passage to the limit, 54—56 
singularly perturbed differential equations, 
49—50 
Time scales: 


applications, 35—45 

chemiluminescence (CL) method, 35—36 

spectrophotometry method, 36-37 
asymptotic solutions: 

explosive scale, 31—34 

overview, 2—4 

small parameters, 24—25 

steady-state concentration, 7—8 
fast time scales, 17, 25-27 

dimension variables, 37-38 
slow time scales: 

dimension variables, 38—43 

first scale, 17—20, 27—29 

second time scale, 20—24, 30—31 

Transition points, partial differential equations: 

step-type contrast solutions, 142-146 
spike-type contrast structures, 104—105 
step-type contrast structures, 91—97 


Uniform approximation: 
boundary layer function functions, 51—52 
corner boundary layers, 127 
diffusion modeling, boundary value prob- 
lems: 
finite difference schemes, 231—242 
hot die-forming procedures, 332-334 
plastic shear heat transfer, 316—321 
prescribed diffusion fluxes, 260—270 
special finite difference, numerical exam- 
ples, 279—286 
initial value problem, asymptotic algorithm, 
56—63 
singularly perturbed differential equations, 
49—50 


Van der Pol conditions, step-type contrast 
structures, 98—99 
Vector functions, critical case, initial value 
problem, small nonlinear systems, 
76-79 
Vishik-Lyusternik method, asymptotic approxi- 
mations: 
boundary layers, 116-117 
local coordinates, 113—115 
overview, 113 
solutions, 117-118 


Zeroth-order approximations: 
autocatalytic reaction models, leading term 
construction, 158—161 


SUBJECT INDEX 373 


boundary value problem, conditionally stable 
case, 65-73 

chemical kinetics, critical case equations, 
83-85 

comer boundary layers, nonisothermal fast 
chemical reactions, 137-139 

initial value problem, asymptotic algorithm, 
60-63 


partial differential equations, step-type con- 
trast solutions, 143-146 

spike-type contrast structures, “Brusselator” 
models, 107-110 

step-type contrast structures, second-order 
equations, 93-97 

thin body heat conduction, 173-174 


